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PREFACE 


The objective of Electric Machinery continues to be to provide an 
introduction to the theory of electromechanical devices, with specific 
emphasis on the theory of rotating electric machinery. To a great extent, 
the fundamental concepts have not changed over the years since 
Professors Fitzgerald and Kingsley wrote the first edition of this text. As 
a result, significant portions of the material found in the fifth edition will 
be familiar to readers of the previous editions. 


Major advances in the application and control of electric machinery 
over the past few decades have occurred as a result of advances in power 
electronics and microprocessor-based control systems. Consequently, a 
much broader spectrum of electric machine types can be found in modern 
applications. Specifically, permanent-magnet and variable-reluctance 
machines can now be found in many applications and the range of such 
applications can be expected to continue to grow significantly. Drive 
systems built around these machine types are found, for example, in 
many applications, such as those requiring variable speed and flexibility 
of control, for which de machines might have traditionally been the 
logical choice. 


In recognition of this fact, coverage of the basics of these machine 
types has increased significantly in the fifth edition. An introduction to 
permanent-magnet materials and their application has been included in 
Chapter 1. In addition, an article discussing the calculation of forces and 
torques in systems with permanent magnets has been included in 
Chapter 3. Finally, Chapter 11 includes two articles which discuss 
permanent-magnet dc and ac motors. 


Variable reluctance motors are perhaps the simplest of all electric 
machines in concept and construction and yet among the most complex to 
operate and control. As a result, they are receiving considerable attention 
at present and appear to be serious contenders in many applications. 
Study of these machines illustrates not only many fundamental issues of 
electromechanical energy conversion but also many of the issues which 
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arise when interfacing electric machines with power-electronic and 
control systems to form a complete motor drive. Chapter 10 of this edition 
is completely new material devoted to the topic of variable reluctance 
motors. 


The philosophy of this book is to emphasize a physical understanding 
of the fundamental principles behind the operation of electric machines. 
It has been our objective to accomplish this task without requiring a level 
of mathematical sophistication beyond that required in basic 
undergraduate courses in physics and circuit theory. 


As with the fourth edition, the arrangement of the material in this 
book is intended to follow a logical progression while providing flexibility 
for the instructor. The first four chapters constitute introductory material 
which forms the basis for the study of all machine types. Chapter 1 
introduces basic analytical techniques, including the concept of magnetic 
circuit analysis, and also discusses important characteristics of magnetic 
materials. 

The addition of a discussion of permanent-magnet materials to the 
topics previously included in Chapter 1 of the fourth edition made that 
chapter excessively long. A logical solution to this problem was to take 
out the discussion of transformers that was previously included in 
Chapter 1 and make it into a separate chapter. Hence Chapter 2 of this 
edition is devoted exclusively to a discussion of transformers. Although 
transformers are not electromechanical devices, they are certainly 
important components of energy conversion systems and their analysis 
employs many of the techniques which are applicable to electric 
machinery. Their inclusion at this point in the text serves to introduce 
these analytical techniques. 


Chapter 3 discusses the basic principles of electromechanical energy 
conversion. This material is sometimes felt to be too mathematical for an 
introductory undergraduate course on electric machinery. Hence, 
following the format found in Chapter 2 of the fourth edition, the authors 
wrote this chapter in such a fashion that the first two articles can serve 
as an overview to this topic and the rest of the chapter can be omitted if 
desired, without a significant loss of understanding in the remainder of 
the book. 


Chapter 4 serves as an introduction to the basic concepts of rotating 
machines. These concepts are common to all machine types and thus form 
the foundation for the material which is discussed in greater detail in the 
remainder of the book. 


Chapters 5 through 10 are devoted to specific machine types: 
synchronous, induction, dc, and variable reluctance. An attempt has been 
made to treat each machine type separately and thus it should be 
possible for the instructor to change the order in which these machine 
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types are discussed as well as to select only those machine types on which 
he or she wishes to focus attention. Finally, Chapter 11 examines various 
examples of fractional- and subfractional-horsepower machine types. 


Chapter 4 of the fourth edition included discussions of such topics as 
machine rating, cooling, and efficiency. Although these topics are 
certainly of importance to a thorough understanding of electric 
machinery and electromechanical energy conversion devices, they are not 
prerequisite to an understanding of the material covered in Chapters 5 
through 11. As a result, much of the material which previously appeared 
in Chapter 4 has been moved to Appendix C in this edition. 


Professor Kingsley, who honored me with the opportunity to 
participate in the fourth edition of Electric Machinery, has carefully 
followed the progress of this edition. I have very much appreciated his 
advice and encouragement as this work progressed. It has been a great 
pleasure to have started as one of Professor Kingsley’s students, studying 
from the second edition of Electric Machinery, and to have seen our 
relationship grow to one of friends, colleagues, and coauthors. 


McGraw-Hill and the authors would like to thank the following 
reviewers of this edition: Ali Abur, Texas A&M University; Frederick C. 
Brockhurst, Virginia Polytechnic Institute; W. R. Callen, Georgia 
Institute of Technology; Wayne E. Carr, Stevens Institute of Technology; 
Cyrus W. Cox, South Dakota School of Mines and Technology; Alvin L. 
Day, Iowa State University; Joseph Douglas, Penn State University; A. A. 
El-Keib, University of Alabama; G. A. Etzweiler, Penn State University; 
G. D. Galanos, West Virginia University; Charles Gibson, University of 
Alabama; C.S. Jha, Penn State University; John R. Pavlat, Iowa State 
University; J. R. Rankin, Rutgers University, Mahmoud Riaz, University 
of Minnesota; Sheppard Salon, Rensselaer Polytechnic Institute; and Paul 
Wildi, University of Texas, Austin. 


Stephen D. Umans 


ELEGTRIG MAGHINERY 


Magnetic Circuits 
and Magnetic Materials 


The objective of this book is to study the devices used in the interconver- 
sion of electric and mechanical energy. Emphasis is placed on electromag- 
netic rotating machinery, by means of which the bulk of this energy 
conversion takes place. Attention is also paid to the transformer, which, al- 
though not an electromechanical energy conversion device, is an important 
component in the overall problem of energy conversion. Moreover, in many 
respects its analysis uses techniques closely related to those required for 
rotating machinery. 

Practically all transformers and electric machinery use magnetic ma- 
terial for shaping and directing the magnetic fields which act as the me- 
dium for transferring and converting energy. Thus the ability to analyze 
and describe magnetic field quantities is an essential tool for understand- 
ing these devices. Magnetic materials play a large role in determining the 
properties of a piece of electromagnetic equipment and affect its size and 
efficiency. 
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2 Magnetic Circuits and Magnetic Materials 


This chapter will develop some basic tools for the analysis of magnetic 
field systems and will provide a brief introduction to the properties of prac- 
tical magnetic materials. These results will then be applied to the analysis 
of transformers. In later chapters they will be used in the analysis of rotat- 
ing machinery. 

In this book it is assumed that the reader has basic knowledge of mag- 
netic and electric field theory such as given in a basic physics course for 
engineering students. Other readers may have had a course on electromag- 
netic field theory based on Maxwell’s equations, but an in-depth under- 
standing of Maxwell’s equations is not a prerequisite for study of this book. 
The pertinent basic equations will be introduced in simplified form when 
required. 


1-1 INTRODUCTION TO MAGNETIC CIRCUITS 


The complete, detailed solution for magnetic fields in most situations of 
practical engineering interest involves the solution of Maxwell’s equations 
along with various constitutive relationships which describe material 
properties. Although in practice exact solutions are often unattainable, 
various simplifying assumptions permit the attainment of useful engineer- 
ing solutions. 

The first assumption is that for the types of electric machines and 
transformers treated in this book, the frequencies and sizes involved are 
such that the displacement-current term in Maxwell’s equations can be ne- 
glected. This term accounts for magnetic fields being produced in space by 
time-varying electric fields and is associated with electromagnetic radia- 
tion. Neglecting this term results in the magneto-quasi-static form of 
Maxwell’s equations. 


 H-di=$ J.da (1-1) 
Cc S 

f B- da =0 (1-2) 
S 


Equation 1-1 states that the line integral of the magnetic field inten- 
sity H around a closed contour C is equal to the total current passing 
through any surface S linking that contour. From Eq. 1-1 we see that the 
source of H is the current density J. Equation 1-2 states that the magnetic 
flux density B is conserved, i.e., that no net flux enters or leaves a closed 
surface (this is equivalent to saying that there exist no monopole charge 
sources of magnetic fields). From these equations we see that the magnetic 
field quantities can be determined solely from the instantaneous values of 
the source currents and that the time variations of the magnetic fields fol- 
low directly from the time variations of the sources. 
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A second simplifying assumption involves the concept of the magnetic 
circuit. The general solution for the magnetic field intensity H and the 
magnetic flux density B in a structure of complex geometry is extremely 
difficult. However, a three-dimensional field problem can often be reduced 
to what is essentially a one-dimensional circuit equivalent, yielding solu- 
tions of acceptable engineering accuracy. 

A magnetic circuit consists of a structure composed for the most part 
of high-permeability magnetic material. The presence of high-permeability 
material causes the magnetic flux to be confined to the paths defined by 
the structure, much as currents are confined to the conductors of an elec- 
tric circuit. Use of this concept of the magnetic circuit is illustrated in this 
article and will be seen to apply quite well to many situations in this book." 

A simple example of a magnetic circuit is shown in Fig. 1-1. The core 
is assumed to be composed of magnetic material whose permeability is 
much greater than that of the surrounding air (u > po). The core is of uni- 
form cross section and is excited by a winding of N turns carrying current i 
amperes (A). This winding produces a magnetic field in the core, as shown 
in the figure. 

Because of the high permeability of the magnetic core, the magnetic 
flux is confined almost entirely to the core, the field lines follow the path 
defined by the core, and the flux density is essentially uniform over a cross 
section because the cross-sectional area is uniform. The magnetic field can 
be visualized in terms of flux lines which form closed loops interlinked 
with the winding. 

As applied to the magnetic circuit of Fig. 1-1, the source of the mag- 
netic field in the core is the ampere-turn product Ni. In magnetic circuit 
terminology Ni is the magnetomotive force (mmf) F. Although Fig. 1-1 
shows only a single coil, transformers and most rotating machines have at 
least two windings, and Ni is the algebraic sum of the ampere-turns of all 
the windings. 


‘For a more extensive treatment of magnetic circuits see A. E. Fitzgerald, D. E. Higgen- 
botham, and A. Grabel, Basic Electrical Engineering, 5th ed., McGraw-Hill, New York, 
1981, chap. 13; also E. E. Staff, M.I.T., Magnetic Circuits and Transformers, M.L.T. Press, 
Cambridge, Mass., 1965, chaps. 1 to 3. 


Mean core 


r- Magnetic -—-——— length l, 
| flux lines 


Cross-sectional 
area A, 


SOE Magnetic core 
Winding, permeability u 


N turns 


Fig. 1-1. Simple magnetic circuit. 
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The magnetic flux p crossing a surface S is the surface integral of the 
normal component of B; thus 


=| Beda (1-3) 
S 


In SI units, the unit of is webers (Wb). 

Equation 1-2 states that the net magnetic flux entering or leaving a 
closed surface (equal to the surface integral of B over that closed surface) 
is zero. This is equivalent to saying that all the flux which enters the sur- 
face enclosing a volume must leave that volume over some other portion of 
that surface because magnetic flux lines form closed loops. 

These facts can be used to justify the assumption that the magnetic 
flux density is uniform across the core cross section. In this case Eq. 1-3 re- 
duces to the simple scalar equation 


pe i B.A, (1-4) 


where ¢, = flux in core 
B, = flux density in core 
A, = cross-sectional area of core 
From Eq. 1-1, the relationship between the mmf and the magnetic 
field intensity is 


F = Ni=$H-dl (1-5) 


The core dimensions are such that the path length of any flux line is close 
to the mean core length l.. As a result, the line integral of Eq. 1-5 becomes 
simply the scalar product H,l, of the magnitude of H and the mean flux 
path length l.. Thus, the relationship between the mmf and the magnetic 
field intensity can be written in magnetic circuit terminology as 


F = Ni = Hl, (1-6) 


where H, is average magnitude of H in the core. 

The direction of H, in the core can be found from the right-hand rule, 
which can be stated in two equivalent ways. (1) Imagine a current-carry- 
ing conductor held in the right hand with the thumb pointing in the direc- 
tion of current flow; the fingers then point in the direction of the magnetic 
field created by that current. (2) Equivalently, if the coil in Fig. 1-1 is 
grasped in the right hand (figuratively speaking) with the fingers pointing 
in the direction of the current, the thumb will point in the direction of the 
magnetic fields. 

The relationship between the magnetic field intensity H and the mag- 
netic flux density B is a property of the material in which the field exists; 
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thus 
B = uH (1-7) 


where u is the permeability. In SI units B is in webers per square meter, 
known as teslas (T), and uw is in webers per ampere-turn-meter, or equiva- 
lently henrys per meter. In SI units the permeability of free space is 
Ho = 4r X 10°’. The permeability of ferromagnetic material can be ex- 
pressed in terms of u,„ its value relative to that of free space, or y = [, Mp. 
Typical values of uw, range from 2000 to 80,000 for materials used in trans- 
formers and rotating machines. The characteristics of ferromagnetic mate- 
rials are described in Arts. 1-3 and 1-4. For the present we assume that u, 
is a known constant, although it actually varies appreciably with the mag- 
nitude of the magnetic flux density. 

Transformers are wound on closed cores like that of Fig. 1-1. Energy 
conversion devices which incorporate a moving element must have air 
gaps in their magnetic circuits. A magnetic circuit with an air gap is 
shown in Fig. 1-2. When the air-gap length g is much smaller than the 
dimensions of the adjacent core faces, the magnetic flux ¢ is constrained 
essentially to reside in the core and the air gap and is continuous through- 
out the magnetic circuit. 

Thus, the configuration of Fig. 1-2 can be analyzed as a magnetic cir- 
cuit with two series components: a magnetic core of permeability u and 
mean length l., and an air gap of permeability mo, cross-sectional area 
A,, and length g. In the core the flux density is uniform, and the cross- 
sectional area is A,; thus in the core 


« = ; 
B, = A, (1-8) 
and in the air gap 
$ 
B, = A. (1-9) 


Mean core 
length le 


7 Magnetic ——~—*——— 
flux lines | 
| 


) Air gap, 7 
permeability Uo 


Magnetic core 
, permeability u 

Winding, 4g 

N turns 


Fig. 1-2. Magnetic circuit with air gap. 
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The magnetic field lines bulge outward somewhat as they cross the air 
gap, as illustrated in Fig. 1-3. The effect of the fringing fields is to increase 
the effective cross-sectional area A, of the air gap. Various empirical meth- 
ods have been developed to account for this effect. A correction for such 
fringing fields in short air gaps can be made by adding the gap length to 
each of the two dimensions making up its cross-sectional area. In this book 
the effect of fringing fields is usually ignored. If fringing is neglected, 
A, = A, and 


=B, = (1-10) 


Application of Eqs. 1-5 and 1-7 to this magnetic circuit yields 


F = Ni = H.l. + Hyg (1-11) 
F = Bey + Se (1-12) 
H Ho 


Here Ni is the total ampere-turns applied to the magnetic circuit. Thus we 
see that a portion of the mmf is required to excite the magnetic field in the 
core while the remainder excites the magnetic field in the air gap. 

For practical magnetic materials (as discussed in Art. 1-3), B, and H, 
are not simply related by a known constant permeability u. In fact, B, is 
often a nonlinear, multivalued function of H,. Thus, although Eq. 1-11 con- 
tinues to hold, it does not lead directly to a simple expression relating the 
mmf and the flux densities, such as that of Eq. 1-12. Instead the specifics 
of the nonlinear B.-H, relation must be used, either graphically or analyti- 
cally. However, in many cases, the concept of constant core permeability 
gives results of acceptable engineering accuracy and is frequently used. 

From Eq. 1-10, Eq. 1-12 can be rewritten in terms of the total flux 
as 


Core 


Magnetic 
flux lines 


Fringing 
fields 


Fig. 1-3. Air-gap fringing fields. 
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F= > re 


= A, 


in which fringing at the air gap is neglected and the flux is assumed to go 
straight across the gap. The terms that multiply the flux in this equation 
are known as the reluctance KR of the core and air gap, respectively, 


(1-13) 


l 
R, = — (1-14) 
LA, 
g 
R, = (1-15) 
j HoA. 
and thus 
F = (R, + Ry) (1-16) 
Finally, Eq. 1-16 can be inverted to solve for the flux 
F 
ġġ = R, + (1-17) 


Note that Eqs. 1-16 and 1-17 are analogous to the relationships be- 
tween the current and voltage in an electric circuit. This analogy is illus- 
trated in Fig. 1-4. Figure 1-4a shows an electric circuit in which a voltage 
V drives a current J through resistors R, and R,. Figure 1-4b shows the 
schematic equivalent representation of the magnetic circuit of Fig. 1-2. 
Here we see that the mmf # (analogous to voltage in an electric circuit) 
drives a flux ¢ (analogous to the current in the electric circuit) through the 


R, R 
+ + 
V F 
7 R, Ry 
COOR EN 
I= TN AATA 
(a) (b) 


Fig. 1-4. Analog between electric and magnetic circuits. (a) Electric circuit. (b) Magnetic circuit. 
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series combination of the reluctances of the core R, and the air gap Ry. 
This analogy between the solution of electric and magnetic circuits can of- 
ten be exploited to produce simple solutions for the fluxes in magnetic cir- 
cuits of considerable complexity. 

The fraction of the total mmf required for each portion of the magnetic 
circuit varies inversely as its reluctance. From Eq. 1-14 we see that the 
core reluctance becomes small as its permeability increases and can often 
be made much smaller than that of the air gap; i.e., for u > po, Re < R,. In 
this case, the flux and hence B can be found from Eq. 1-17 in terms of F 
and the air-gap properties alone: 


(1-18) 


The term which multiplies the mmf is known as the permeance P; thus the 
permeance of the air gap is 


=l „hA. 4 
>. R, m (1-19) 
As will be seen in Art. 1-3, practical magnetic materials have permeabilities 
which are not constant but vary with the flux level. From Eqs. 1-14 to 1-17 
we see that as long as this permeability remains sufficiently large, its varia- 
tion will not significantly affect the performance of the magnetic circuit. 

We have now described the basic principles for reducing a magneto- 
quasi-static field with simple geometry to a magnetic circuit model. Our 
limited purpose in this article is to introduce some of the concepts and ter- 
minology used by engineers in solving practical design problems. We em- 
phasize that this type of thinking depends quite heavily on engineering 
judgment and intuition. For example, we have tacitly assumed that the 
permeability of the “iron” parts of the magnetic circuit is a constant known 
quantity, although this is not true in general (see Art. 1-3), and that the 
magnetic field is confined to the core and its air gaps. As we shall see later 
in this book, when two or more windings are placed on a magnetic circuit, 
as in a transformer or rotating machine, the fields outside the core, called 
leakage fields, are extremely important in determining the coupling be- 
tween the windings. 


EXAMPLE 1-1 


The magnetic circuit shown in Fig. 1-2 has dimensions A, = 9 cm’, A, = 
9 cm’, g = 0.050 cm, J, = 30 cm, and N = 500 turns. Assume the value 
4, = 70,000 for iron. (a) Find the reluctances R, and R,. Assume that the 
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magnetic circuit is operating with B, = 1.0 T, and find (b) the flux h and 
(c) the current i. 


Solution 


(a) The reluctances can be found from Eqs. 1-14 and 1-15: 


l 0.3 A - turns 
a yf a 
e= mA. 70,0004 x 1079x105 STS x 10 o 
g 5 x 10 ; A: turns 
IR = SS SOC = j —— 
«A, Ursii 79x10 “42% 10 


(b) From Eq. 1-4, 
$ = B.A, = 1.019 x 10°“) = 9 x 10°* Wb 
(c) From Eqs. 1-6 and 1-16, 


F _ oR, + Rg) _ 9 X 10°*(4.46 x 10°) 


t= N 500 = 0.80 A 


EXAMPLE 1-2 


The magnetic structure of a synchronous machine is shown schematically 
in Fig. 1-5. Assuming that rotor and stator iron have infinite permeability 
(u — ©), find the air-gap flux ¢# and flux density B,. For this example 
I = 10 A, N = 1000 turns, g = 1 cm, and A, = 2000 cm’. 


Solution 


Notice that there are two air gaps in series, of total length 2g, and that by 
symmetry the flux density in each is equal. Since the iron permeability 
here is assumed to be infinite, its reluctance is negligible and Eq. 1-18 can 
be used to find the flux 


NIpoAg _ 1000(10) (4a x 1077) (0.2) 


eS a 902 = 0-18 Wh 
bd 0.18 
and B=% = OQ ~ 0.657 
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When a magnetic field varies with time, an electric field is produced in 
spaceyas determined by Faraday’s law: 
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Magnetic flux 
lines 


Fig. 1-5. Simple synchronous machine. 
d 
l f E-ds=-2 fB- da (1-20) 
c dt Js 


Equation 1-20 states that the line integral of the electric field intensity E 
around a closed contour C is equal to the time rate of change of the mag- 
netic flux linking that contour. In magnetic structures with windings, such 
as in Fig. 1-2, the E field in the wire is extremely small and can be ne- 
glected, so that the left-hand side of Eq. 1-20 reduces to the negative of the 
induced voltage’ e at the winding terminals. In addition, the flux on the right- 
hand side of Eq. 1-20 is dominated by the core flux ¢. Since the winding 
(and hence the contour C) links the core flux N times, Eq. 1-20 reduces to 


e= N = (1-21) 


where \ = Nọ is the flux linkage of the winding. The symbol ¢ is used to 
indicate the instantaneous value of a time-varying flux. 

In general the flux linkage of a coil is equal to the surface integral of 
the normal component of the magnetic flux density integrated over any 
surface spanned by that coil. Note that the direction of the induced voltage 
e is defined by Eq. 1-20 so that if the winding terminals were short-cir- 
cuited, a current would flow in such a direction as to oppose the change of 
flux linkage. 


‘The term electromotive force (emf) is often used instead of induced voltage to represent 
that component of voltage due to a time-varying flux linkage. 
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For a magnetic circuit that has a linear relationship between ¢ and i 
because of material of constant permeability or a dominating air gap, we 
can define the à-i relationship by the inductance L as 


* (1-22) 


where à = Nọ, the flux linkage, is in weber-turns. For example, from 
Eq. 1-18, 


3 ia NB.A. —_ N’ WA, 
; g 


(1-23) 


for the magnetic circuit of Fig. 1-2, assuming a core of infinite permeability. 

Inductance is measured in henrys or weber-turns per ampere. Equa- 
tion 1-23 shows the dimensional form of expressions for inductance. Thus 
inductance is proportional to the square of the number of turns, to the per- 
meability of the magnetic circuit, and to its cross-sectional area and is in- 
versely proportional to its length. 

The difficulty in applying the inductance concept in numerical calcula- 
tions arises from the nonlinear dependence of the permeability u on mag- 
netic conditions in the core, as is explained in Arts. 1-3 and 1-4. Note that 
the usefulness of inductance as a parameter depends on the assumption of 
a linear relation between flux and mmf. This implies that the effects of the 
nonlinear magnetic characteristics of the core material can be approxi- 
mated by some sort of empirical linear relation or that the effects of the 
core are of secondary importance compared with the effect of an air gap, as 
shown in Example 1-3. 


EXAMPLE 1-3 


The magnetic circuit of Fig. 1-6a consists of an N-turn winding on a mag- 
netic core of infinite permeability with two parallel air gaps of lengths g, 
and g, and areas A, and Ag, respectively. 

Find (a) the inductance of the winding and (b) the flux density B, in 
gap 1 when the winding is carrying a current i. Neglect fringing effects at 
the air gap. 


Solution 


(a) The equivalent circuit of Fig. 1-66 shows that the total reluctance 
is equal to the parallel combination of the two gap reluctances. Thus 


Ni 


>= RHI, + Ry) 
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Fig. 1-6. (a) Magnetic circuit; (b) equivalent circuit. 


where 


81 82 
R = R = 
‘ Mo A, : Mo Ag 


From Eq. 1-22, 


i i RiR 
= wi(4s of A) 
&: 8&2 
(b) From the equivalent circuit, one can see that 
ba Ni _ MoA, Ni 
t R &ı 
and thus 
' Ai &ı 


Figure 1-7 shows a magnetic circuit with an air gap and two windings. 
Note that the reference directions for the currents have been chosen to pro- 
duce flux in the same direction. The total mmf is 


F = Ni = Nii + Ni, (1-24) 


and from Eq. 1-18 with the reluctance of the core neglected, the core flux 


ġ is 
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Magnetic core 


a permeability u; 
mean core length l; 
cross-sectional area A, 


Fig. 1-7. Magnetic circuit with two windings. 


= Nii + Nid Hons (1-25) 


In Eq. 1-25, ¢ is the resultant core flux produced by the simultaneous ac- 
tion of both mmf’s. It is this resultant œ which determines the operating 
point of the core material. 

If Eq. 1-25 is broken up into terms attributable to the individual cur- 
rents, the resultant flux linkages with coil 1 can be expressed as 


= Nd = ny ees i, + N,N, Hofe; (1-26) 

which can be written 
Ay = Dai + Lyle (1-27) 
where Ly =N Fa (1-28) 


is the self-inductance of coil 1 and L,,i, is the flux linkage with coil 1 due 
to its own current i,. The mutual inductance between coils 1 and 2 is 


Ly = N,N fs (1-29) 


and Lyi. is the flux linkage with coil 1 due to current i, in the other coil. 
Similarly, the flux linkage with coil 2 is 


By. 
Ào — Nob = NN ME, + Nis (1-30) 


or Ào = Lazit + Lasis (1-31) 
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where L} = L, is the mutual inductance and 
| A 
Ly = Fa (1-32) 


is the self-inductance of coil 2. 

It is important to note that the resolution of the resultant flux link- 
ages into the components produced by i, and i, is based on superposition of 
the individual effects and therefore implies a linear flux-mmf characteris- 


tic (constant permeability). 
Substitution of Eq. 1-22 in 1-21 yields 


E i 
e = di (Li) (1-33) 


for a magnetic circuit with a single winding. For a static magnetic circuit, the 
inductance is fixed (assuming that material nonlinearities do not cause the 
inductance to vary), and this equation reduces to the familiar circuit form 


e=L— (1-34) 


However, in electromechanical energy conversion devices, inductances are 
often time-varying, and Eq. 1-33 must be written as 


e= L— + i— (1-35) 


In situations with multiple windings, the total flux linkage of each wind- 
ing must be used in Eq. 1-21 to find the winding-terminal voltage. 

The power at the terminals of a winding on a magnetic circuit is a 
measure of the rate of energy flow into the circuit through that particular 
winding. The power p is determined from the product of the voltage and 
the current 


p= ie = r (1-36) 


and its unit is watts, or joules per second. Thus the change in magnetic 
stored energy AW in the magnetic circuit in the time interval ¢ to t, is 


tg dQ 
AW = | pdt = | idà (1-37) 
ti À 


1 


In SI units, the stored energy W is measured in joules. 
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For a single-winding system of constant inductance, the change in 
magnetic stored energy can be written as 


2 hg i ‘ 
AW = | idà = | Lo = — (Ag — Aj (1-38) 
Al AI 


The total magnetic stored energy at any given value of à can be found 
from setting A, equal to zero: 


W= a = Zi (1-39) 


EXAMPLE 1-4 


For the magnetic circuit of Example 1-1 (Fig. 1-2), find (a) the inductance 
L, (b) the magnetic stored energy W for B, = 1 T, and (c) the induced volt- 
age e for a 60-Hz time-varying core flux of the form B, = 1.0 sin wt where 
w = (27) (60) = 377. 


Solution 
(a) From Eqs. 1-17 and 1-22 and Example 1-1, 


pod NON? 

i i Re+ R, 
500? 

4.46 X T oe 


Note that the core reluctance is much smaller than that of the gap 
(R. < Ry). Thus to a good approximation the inductance is dominated by 
the gap reluctance, i.e., 


N? 
L~G = 0.57 H 


g 


(b) In Example 1-1 we found that when B, = 1.0 T, i = 0.80 A. Thus 
from Eq. 1-39, 


W= Li = = (0.56) (0.80)? = 0.18 J 


(c) From Eq. 1-21 and Example 1-1, 


_dd_ .dp_ ya aB. 
cag ON T” 
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= (500) (9 x 10°*) (377) (1.0 cos 377t) 
= 170 cos 377t V 


1-3 PROPERTIES OF MAGNETIC MATERIALS 


In the context of electromechanical energy conversion devices, the impor- 
tance of magnetic materials is twofold. Through their use it is possible to 
obtain large magnetic flux densities with relatively low levels of magnetiz- 
ing force. Since magnetic forces and energy density are increased with in- 
creasing flux density, this effect plays a large role in the performance of 
energy conversion devices. 

In addition, magnetic materials can be used to constrain and direct 
magnetic fields in well-defined paths. In a transformer they are used to 
maximize the coupling between the windings as well as to lower the exci- 
tation current required for transformer operation. In electric machinery 
magnetic materials are used to shape the fields to maximize the desired 
torque-producing characteristics. Thus a knowledgeable designer can use 
magnetic materials to achieve specific desirable device characteristics. 

Ferromagnetic materials, composed of iron and alloys of iron with co- 
balt, tungsten, nickel, aluminum, and other metals, are by far the most 
common magnetic materials. Although these materials are characterized 
by a wide range of properties, the basic phenomena responsible for their 
properties are common to them all. 

Ferromagnetic materials are composed of a large number of domains, 
i.e., regions in which the magnetic moments of all the atoms are parallel, 
giving rise to a net magnetic moment for that domain. In an unmagnetized 
sample of material, the domain magnetic moments are randomly oriented, 
and the net resulting magnetic flux in the material is zero. 

When an external magnetizing force is applied to this material, the 
domain magnetic moments tend to align with the applied magnetic field. 
As a result, the dipole magnetic moments add to the applied field, result- 
ing in a much larger value of flux density than would exist due to the mag- 
netizing force alone. Thus the effective permeability u, equal to the ratio of 
the total magnetic flux density to the applied magnetizing force, is large 
compared with the permeability of free space uo. This behavior continues 
until all the magnetic moments are aligned with the applied field; at this 
point they can no longer contribute to increasing the magnetic flux den- 
sity, and the material is said to be fully saturated. 

In the absence of an externally applied magnetizing force, the domain 
magnetic moments naturally align along certain directions associated with 
the crystal structure of the domain, known as axes of easy magnetization. 
Thus if the applied magnetizing force is reduced, the domain magnetic 
moments relax to the direction of easy magnetism nearest to that of the 
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applied field. As a result, when the applied field is reduced to zero, the 
magnetic dipole moments will no longer be totally random in their orienta- 
tion; they will retain a net magnetization component along the applied 
field direction. It is this effect which is responsible for the phenomenon 
known as magnetic hysteresis. 

The relationship between B and H for a ferromagnetic material is both 
nonlinear and multivalued. In general, the characteristics of the material 
cannot be described analytically. They are commonly presented in graphi- 
cal form as a set of empirically determined curves based on test samples of 
the material using methods prescribed by the American Society for Testing 
and Materials (ASTM).' 

The most common curve used to describe a magnetic material is the 
B-H curve or hysteresis loop. A set of hysteresis loops is shown in Fig. 1-8 


‘Numerical data on a wide variety of magnetic materials are available from the various 
material manufacturers. One problem in using the references arises from the various 
systems of units employed. For example, magnetization may be given in oersteds or in 
ampere-turns per meter and the magnetic flux density in gauss, kilogauss, or teslas. A 
few useful conversion factors are given in Appendix C. The reader is reminded that the 
equations in this book are based upon SI units. 


B, Wb/m2 


0 20 30 40 50 70 90 110130 150170 
H, A-turns/m 


— 
a Ses 
Scale change 


—10 0 


Fig. 1-8. B-H loops for M-5 grain-oriented electrical steel 0.012 in thick. Only the top halves 
of the loops are shown here. (Armco Inc.) 
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for M-5 steel, a typical grain-oriented electrical steel used in electric equip- 
ment. These loops show the relationship between the magnetic flux den- 
sity B and the magnetizing force H. Each curve is obtained while cyclically 
varying the applied magnetizing force between equal positive and negative 
values of fixed magnitude. Hysteresis causes these curves to be multival- 
ued. After several cycles the B-H curves form closed loops as shown. The 
arrows show the paths followed by B with increasing and decreasing H. 
Notice that with increasing magnitude of H the curves begin to flatten out 
as the material tends toward saturation. At a maximum flux density of 
about 1.7 T, this material is heavily saturated. 

For many engineering applications it is sufficient to describe the ma- 
terial by the curve drawn through the maximum values of B and H at the 
tips of the hysteresis loops; this is known as a dc or normal magnetization 
curve. A de magnetization curve for M-5 grain-oriented electrical steel is 
shown in Fig. 1-9. The dc magnetization curve neglects the hysteretic na- 
ture of the material but clearly displays its nonlinear characteristics. 


EXAMPLE 1-5 


Assume that the core material in Example 1-1 has the de magnetization 
curve of Fig. 1-9. Find the current i for B, = 1 T. 


| | | 


B, Wb/m2 
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Fig. 1-9. Dc magnetization curve for M-5 grain-oriented electrical steel 0.012 in thick. (Armco 
Inc.) 
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Solution 


The value of H, for B, = 1 T is read from Fig. 1-9 as 
H, = 12 A- turns/m 
The mmf for the core path is 
F. = H,l, = 12(0.3) = 3.6 A - turns 


The mmf for the air gap is 


Bg 5x 10% 
Te — am 285 5 Ąą—- . 
F, = Hg m 4 X 107 396 A - turns 
The current is 
Fe + 4 
po ee Se pan a 


N 500 


Note that the relative permeability agrees with the value assumed in 
Example 1-1: 


i 1 _ 
ty = (an X 10°) () ON 


1-4 AC EXCITATION 


In ac power systems, the waveforms of voltage and flux closely approxi- 
mate sinusoidal functions of time. This article describes the excitation 
characteristics and losses associated with steady-state ac operation of mag- 
netic materials. We use as our model a closed-core magnetic circuit, 
i.e., with no air gap, such as that shown in Fig. 1-1 or the transformer of 
Fig. 2-4. The magnetic path length is l, and the cross-sectional area is A, 
throughout the length of the core. 
We assume a sinusoidal variation of the core flux g(t); thus 


olt) = Pmax Sin wt = A,B max Sin wt (1-40) 


where ¢,,,, = amplitude of core flux ¢ 
Ban = amplitude of flux density B, 
= angular frequency = 2rf 
F= frequency, Hz 
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From Faraday’s law, Eq. 1-21, the voltage induced in the N-turn winding is 


e(t) = wN pmax CoS wt = E max COS wt (1-41) 
where E max = ONGmax = 2TnfNA,B max (1-42) 


In steady-state ac operation, we are usually more interested in the rms 
values of voltages and currents than in instantaneous or maximum values. 
The rms value of a sine wave is 1/V2 times its peak value. Thus the rms 
value of the induced voltage is 


2r 
Ems = —= fNA.B nax = V27fNA,B max 1-43 
rms V2 fN. c max mfN. ( ) 


Because of its importance in the theory of ac machines, we return to this 
equation frequently. 

To produce the magnetic field in the core requires current in the excit- 
ing winding known as the exciting current i,.' The nonlinear magnetic 
properties of the core mean that the waveform of the exciting current dif- 
fers from the sinusoidal waveform of the flux. A curve of the exciting cur- 
rent as a function of time can be found graphically from the magnetic 
characteristics, as illustrated in Fig. 1-10a. Since B and H are related to ¢ 
and i, by known geometric constants, the ac hysteresis loop of Fig. 1-106 


(a) (b) 


Fig. 1-10. Excitation phenomena. (a) Voltage, flux, and exciting current; (b) corresponding 
hysteresis loop. 


‘In general, the exciting current is the net ampere-turns acting on the magnetic circuit. 
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has been drawn in terms of g = B.A, and i, = H,1,/N. Sine waves of in- 
duced voltage e and flux ¢ in accordance with Eqs. 1-40 and 1-41 are 
shown in Fig. 1-10a. 

At any given time, the value of i, corresponding to the given value of 
flux can be found directly from the hysteresis loop. For example, at time t’ 
the flux is ¢’ and the current is i); at time t” the corresponding values are 
g” and i”. Notice that since the hysteresis loop is multivalued, it is neces- 
sary to be careful to pick the rising-flux values (y’ in the figure) from the 
rising-flux portion of the hysteresis loop; similarly for the falling-flux val- 
ues (¢” in the figure). Also notice that the waveform of the exciting current 
is sharply peaked. Its rms value J, „ms is defined in the standard way as 

i? averaged over a cycle. The corresponding rms value H,,,, of H, is re- 
lated to the rms value Z, „ms of the exciting current; thus 


a: M 
loms = hy (1-44) 
The ac excitation characteristics of core materials are usually ex- 
pressed in terms of rms voltamperes rather than a magnetization curve re- 
lating B and H. The theory behind this representation can be explained by 
combining Eqs. 1-43 and 1-44. Thus the rms voltamperes required to excite 
the core to a specified flux density are 


Emelem = V2 0fNA,B yan (1-45) 
= V2 fA. Boaz Hon (1-46) 


For a magnetic material of mass density p, the weight of the core is A,l.p,, 
and the rms voltamperes P, per unit weight are 


Vafa | (1-47) 


` P, = 


c 


The excitation voltamperes P, at a given frequency fare dependent only 
on B max because H,ms is a unique function of B max and is independent of turns 
and geometry. As a result, the ac excitation requirements for a magnetic 
material are often given in terms of rms voltamperes per unit weight de- 
termined by laboratory tests on closed-core samples of the material. These 
results are illustrated in Fig. 1-11 for M-5 grain-oriented electrical steel. 

The exciting current supplies the mmf required to produce the core 
flux and the power input associated with the energy in the magnetic field 
in the core. Part of this energy is dissipated as losses and appears as heat 
in the core. The rest appears as reactive power associated with the cycli- 
cally varying energy stored in the magnetic field. The reactive power is 
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Fig. 1-11. Exciting rms voltamperes per kilogram at 60 Hz for M-5 grain-oriented electrical 
steel 0.012 in thick. (Armco Inc.) 


not dissipated in the core; it is cyclically supplied and absorbed by the exci- 
tation source and thus contributes to the current in the source, thereby af- 
fecting I’R losses and voltage drops in the supply system. 

Two loss mechanisms are associated with time-varying fluxes in mag- 
netic materials. The first is ohmic J’*R heating, associated with eddy cur- 
rents. From Faraday’s law we see that time-varying magnetic fields give 
rise to electric fields. In magnetic materials these electric fields result in 
eddy currents, which circulate in the core material and oppose the change 
of flux density. To counteract this demagnetizing effect, the current in the 
exciting winding must increase. Thus the dynamic B-H loop with ac opera- 
tion is somewhat “fatter” than the hysteresis loop for slowly varying condi- 
tions. To reduce the effects of eddy currents, magnetic structures are 
usually built of thin sheets of laminations of the magnetic material. The 
laminations, which are aligned in the direction of the field lines, are insu- 
lated from each other by an oxide layer on their surfaces or by a thin coat 
of insulating enamel or varnish. This greatly reduces the magnitude of the 
eddy currents since the layers of insulation interrupt the current paths; 
the thinner the laminations, the lower the losses. The power loss caused by 
eddy currents is dissipated as heat in the core. The eddy-current loss in- 
creases as the square of the frequency of the flux variation and also as the 
square of the peak flux density. 

The second loss mechanism is due to the hysteretic nature of magnetic 
material. In a magnetic circuit like that of Fig. 1-1 or the transformer of 
Fig. 2-4, a time-varying excitation will cause the magnetic material to un- 
dergo a cyclic variation such as the hysteresis loop shown in Fig. 1-12. 
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Fig. 1-12. Hysteresis loop; hysteresis loss is proportional to the loop area (shaded). 


Equation 1-37 can be used to calculate the energy input to the magnetic 
core of Fig. 1-1 as the material undergoes a single cycle. For a single cycle 


W = Pisar = f (Be) (A.N dB.) = Al. H.dB, (1-48) 
Recognizing that A,„l, is the volume of the core and that the integral is the 
area of the ac hysteresis loop, we see that each time the magnetic material 
undergoes a cycle, there is a net energy input into the material. This en- 
ergy is required to move around the magnetic dipoles in the material and 
is dissipated as heat. Thus for a given flux level, hysteresis losses are pro- 
portional to the area of the hysteresis loop and to the total volume of mate- 
rial. Since there is an energy loss per cycle, hysteresis power loss is 
proportional to the frequency of the applied excitation. 

In general, the losses depend on the metallurgy of the material as well 
as the flux density and frequency. Information on core loss is typically pre- 
sented in graphical form. It is plotted in terms of watts per unit weight as 
a function of flux density; often a family of curves for different frequencies 
are given. Figure 1-13 shows the core loss P, for M-5 grain-oriented electri- 
cal steel at 60 Hz. 

Nearly all transformers and certain sections of electric machines use 
sheet-steel material that has highly favorable directions of magnetization 
along which the core loss is low and the permeability is high. This mate- 
rial is termed grain-oriented steel. The reason for this property lies in the 
atomic structure of the simple crystal of the silicon-iron alloy, which is a 
body-centered cube; each cube has an atom at each corner as well as one in 
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Fig. 1-13. Core loss at 60 Hz in watts per kilogram for M-5 grain-oriented electrical steel 
0.012 in thick. (Armco Inc.) 


the center of the cube. In the cube, the easiest axis of magnetization is the 
cube edge; the diagonal across the cube face is more difficult, and the di- 
agonal through the cube is the most difficult. By suitable manufacturing 
techniques most of the cube edges are aligned in the rolling direction to 
make it the favorable direction of magnetization. The behavior in this di- 
rection is superior in core loss and permeability to nonoriented steels, so 
that the oriented steels can be operated at higher flux densities than the 
nonoriented grades. Nonoriented electrical steels are used in applications 
where the flux does not follow a path which can be oriented with the 
rolling direction or where low cost is of importance. In these steels the 
losses are somewhat higher and the permeability is very much lower than 
in grain-oriented steels. 


EXAMPLE 1-6 


The magnetic core in Fig. 1-14 is made from laminations of M-5 grain- 
oriented electrical steel. The winding is excited with a voltage to produce a 
flux density in the steel of B = 1.5 sin 377t T. The steel occupies 0.94 times 
the gross core volume. The density of the steel is 7.65 g/cm®. Find (a) the 
applied voltage, (b) the peak current, (c) the rms exciting current, and 
(d) the core loss. 


Solution 


(a) From Eq. 1-21 the voltage is 


1-4 AC Excitation 2 5 


dE dB 
a 
= 200(4 in?) (0 g q 5) (377 cos 377t) 
E 39.4 in? iii 


= 275 cos 377t V 


(b) The magnetic intensity corresponding to Bmax = 1.5 T is given in 
Fig. 1-9 as H = 36 A: turns/m. Notice that the relative permeability 
u, = B/(uyH) = 33,000 at the flux level of 1.5 T is significantly lower 
than the value of uw, = 66,000 found in Example 1-5 corresponding to a 
flux level of 1.0 T. 


i m 
L=(6+6+8+ 8) ingo gin 7071M 
The peak current is 
_ 36(0.71) _ 
=— 00 T 0.13 A 


(c) The rms current is obtained from the value of P, of Fig. 1-10 for 
Bax = 1.5 T. 


P, = 1.5 VA/kg 
The core volume and weight are 


V, = (4 in’) (0.94) (28 in) = 105.5 in® 


(7.65 g) (2.54° cm’) 


— 3 
W, = (105.5 in”) (1 em) (1 in?) 


= 13.2 kg 


The total rms voltamperes and current are 


P, = (1.5 VA/kg) (13.2 kg) = 20 VA 


P, 20 


L= E = 2750.707 


= 0.10 A 


(d)The core-loss density is obtained from Fig. 1-13 as P, = 1.2 W/kg. 
The total core loss is 


P, = (1.2 W/kg) (13.2 kg) = 16 W 
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10 in 


N= 200 turns 


Fig. 1-14. Reactor with laminated steel core. 


1-5 PERMANENT MAGNETS 


Figure 1-15a shows the second quadrant of a hysteresis loop for Alnico 5, a 
typical permanent magnet material, while Fig. 1-15b shows the second 
quadrant of a hysteresis loop for M-5 steel.’ Notice that the curves are 
similar in nature. However, the hysteresis loop of Alnico 5 is characterized 
by a large value of residual flux density or remanent magnetization B, (ap- 
proximately 1.22 Wb/m”) as well as a large value of coercivity H, (approxi- 
mately —49 kA/m). The remanent magnetization B, corresponds to the 
flux density which would remain in a closed magnetic structure, such as 
that of Fig. 1-1, made of this material if the applied mmf (and hence the 
magnetic field intensity H) were reduced to zero. However, although the 
M-5 electrical steel also has a large value of remanent magnetization 
(approximately 1.4 Wb/m?’), it has a much smaller value of coercivity 
(approximately —6 A/m, smaller by a factor of over 7500). 

The significance of remanent magnetization is that it can result in the 
presence of magnetic flux in a magnetic circuit in the absence of external 
excitation in the form of currents in windings. This is a well-known phe- 
nomenon. It is commonplace in applications ranging from magnets which 
hold notes on refrigerator doors to small permanent magnet appliance mo- 
tors and loudspeakers. 

From Fig. 1-15, it would appear that both Alnico 5 and the M-5 electri- 
cal steel would be useful in producing flux in unexcited magnetic circuits 
since they both have large values of remanent magnetization. That this is 
not the case can be best illustrated by an example. 


‘To obtain the largest value of remanent magnetization, the hysteresis loops of Fig. 1-15 
are those which would be obtained if the materials were excited by sufficient mmf to en- 
sure that they were driven heavily into saturation. This is discussed further in Art. 1-6. 
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Energy product, kJ/mê 


point of Si tf W 
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energy product 


0.5 


Load line for 
e a _„ Example 1-7 


~~ 
~~ 


H,kA/m -50 -40 -30 -20 -10 0 


B,T 
1.5 
B, 
B,T 
1.0 
4x10-° 
Load line 
\ for Example 1-7 
\ 
we 2xt0* 
Slope = 
G28 X 107% 
H, Wb/A -m 
H, Aim —10 —5 0 H, Alm —-6 0 
(b) (c) 


Fig. 1-15. (a) Second quadrant of hysteresis loop for Alnico 5; (b) second quadrant of hys- 
teresis loop for M-5 electrical steel; (c) hysteresis loop for M-5 electrical steel expanded for 
small B. (Armco Inc.) 
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EXAMPLE 1-7 


As shown in Fig. 1-16, a magnetic circuit consists of a core of high perme- 
ability (u — ©), an air gap of length g, and a section of magnetic material 
of length /,,. Calculate the flux density B, in the air gap if the magnetic 
material is (a) Alnico 5 and (b) M-5 electrical steel. 


Solution 


(a) Since the core permeability is assumed infinite, we neglect H in 
the core as negligible. Recognizing that the mmf acting on the magnetic 
circuit of Fig. 1-16 is zero, we can write 


F = 0 = Hg + Hmlm 
or 
lm 
H, = g m 


where H, and H,, are the magnetic field intensities in the air gap and the 
magnetic material, respectively. 
Since the flux must be continuous through the magnetic circuit, 
h = A,B, =A,,Bn 


or 


Air gap, 
permeability uo 


Magnetic 
material 


Fig. 1-16. Magnetic circuit for Example 1-7. 
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where B, and B,, are the magnetic flux densities in the air gap and the 
magnetic material, respectively. 

These equations can be solved to yield a linear relationship for B„ in 
terms of H: 


B,, = -no( 44) (e)a = —5uH„ = —6.28 x 10`°H, 


m 


To solve for B„, we recognize that Alnico 5, B,,, and H,„ are also related by 
the curve of Fig. 1-15a. Thus this linear relationship, also known as the 
load line, can be plotted on Fig. 1-15a and the solution obtained graphi- 
cally, resulting in 


B, = Bm = 0.30 T 
(b) The solution for M-5 electrical steel proceeds exactly as in part (a). 
The load line is the same as that of part (a) because it is determined only 
by the permeability of the air gap and the geometries of the magnet and 
the air gap. Hence from Fig. 1-15c 
B, = 3.8 x 10° T = 0.38 G 


which is much less than the value obtained with Alnico 5. 


Example 1-7 shows that there is an immense difference between per- 
manent magnet materials (often referred to as hard magnetic materials) 
such as Alnico 5 and soft magnetic materials such as M-5 electrical steel. 
This difference is characterized in large part by the immense difference in 
their coercivities H,. The coercivity can be thought of as a measure of the 
amount of mmf required to demagnetize the material. As seen from Ex- 
ample 1-7, it is also a measure of the capability of the material to produce 
flux in a magnetic circuit which includes an air gap. Thus we see that ma- 
terials which make good permanent magnets are characterized by large 
values of coercivity H, (considerably in excess of 1 kA/m). 

A useful measure of the capability of a permanent magnet is known as 
its maximum energy product. This corresponds to the largest B-H product 
(BH ),.ax, Which corresponds to a point on the second quadrant of the hys- 
teresis loop. As we have seen, the product of B and H has the dimensions of 
energy density (joules per cubic meter). We now show that operation of a 
given permanent magnet material at this point will result in the smallest 
volume of that material required to produce a given flux density in the air 
gap. Similarly, choosing a material with the largest available maximum 
energy product will result in the smallest required magnet volume. 

In Example 1-7, we found an expression for the flux density in the 
air gap: 
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A 
= —— 1-49 
B, A, m ( ) 
We also found that the ratio of the mmf drops across the magnet and the 
air gap is equal to —1: 


Ha Ln 


= —1 (1-50) 
Hg 


Equation 1-50 can be solved for B, = mọ Hg, and the result can be multi- 
plied by Eq. 1-49 to yield 


RLP 
B; z ms ) (HBr) 


g 


VOl mag 
= m| =] 1-51 
po( aes) H. Ba) ( 51) 
or 
VOligg, = Poli saw (1-52) 
ia pil —H,, B,.) 


where volmag is the volume of the magnet, volair gap is the air-gap volume, 
and the minus sign arises because, at the operating point of the magnetic 
circuit, H in the magnet (H,,,) is negative. 

Equation 1-52 is the desired result. It indicates that to achieve a de- 
sired flux density in the air gap, the required volume of the magnet can be 
minimized by operating the magnet at the point of the maximum B-H 
product, i.e., the point of maximum energy product. Because the maximum 
energy product is a measure of the magnet volume required for a given ap- 
plication, it is often found as a tabulated “figure of merit” on data sheets 
for permanent magnet materials. 

Note that Eq. 1-51 appears to indicate that one can achieve an arbi- 
trarily large air-gap flux density simply by reducing the air-gap volume. 
This is not true in practice because as the flux density in the magnetic cir- 
cuit increases, a point will be reached at which the magnetic core material 
will begin to saturate and the assumption of infinite permeability will no 
longer be valid, thus invalidating Eq. 1-51. 

Note that a curve of constant B-H product is a hyperbola. A set of such 
hyperbolas for different values of the B-H product is plotted in Fig. 1-15a. 
From these curves, we see that the maximum energy product for Alnico 5 
is 40 kJ/m° and that this occurs at the point B = 1.0 Wb/m’ and H = 
—40 kA/m. 
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EXAMPLE 1-8 


The magnetic circuit of Fig. 1-16 is modified so that the air-gap area is re- 
duced to A, = 2.0 cm’ as shown in Fig. 1-17. Find the minimum magnet 
volume required to achieve an air-gap flux density of 0.8 T. 


Solution 


The smallest magnet volume will be achieved with the magnet operating 
at its point of maximum energy product, as shown in Fig. 1-15a. At this op- 
erating point, B,, = 1.0 T and H,, = —40 kA/m. 

Thus from Eq. 1-49, 


and from Eq. 1-50, 


H B 
L = apei a ae 
eH, 8 nH, 
0.8 


A oe (4m x 107) (—40 x 10°) 


= 3.18 cm 


Thus the minimum magnet volume is equal to 1.6 x 3.18 = 5.09 cm’. 


— g=0.2cm 


| 


Area A, = 2 cm? 


Fig. 1-17. Magnetic circuit for Example 1-8. 
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1-6 APPLICATION OF PERMANENT MAGNET MATERIALS 


Examples 1-7 and 1-8 consider the operation of hard magnetic materials 
under the assumption that the operating point can be determined simply 
from a knowledge of the geometry of the magnetic circuit and the proper- 
ties of the various magnetic materials involved. In fact, the situation is 
more complex.’ This section will expand upon these issues. 

Figure 1-18 shows the dc magnetization characteristics for a few com- 
mon permanent magnet materials. Alnico 5 is a widely used version of an 
alloy of iron, nickel, aluminum, and cobalt originally discovered in 1931. It 
has a relatively large residual flux density. Alnico 8 has a lower residual 
flux density and a higher coercivity than Alnico 5. It is hence less subject 
to demagnetization than Alnico 5. Disadvantages of the Alnico materials 
are their relatively low coercivity and their mechanical brittleness. 


Neodymium-iron-boron 


Alnico 8 


Somarium cobalt 


Ceramic 7 


—1000 —900 -800 -700 -600 -500 -400 -300 -200 -100 0 
H, kA/m 


Fig. 1-18. DC magnetization curves for common permanent magnet materials. 


‘For a further discussion of permanent magnets and their applications, see F. N. Brad- 
ley, Materials for Magnetic Functions, Hayden Book Co., New York, 1971, chap. 4; G.R. 
Slemon and A. Straughen, Electric Machines, Addison-Wesley, Reading, Mass., 1980, 
secs. 1.20—1.25; and C. Heck, Magnetic Materials and Their Applications, Butterworth & 
Co., London, 1974, chap. 9. 
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Ceramic permanent magnet materials (also known as ferrite magnets) 
are made from iron oxide and barium or strontium carbonate powders and 
have lower residual flux densities than Alnico materials but significantly 
higher coercivities. As a result, they are much less prone to demagnetiza- 
tion. One such material, ceramic 7, is shown in Fig. 1-18, where its de mag- 
netization characteristic is almost a straight line. Ceramic magnets have 
good mechanical characteristics and are inexpensive to manufacture; as a 
result, they are the most widely used of permanent magnet materials. 

Somarium cobalt represents a significant advance in permanent mag- 
net technology which began in the 1960s with the discovery of rare-earth 
permanent magnet materials. From Fig. 1-18 it can be seen to have a high 
residual flux density such as is found with the Alnico materials, while at 
the same time having a much higher coercivity and maximum energy 
product. 

The newest of the rare-earth magnetic materials is the neodymium- 
iron-boron material. It features even larger residual flux density, coerciv- 
ity, and maximum energy product than does somarium cobalt. In addition, 
it has good mechanical properties and is relatively inexpensive to manu- 
facture and thus can be expected to find increasing use in permanent mag- 
net applications. 

Consider the magnetic circuit of Fig. 1-19. This consists of a section of 
hard magnetic material in a core of highly permeable soft magnetic material. 
An N-turn excitation winding is also included. With reference to Fig. 1-20, 
we assume that the hard magnetic material is initially unmagnetized and 
consider what happens as current is applied to the excitation winding. Be- 
cause the core is assumed to be of infinite permeability, the horizontal axis 
of Fig. 1-20 can be considered to be both a measure of the applied current 
i = Hl„/N as well as a measure of H in the magnetic material. 

As current i is increased to its maximum value, the B-H trajectory 
rises from point a in Fig. 1-20 toward its maximum value at point b. To 
fully magnetize the material, we assume that the current has been in- 


Hard 
magnetic 
material 


Fig. 1-19. Magnetic circuit including both a permanent magnet and an excitation winding. 
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max 


Fig. 1-20. Portion of a B-H characteristic showing a minor loop and a recoil line. 


creased to a value i,,,, sufficiently large that the material has been driven 
well into saturation at point b. When the current is then decreased to zero, 
the B-H characteristic will begin to form a hysteresis loop, arriving at 
point c at zero current. At point c, notice that H in the material is zero but 
B is at its remanent value B... 

As the current then goes negative, the B-H characteristic continues to 
trace out a hysteresis loop. In Fig. 1-20, this is seen as the trajectory be- 
tween points c and d. If the current is then maintained at the value —i™, 
the operating point of the magnet will be that of point d. Note that, as in 
Example 1-7, this same operating point would be reached if the material 
were to start at point c and, with the excitation held at zero, an air gap of 
length g = 1,,(A,/A,,)(—MoH'”/B™) were then inserted in the core. 

Should the current then be made more negative, the trajectory would 
continue tracing out the hysteresis loop toward point e. However, if instead 
the current is reduced to zero, the trajectory does not in general retrace the 
hysteresis loop toward point c. Rather it begins to trace out a minor hys- 
teresis loop, reaching point f when the current reaches zero. If the current 
is then varied between zero and —i, the B-H characteristic will trace out 
the minor loop as shown. 

As can be seen from Fig. 1-20, the B-H trajectory between points d and 
f can be represented by a straight line, known as the recoil line. The slope 
of this line is called the recoil permeability up. We see that once this mate- 
rial has been demagnetized to point d, the effective remanent magnetiza- 
tion of the magnetic material is that of point f which is less than the 
remanent magnetization B, which would be expected based on the hys- 
teresis loop. Note that should the demagnetization be increased past point 
d, for example, to point e of Fig. 1-20, a new minor loop will be created, 
with a new recoil line and recoil permeability. 
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The demagnetization effects of negative excitation which have just 
been discussed are equivalent to those of an air gap in the magnetic cir- 
cuit. For example, clearly the magnetic circuit of Fig. 1-19 could be used as 
a device to magnetize hard magnetic materials. The process would simply 
require that a large excitation be applied to the winding and then reduced 
to zero, leaving the material at a remanent magnetization B, (point c in 
Fig. 1-20). 

Following this magnetization process, if the material were removed 
from the core, this would be equivalent to opening a large air gap in the 
magnetic circuit, demagnetizing the material in a fashion similar to that 
seen in Example 1-7. At this point, the magnet has been effectively weak- 
ened, since if it were again inserted in the magnetic core, it would follow a 
recoil line and return to a remanent magnetization somewhat less than B,. 
Thus hard magnetic materials often do not operate stably in situations 
with varying mmf and geometry, and there is often the risk that improper 
operation can further demagnetize them. 

At the expense of a reduction in value of the remanent magnetization, 
hard magnetic materials can be stabilized to operate over a specified re- 
gion. This procedure, based on the recoil trajectory shown in Fig. 1-20, can 
best be illustrated by an example. 


EXAMPLE 1-9 


Figure 1-21 shows a magnetic circuit containing hard magnetic material, a 
core and plunger of high (assumed infinite) permeability, and a single-turn 
winding which will be used to magnetize the hard magnetic material. The 
winding will be removed after the system is magnetized. The plunger 


Core 


Air gap, g = 0.2 cm 


Hard magnetic 2cem2 < A, < 4cm? 
S Aga 


material, area A „ = 4 cm? 


“rete Movable 


I /2 plunger 


100-turn 
magnetizing 
coil 


Fig. 1-21. Magnetic circuit for Example 1-9. 
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moves in the x direction as indicated, with the result that the air-gap area 
can vary (2 cm’? < A, = 4 cm’). Assuming that the hard magnetic material 
is Alnico 5, (a) find the magnet length l„ so that the system will operate on 
a recoil line which intersects the maximum B-H product point on the 
magnetization curve for Alnico 5, (b) derive a procedure for magnetizing 
the magnet, and (c) calculate the flux density B, in the air gap as the 
plunger moves. 


Solution 


(a) Figure 1-22a shows the magnetization curve for Alnico 5 and two 
load lines corresponding to the two extremes of the air gap, A, = 2 cm’ and 
A, = 4 cm’. We see that the system will operate on the desired recoil line if 
the load line for A, = 2 cm’ intersects the B-H characteristic at the maxi- 
mum energy product point (labeled point a in Fig. 1-22a), B® = 1.0 T and 
H® = —40 kA/m. 

From Eqs. 1-49 and 1-50, we see that the slope of the required load 
line is given by 


Bh _ Be Ag ln 
-HY gm & 


Load line, Bm: T 
Load line, Ag = 4 cm? 
A, =2cm?2 Recoil line 
(see text) B, = 1.24 


Point of maximum 
energy product 


0.5 


Hm, KA/m —50 —40 -30 -20 -10 0 
(a) 


Fig. 1-22. (a) Magnetization curve for Alnico 5 for Example 1-9; (b) series of load lines for 
A, = 2 cm* and varying values of i showing the magnetization procedure for Example 1-9. 
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(b) 
Fig. 1-22. (Continued). 


t= ela) (=p) 
rT ENA) \- HoH 


EE < = 1.0 
aa ti x 10-7 x 4 X 104 


= 7.96 cm 


and thus 


(b) Figure 1-226 shows a series of load lines for the system with 
A, = 2 cm’ and with current i applied to the excitation winding. The gen- 
eral equation for these load lines can be readily derived since from Eq. 1-5 
Ni = Hmlm + Hyg 
and from Eqs. 1-3 and 1-7 
B,Am = B,A,z = MoH, A, 
Thus 


g 
2\ (7.96 100 (2). 
mG) (Ga) mera) 


—2.50 x 10°°H,, + 3.14 x 10771 
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From Fig. 1-226 we see that if the plunger is set so that A, = 2 cm’, the 
current in the magnetizing winding is increased to the value imas where 


_ Bun + 2.50 X 10-Hnax 


= A 
3.14 x 10°? 


lmax 


In this case, we do not have a complete hysteresis loop for Alnico 5, 
and hence we will have to estimate Bmax and Hmax Linearly extrapolating 
the B-H curve at H = 0 back to 4 times the coercivity, that is, H max = 4 X 
50 = 200 kA/m, yields Bmax = 2.1 T. This value is undoubtedly extreme 
and will overestimate the required current somewhat. However, using 
Bmax = 2.1 T and Hmax = 200 kA/m yields imay = 22.6 A. 

Thus with the air-gap area set to 2 cm’, increasing the current to 
22.6 A and then reducing it to zero will achieve the desired magnetization. 

(c) Because we do not have specific information about the slope of the 
recoil line, we assume that its slope is the same as that of the B-H charac- 
teristic at the point H = 0, B = B,. From Fig. 1-22a, with the recoil line 
drawn with this slope, we see that as the air-gap area varies between 2 
and 4 cm’, the magnet flux density B,, varies between 1.00 and 1.08 T. 
Since the air-gap flux density equals A,,/A, times this value, the air- 
gap flux density will equal 4/2(1.00) = 2.0 T when A, = 2.0 cm’ and 
(4/4) (1.08) = 1.08 T when A, = 4.0 cm’. 


As has been seen, hard magnetic materials such as Alnico 5 can be 
subject to demagnetization, should their operating point be varied exces- 
sively. As shown in Example 1-9, these materials can be stabilized with 
some loss in effective remanent magnetization. However, this procedure 
does not guarantee absolute stability of operation. For example, if the ma- 
terial in Example 1-9 were subjected to an air-gap area smaller than 2 cm’ 
or to excessive demagnetizing current, the effect of the stabilization would 
be erased and the material would be found to operate on a new recoil line 
with further reduced magnetization. 

However, many materials, such as somarium cobalt, ceramic 7, and 
neodymium-iron-boron (see Fig. 1-18), which have large values of coercivity, 
tend to have very low values of recoil permeability, and the recoil line is 
essentially tangent to the B-H characteristic for a large portion of the use- 
ful operating region. This can be seen in Fig. 1-18, which shows the dc 
magnetization curve for neodymium-iron-boron, from which we see that 
this material has a remanent magnetization of 1.25 T and a coercivity of 
—940 kA/m. The portion of the curve between these points is a straight 
line with a slope equal to 1.06, which is the same as the slope of its recoil 
line. As long as these materials are operated on this low incremental per- 
meability portion of their B-H characteristic, they do not require stabiliza- 
tion, provided they are not excessively demagnetized. 
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Electromechanical devices which employ magnetic fields often use ferro- 
magnetic materials for guiding and concentrating these fields. Because the 
magnetic permeability of ferromagnetic materials can be large (up to tens 
of thousands times that of the surrounding space), most of the magnetic 
flux is confined to fairly definite paths determined by the magnetic mate- 
rial. In addition, often the frequencies of interest are low enough to permit 
the magnetic fields to be considered quasi-static, and hence they can be de- 
termined simply from a knowledge of the net mmf acting on the magnetic 
structure. 

As a result, the solution for the magnetic fields in these devices can 
be obtained in a straightforward fashion by using the techniques of mag- 
netic circuit analysis. These techniques can be used to reduce a complex 
three-dimensional magnetic field solution to what is essentially a one- 
dimensional problem. As in all engineering solutions, a certain amount of 
experience and judgment is required, but the technique gives useful re- 
sults in many situations of practical engineering interest. 

Ferromagnetic materials are available with a wide variety of charac- 
teristics. In general, their behavior is nonlinear, and their B-H character- 
istics are often represented in the form of a family of hysteresis (B-H) 
loops. Losses, both hysteretic and eddy-current, are a function of the flux 
level and frequency of operation as well as the material composition and 
the manufacturing process used. A basic understanding of the nature of 
these phenomena is extremely useful in the application of these materials 
in practical devices. Typically, important properties are available in the 
form of curves supplied by the material manufacturers. 

Certain magnetic materials, commonly known as hard or permanent 
magnet materials, are characterized by large values of remanent magne- 
tization and coercivity. These materials produce significant magnetic flux 
even in magnetic circuits with air gaps. With proper design they can be 
made to operate stably in situations which subject them to a wide range of 
destabilizing forces and mmf’s. Permanent magnets find application in 
many small devices, including loudspeakers, ac and de motors, microphones, 
and analog electric meters. 


PROBLEMS 


1-1. A magnetic circuit with a single air gap is shown in Fig. 1-23. The 
core dimensions are 


Cross-sectional area A, = 1.5 x 10°° m’ 
Mean core length l. = 0.7 m 

Gap length g = 2.5 x 10° m 

N = 75 turns 
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Core: 
Average length l, 
Area A, 
Permeability u 


N turns 


Fig. 1-23. Magnetic circuit for Prob. 1-1. 


Assume that the core is of infinite permeability (u —> œ), and neglect the 
effects of magnetic leakage and fringing. For a current of i = 1 A, calcu- 
late (a) the total flux ¢, (b) the flux linkages à of the coil, and (c) the coil 
inductance L. 


1-2. Repeat Prob. 1-1 for a finite core permeability of u = 15005. 


1-3. The magnetic circuit of Fig. 1-24 consists of rings of magnetic mate- 
rial in a stack of height D. The rings have inner radius R; and outer radius 
R,. Assume that the iron is of infinite permeability (u —> œ), and neglect 
the effects of magnetic leakage and fringing. Calculate 


(a) The mean core length /, and the core cross-sectional area A, 
(b) The reluctance of the core R, and that of the gap R, 


For N = 75 turns, calculate 
(c) The inductance L 


Stack height D 


Dimensions 
D =2cm 
Ri =3cm 
R, =4em 
g =05cm 


Fig. 1-24. Magnetic circuit for Prob. 1-3. 


Problems 4 1 


(d)Current i required to operate at an air-gap flux density of 
B, =1.2T 
(e) The corresponding flux linkages à of the coil 


1-4. Repeat Prob. 1-3 for a finite core permeability of u = 750. 


1-5. Figure 1-25 shows the cross section of a circularly symmetric mag- 
netic circuit with an N-turn winding. Neglect fringing and magnetic leak- 
age, and assume the core permeability to be infinite (u — ©). For a current 
of i A in the coil, calculate the flux ¢, the air-gap flux density B,, the flux 
density A, and the inductance L. Finally, find the values of h and R, in terms 
of R, and R, so that the magnetic flux density is uniform within the core. 


1-6. Consider the magnetic circuit of Fig. 1-25. Assume the core perme- 
ability to be u = 20004, and N = 100 turns. The following dimensions are 
specified: 


R,=1cm R, = 3 cm = 2.5 cm 
h=1cm g=0.2cm 


(a) Find the values of h and R, so that the flux density within the core 
is uniform. 

(b) Find the inductance of the winding. 

(c) The core is to be operated at a peak flux density of 1.5 T at a fre- 
quency of 60 Hz. Find the corresponding peak and rms value of the 
voltage induced in the winding. 

(d)Repeat part (c) for a frequency of 50 Hz. 


1-7. A square voltage wave having a fundamental frequency of 60 Hz and 
equal positive and negative half cycles of amplitude Æ is applied to a resis- 
tanceless winding of 1000 turns surrounding a closed iron core of 
1.25 x 10°* m? cross section. 


Fig. 1-25. Cross section of circularly symmetric core for Prob. 1-5. 
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(a) Sketch the voltage, the winding flux linkage, and the core flux as a 
function of time. 

(b) Find the maximum permissible value of E if the maximum flux 
density is not to exceed 1.00 T. 


1-8. An inductor is to be designed using the magnetic core of Fig. 1-26. 
The core is of uniform cross-sectional area A, = 0.75 in’ and of mean 
length /, = 8 in. It has an adjustable air gap of length g and will be wound 
with a coil of N turns. 


(a) Calculate g and N such that the inductance is 15 mH and so that the 
inductor can operate at peak currents of 5 A without saturating. 
Assume that saturation occurs when the peak flux density in the 
core exceeds 1.7 T and that the core has permeability u = 3000. 

(6) For an inductor current of 5 A, use Eq. 3-20 to calculate (i) the mag- 
netic stored energy in the air gap and (ii) the magnetic stored energy 
in the core. Show that the total magnetic stored energy is given by 
Eq. 1-39. 


1-9. A proposed energy storage mechanism consists of a coil wound around 
the large nonmagnetic (u = mọ) toroidal form shown in Fig. 1-27. There are 
N turns, each of circular cross section of radius a. The radius of the toroid 
is r, measured to the center of each circular turn. The geometry of this de- 
vice is such that the magnetic field can be considered to be zero every- 
where outside the toroid. Under the assumption that a < r, the H field 
inside the torus can be considered to be directed around the torus and of 
uniform magnitude 


ged 


— dmr 


(a) Calculate the coil inductance L. 

(b) The coil is to be charged to a magnetic flux density of 2.0 T. Calcu- 
late the total stored magnetic energy in the torus when this flux 
density is achieved. 


Core: 
Area A, 


Length l, 
Permeability u 


| H 


N turns E 


p 


Fig. 1-26. Inductor for Prob. 1-8. 
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000 turns 


Fig. 1-27. Toroidal winding for Prob. 1-9. 


(c) If the coil is to be charged at a uniform rate, that is, di/dt = con- 
stant, calculate the terminal voltage required to achieve the required 
flux density in 25 s. Assume.the coil resistance to be negligible. 


1-10. Figure 1-28 shows an inductor wound on a high-permeability lami- 
nated iron core of rectangular cross section. Assume that the permeability 
of the iron is infinite. Neglect magnetic leakage and fringing in the air gap 
g. The winding is insulated copper wire whose resistivity is p (1: m. As- 
sume that the fraction f, of the winding space is available for copper; the 
rest of the space being used for insulation. 


(a) Estimate the mean length / of a turn of the winding. 

(b) Derive an expression for the electric power dissipation in the coil 
for a specified steady flux density B. This expression should be in 
terms of B, P, Ho, l, fa, and the given dimensions. Note that the ex- 
pression is independent of the number of turns if the winding fac- 
tor f,, is assumed to be independent of the turns. 

(c) Derive an expression for the magnetic stored energy in terms of B 
and the given dimensions. 

(d)From parts (b) and (c) derive an expression for the time constant 
L/R of the coil. 


Core, 4 = oo 


Height of core = h 
(perpendicular to page) 


All dimensions in meters 


-oj He 
| 
| 
| 
| 


T 
L 


Cross section of coil 


Fig. 1-28. Iron-core inductor. 
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1-11. The inductor of Fig. 1-28 has the following dimensions: 
a= h = w= 1.5 cm b = 2 cm g = 0.3 cm 


The winding factor is f, = 0.7. The resistivity of copper is 1.73 x 10°° 
Q - cm. The coil is to be operated with a constant applied voltage of 40 V, 
and the air-gap flux density is 1.2 T. Find the power dissipated in the coil, 
coil current, number of turns, coil resistance, inductance, time constant, 
and wire size to the nearest standard size. 


1-12. The magnetic circuit of Fig. 1-29 has two windings and two air gaps. 
The core can be assumed to be of infinite permeability. The core dimen- 
sions are indicated in the figure. 


(a) Assuming coil 1 to be carrying a current J, and the current in coil 2 
to be zero, calculate (i) the magnetic flux density in each of the air 
gaps, (ii) the flux linkage of winding 1, and (iii) the flux linkage of 
winding 2. 

(b) Repeat part (a), assuming zero current in winding 1 and a current 
I, in winding 2. 

(c) Repeat part (a), assuming the current in winding 1 to be J, and the 
current in winding 2 to be J. 

(d) Find the self-inductances of windings 1 and 2 and the mutual in- 
ductance between the windings. 


1-13. The symmetric magnetic circuit of Fig. 1-30 has three windings. 
Windings A and B each have N turns and are wound on the two bottom 
legs of the core. The core dimensions are indicated in the figure. 


(a) Find the self-inductances of each of the windings. 

(b) Find the mutual inductances between the three pairs of windings. 

(c) Find the voltage induced in winding 1 by time-varying currents 
i, (t) and ig(t) in windings A and B. Show that this voltage can be 


Fig. 1-29. Magnetic circuit for Prob. 1-12. 
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Core: 
Area A, 
Permeability u 


Fig. 1-30. Symmetric magnetic circuit for Prob. 1-13. 


used to measure the imbalance between two sinusoidal currents of 
the same frequency. 


1-14. The reciprocating generator of Fig. 1-31 has a movable plunger (posi- 
tion x) which is supported so that it can slide in and out of the magnetic 
yoke while maintaining a constant air gap of length g on each side adja- 
cent to the yoke. Both the yoke and the plunger can be considered to be of 
infinite permeability. The motion of the plunger is constrained such that 
its position is limited to 0 =x = w. 

There are two windings on this magnetic circuit. The first has N, 
turns and carries a constant de current J). The second, which has N, turns, 
is open-circuited and can be connected to a load. 


(a) Find the mutual inductance between windings 1 and 2 as a func- 
tion of the plunger position x. 

(b) The plunger is driven by an external source so that its motion is 
given by 


Gin w(1 + e sin at) 

2 
where e < w/2. Show that, as a result, a sinusoidal voltage is gen- 
erated in winding 2; find an expression for this voltage. 


1-15. Figure 1-32 shows a configuration that can be used to measure the 
magnetic characteristics of electrical steel. The material to be tested is cut 
or punched into circular laminations which are then stacked (with inter- 
spersed insulation to avoid eddy-current formation). Two windings are 
wound over this stack of laminations: the first, with N, turns, is used to 
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ay P Depth D 


Fig. 1-31. Reciprocating generator for Prob. 1-14. 


t<<R; 


Winding 1, Winding 2, 
N, turns N, turns 
Stack of 


n laminations, 
each of thickness A 


Fig. 1-32. Configuration for measurement of magnetic properties of electrical steel. 


excite magnetic fields in the lamination; the second, with N, turns, is used 
to sense the resultant fields. 

The accuracy of the results requires that the magnetic flux density be 
uniform within the laminations. This can be accomplished if the lamina- 
tion width t = R, — R; is much smaller than the lamination radius and if 
the excitation winding is wound uniformly around the lamination stack. 
For the purposes of this analysis, assume there are n laminations, each of 
thickness A. Also assume that winding 1 is excited by a current i, = J, sin wt. 


(a) Find the relationship between the magnetic field intensity H in the 
laminations and current i, in winding 1. 


Problems 4 Fá 


(b) Find the relationship between the voltage v, and the time rate of 
change of the flux density B in the laminations. 

(c) Find the relationship between the voltage uv, = G f vądt and the 
flux density. 


In this problem, we have shown that the magnetic field intensity H 
and the magnetic flux density B in the laminations are proportional to the 
current 7, and the voltage v, by known constants. Thus, B and H in the 
magnetic steel can be measured directly, and the B-H characteristics as 
discussed in Arts. 1-3 and 1-4 can be determined. 


1-16. From the de magnetization curve of Fig. 1-9 it is possible to calculate 
the relative permeability uw, = B./(u)H,) for M-5 electrical steel as a func- 
tion of the flux level B.. Assuming the core of Fig. 1-2 to be made of M-5 
electrical steel with the dimensions given in Example 1-1, calculate the 
maximum flux density such that the reluctance of the core never exceeds 
5 percent of the reluctance of the total magnetic circuit. 


1-17. The coils of the magnetic circuit device shown in Fig. 1-33 are con- 
nected in series so that the mmf’s of paths A and B both tend to set up flux 
in the center leg C in the same direction. The material is M-5 grade, 0.012- 
in steel, with a stacking factor of 0.94. Neglect fringing and leakage. 


(a) How many amperes are required to set up a flux density of 0.6 T? 
(b) How many joules of energy are stored in the magnetic field in the 
air gap? 


1-18. Data for the top half of a symmetric hysteresis loop for the core of 
Prob. 1-7 are: 


B,T 0 02 04 06 07 08 09 10 095 09 08 07 06 04 0.2 0 


H,A-turns/m 48 52 58 73 85 103 135 193 80 42 2 -18 -29 -40 -45 -48 


The mean length of the flux paths in the core is 0.30 m. Find graphically 
the hysteresis loss in watts for a maximum flux density of 1.00 T at a fre- 
quency of 60 Hz. 


Cross section area of 
A and B legs =2 in? 
Cross section area of 
C legs = 4 in? 
Length A path=6 in 
Length B path=6 in 
Length C path=2 in 
Air gap =0.15 in 


Fig. 1-33. Magnetic circuit for Prob. 1-17. 
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1-19. Assume the magnetic circuit of Prob. 1-1 and Fig. 1-23 to be made up 
of M-5 electrical steel with the properties described in Figs. 1-9, 1-11, and 
1-13. Assume the core to be operating with a 60-Hz sinusoidal flux density 
of the rms flux density of 1.1 T. Neglect the winding resistance and leak- 
age inductance. Find the winding voltage, rms winding current, and core 
loss for this operating condition. The density of M-5 steel is 7.65 g/cm’. 


1-20. Repeat Example 1-6 under the assumption that all the core dimen- 
sions are doubled. 


1-21. Using the magnetization characteristics for somarium cobalt given 
in Fig. 1-18, find the point of maximum energy product and the corre- 
sponding flux density and magnetic field intensity. Using these values, re- 
peat Example 1-8 with the Alnico 5 magnet replaced by a somarium cobalt 
magnet. By what factor does this reduce the magnet volume required to 
achieve the desired air-gap flux density? 


1-22. Using the magnetization characteristics for neodymium-iron-boron 
given in Fig. 1-18, find the point of maximum energy product and the cor- 
responding flux density and magnetic field intensity. Using these values, 
repeat Example 1-8 with the Alnico 5 magnet replaced by a neodymium- 
iron-boron magnet. By what factor does this reduce the magnet volume re- 
quired to achieve the desired air-gap flux density? 


1-23. Figure 1-34 shows the magnetic circuit for a permanent magnet 
loudspeaker. The voice coil (not shown) is in the form of a circular cylindri- 
cal coil which fits in the air gap. A neodymium-iron-boron magnet is used 
to create the air-gap de magnetic field which interacts with the voice coil 
currents to produce the motion of the voice coil. The designer has deter- 
mined that the air gap must have length g = 0.2 cm and height h = 1 cm. 


Pole piece R, Air gap 
| >j Yoke 


iron boron 
permanent 
magnet 


Fig. 1-34. Magnetic circuit for a loudspeaker (Prob. 1-23); voice coil not shown. 
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Assuming that the yolk and pole piece are of infinite magnetic perme- 
ability (u — œ), find the magnet height d and the magnet radius R that 
will result in an air-gap magnetic flux density of 1.2 T and require the 
smallest magnet volume. 

(Hint: Refer to Example 1-8 and to Fig. 1-18 to find the point of maxi- 
mum energy product for neodymium-iron-boron.) 


1-24. It is desired to achieve a time-varying magnetic flux density in the 
air gap of the magnetic circuit of Fig. 1-35 of the form 


B, = By + B, sin at 


where B, = 0.5 T and B, = 0.25 T. The dc field B, is to be created by an Al- 
nico 5 magnet, whereas the time-varying field is to be created by a time- 
varying current. 


(a) For the air-gap dimensions given in Fig. 1-35, find the magnet 
length d and the magnet area A,, that will achieve the desired de 
air-gap flux density and minimize the magnet volume. 

(6) Find the minimum and maximum values of the time-varying cur- 
rent required to achieve the desired time-varying air-gap flux den- 
sity. Will this current vary sinusoidally in time? 


Area A m 


N = 250 turns 


Fig. 1-35. Magnetic circuit for Prob. 1-24. 


Transformers 


Before we proceed with a study of electric machinery, it is desirable to dis- 
cuss certain aspects of the theory of magnetically coupled circuits, with 
emphasis on transformer action. Although the static transformer is not an 
energy conversion device, it is an indispensable component in many energy 
conversion systems. As one of the principal reasons for the widespread use 
of ac power systems, it makes possible electric generation at the most eco- 
nomical generator voltage, power transfer at the most economical trans- 
mission voltage, and power utilization at the most suitable voltage for the 
particular utilization device. The transformer is also widely used in low- 
power low-current electronic and control circuits for performing such func- 
tions as matching the impedances of a source and its load for maximum 
power transfer, insulating one circuit from another, or isolating direct cur- 
rent while maintaining ac continuity between two circuits. 
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Moreover, the transformer is one of the simpler devices comprising two 
or more electric circuits coupled by a common magnetic circuit, and its 
analysis involves many of the principles essential to the study of electric 
machinery. 


2-1 INTRODUCTION TO TRANSFORMERS 


Essentially, a transformer consists of two or more windings interlinked by 
mutual magnetic flux. If one of these windings, the primary, is connected 
to an alternating-voltage source, an alternating flux will be produced 
whose amplitude will depend on the primary voltage and number of turns. 
The mutual flux will link the other winding, the secondary, and will 
induce a voltage in it whose value will depend on the number of secondary 
turns. By properly proportioning the numbers of primary and secondary 
turns, almost any desired voltage ratio, or ratio of transformation, can 
be obtained. 

Transformer action evidently demands only the existence of time-vary- 
ing mutual flux linking the two windings and is simply utilization of the 
mutual-inductance concept. Such action will be obtained if an air core is 
used, but it will be obtained much more effectively with a core of iron or 
other ferromagnetic material, because most of the flux is then confined to 
a definite path linking both windings and having a much higher perme- 
ability than air. Such a transformer is commonly called an iron-core trans- 
former. Most transformers are of this type. The following discussion is 
concerned almost wholly with iron-core transformers. 

To reduce the losses caused by eddy currents in the core, the magnetic 
circuit usually consists of a stack of thin laminations, two common types of 
construction being shown in Fig. 2-1. In the core type (Fig. 2-1a) the wind- 
ings are wound around two legs of a rectangular magnetic core; in the shell 
type (Fig. 2-1b) the windings are wound around the center leg of a three- 
legged core. Silicon-steel laminations 0.014 in thick are generally used for 
transformers operating at frequencies below a few hundred hertz. Silicon 
steel has the desirable properties of low cost, low core loss, and high per- 
meability at high flux densities (1.0 to 1.5 T). The cores of small trans- 
formers used in communication circuits at high frequencies and low energy 
levels are sometimes made of compressed powdered ferromagnetic alloys 
such as permalloy. 

Most of the flux is confined to the core and therefore links both wind- 
ings. Although leakage flux which links one winding without linking the 
other is a small fraction of the total flux, it has an important effect on the 
behavior of the transformer. Leakage is reduced by subdividing the wind- 
ings into sections placed as close together as possible. In the core-type con- 
struction, each winding consists of two sections, one section on each of the 
two legs of the core, the primary and secondary windings being concentric 
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Fig. 2-1. (a) Core-type and (b) shell-type transformers. 


coils. In the shell-type construction, variations of the concentric-winding 
arrangement may be used, or the windings may consist of a number of 
thin, “pancake” coils assembled in a stack with primary and secondary 
coils interleaved. 

Figure 2-2 illustrates the internal construction of a distribution trans- 
former such as is used in public utility systems to provide the appropriate 
voltage at the consumer’s premises. A large power transformer is shown in 
Fig. 2-3. 


2-2 NO-LOAD CONDITIONS 


Figure 2-4 shows a transformer with its secondary circuit open and an al- 
ternating voltage v, applied to its primary terminals. To simplify the draw- 
ings, it is common on schematic diagrams of transformers to show the 
primary and secondary windings as if they were on separate legs of the 
core, as in Fig. 2-4, even though the windings are actually interleaved in 
practice. As discussed in Art. 1-4, a small steady-state current i,, called the 
exciting current, exists in the primary and establishes an alternating flux 
in the magnetic circuit.’ This flux induces an emf in the primary equal to 


_ dr _ ,, de 
iar r el 


where À, = flux linkage with primary 
y = flux (here assumed all confined to core) 
N, = number of turns in primary winding 


“In general, the exciting current corresponds to the net ampere-turns (mmf) acting on 
the magnetic circuit, and it is not possible to distinguish whether it flows in the primary 
or secondary winding or partially in each winding. 
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Fig. 2-2. Cutaway view of self-protected distribution transformer typical of sizes 2 to 25 kVA, 
7200: 240/120 V. Only one high-voltage insulator and lightning arrester is needed because 
one side of the 7200-V line and one side of the primary are grounded. (General Electric 
Company. ) 


The voltage e, is in volts when ¢ is in webers. This counter emf together 
with the voltage drop in the primary resistance R, must balance the ap- 
plied voltage v,; thus 


Ui — Ri, + € (2-2) 


In most power apparatus, the no-load resistance drop is very small in- 
deed, and the induced emf e, very nearly equals the applied voltage v4. 
Furthermore, the waveforms of voltage and flux are very nearly sinu- 
soidal. The analysis can then be greatly simplified, as we have shown in 
Art. 1-4. Thus, if the instantaneous flux is 


p = Pmax SİN wt (2-3) 
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Fig. 2-3. A 660-MVA three-phase 50-Hz transformer used to step up generator voltage of 
20 kV to transmission voltage of 405 kV. (CEM Le Havre, French Member of the Brown 
Boveri Corporation.) 


Primary winding, 
N turns 


Fig. 2-4. Transformer with open secondary. 
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the induced voltage is 


e = yn, = wN Pmax COS wt (2-4) 


where @max is the maximum value of the flux and w = 2zf, the frequency 
being f Hz. For the positive directions shown in Fig. 2-4, the induced emf 
leads the flux by 90°. The rms value of the induced emf is 


E, = i IN Pina = V2 nfN pmax (2-5) 


If the resistive voltage drop is negligible, the counter emf equals the ap- 
plied voltage. Under these conditions, if a sinusoidal voltage is applied to a 
winding, a sinusoidally varying core flux must be established whose maxi- 
mum value max satisfies the requirement that E, in Eq. 2-5 equal the rms 
value V, of the applied voltage; thus 


V, 
= —— 2-6 
Pmax V2 rfN, al 


The flux is determined solely by the applied voltage, its frequency, and the 
number of turns in the winding. This important relation applies not only 
to transformers but also to any device operated with sinusoidal alternating 
impressed voltage, as long as the resistance drop is negligible. The mag- 
netic properties of the core determine the exciting current. It must adjust 
itself so as to produce the mmf required to create the flux demanded by 
Eq. 2-6. 

Because of the nonlinear magnetic properties of iron, the waveform of 
the exciting current differs from the waveform of the flux. A curve of the 
exciting current as a function of time can be found graphically from the ac 
hysteresis loop, as shown in Fig. 1-10. 

If the exciting current is analyzed by Fourier-series methods, it is 
found to comprise a fundamental and a family of odd harmonics. The fun- 
damental can, in turn, be resolved into two components, one in phase with 
the counter emf and the other lagging the counter emf by 90°. The funda- 
mental in-phase component accounts for the power absorbed by hysteresis 
and eddy-current losses in the core. It is called the core-loss component of 
the exciting current. When the core-loss component is subtracted from the 
total exciting current, the remainder is called the magnetizing current. It 
comprises a fundamental component lagging the counter emf by 90°, to- 
gether with all the harmonics. The principal harmonic is the third. For 
typical power transformers, the third harmonic usually is about 40 percent 
of the exciting current. 
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Fig. 2-5. No-load phasor diagram. 


Except in problems concerned directly with the effects of harmonics, 
the peculiarities of the exciting-current waveform usually need not be 
taken into account, because the exciting current itself is small. For ex- 
ample, the exciting current of a typical power transformer is about 1 to 
2 percent of full-load current. Consequently the effects of the harmonics 
usually are swamped out by the sinusoidal-current requirements of other 
linear elements in the circuit. The exciting current can then be repre- 
sented by its equivalent sine wave, which has the same rms value and fre- 
quency and produces the same average power as the actual wave. Such 
representation is essential to the construction of a phasor diagram. In 
Fig. 2-5, the phasors Ê, and 9, respectively, represent the induced emf and 
the flux. The phasor i , represents the equivalent sinusoidal exciting cur- 
rent. It lags the induced emf Ê ı by a phase angle 0, such that 


P, = ELI, cos 6, (2-7) 


where P, is the core loss. The component Î . in phase with Ê, represents the 
core-loss current. The component J/,, in phase with the flux represents an 
equivalent sine wave having the same rms value as the magnetizing 
current. Typical core-loss and exciting volt-ampere characteristics of high- 
quality silicon steel used for power and distribution transformer lamina- 
tions are shown in Figs. 1-11 and 1-12. 


EXAMPLE 2-1 


In Example 1-6 the core loss and exciting voltamperes for the core of 
Fig. 1-14 at Bmax = 1.5 T and 60 Hz were found to be 


P.=16W (VI), = 20 VA 


and the induced voltage was 275/V2 = 194 V rms when the winding had 
200 turns. 
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Find the power factor, the core-loss current J,, and the magnetizing 
current I. 
Solution 


Power factor cos 0, = = 0.80 0, = 36.9° sin 0, = 0.60 


20 
Exciting current J, = ia 0.10 A rms 


Core-loss component J, = a = 0.082 A rms 


Magnetizing component I„ = I, sin 0, = 0.060 A rms 


2-3 EFFECT OF SECONDARY CURRENT; IDEAL TRANSFORMER 


As a first approximation to a quantitative theory, consider a transformer 
with a primary winding of N, turns and a secondary winding of N, turns, 
as shown schematically in Fig. 2-6. Notice that the secondary current is 
defined as positive out of the winding; thus positive secondary current cre- 
ates an mmf in the opposite direction from that created by positive pri- 
mary current. Let the properties of this transformer be idealized in that 
the winding resistances are negligible, and assume that all the flux is con- 
fined to the core and links both windings, core losses are negligible, and 
the permeability of the core is so high that only a negligible exciting mmf 
is required to establish the flux. These properties are closely approached 
but never actually attained in practical transformers. A hypothetical 
transformer having these properties is often called an ideal transformer. 

When a time-varying voltage v, is impressed on the primary termi- 
nals, a core flux ¢ must be established such that the counter emf e, equals 
the impressed voltage when winding resistance is negligible. Thus 


dy 
dt 


v, =e, =N; (2-8) 


Fig. 2-6. Ideal transformer and load. 
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The core flux also links the secondary and produces an induced emf e, and 
an equal secondary terminal voltage v», given by 


Us = Co = Ng (2-9) 


From the ratio of Eqs. 2-8 and 2-9, 


vi _ N, 
a N (2-10) 
Thus an ideal transformer transforms voltages in the direct ratio of the 
turns in its windings. 

Now let a load be connected to the secondary. A current i, and an mmf 
N,i, are then present in the secondary. Since the core permeability is as- 
sumed very large and since the impressed voltage gives rise to a finite core 
flux determined by Eq. 2-8, the net exciting mmf acting on the core must 
remain negligible. Hence, a compensating primary mmf and current i 
must result such that 


Ni = Nzi (2-11) 


This is the means by which the primary “knows” of the presence of current 
in the secondary. Note that for the reference directions shown in Fig. 2-6 
the mmf’s of i, and i, are in opposite directions and therefore compensate. 
The net mmf acting on the core therefore is zero, in accordance with the as- 
sumption that the exciting current of an ideal transformer is zero. From 
Eq. 2-11 


i, Nz 
— = —— 2-12 

in Ni ( ) 
Thus an ideal transformer transforms currents in the inverse ratio of the 
turns in its windings. Also notice from Eqs. 2-10 and 2-12 that 


Vii = Ugly (2-13) 


i.e., instantaneous power input equals instantaneous power output, a nec- 
essary condition because all dissipative and energy storage mechanisms in 
the transformer have been neglected. 

An additional property of the ideal transformer can be seen by consid- 
ering the case of a sinusoidal applied voltage and an impedance load. 
Phasor symbolism can be used. The circuit is shown in simplified form in 
Fig. 2-7a, in which the dot-marked terminals of the transformer corre- 
spond to the similarly marked terminals in Fig. 2-6. The dot markings in- 
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N, N, 
(b) (c) 


Fig. 2-7. Three circuits which are identical at terminals ab when the transformer is ideal. 


dicate terminals of corresponding polarity; i.e., if one follows through the 
primary and secondary windings of Fig. 2-6, beginning at their dot-marked 
terminals, one will find that both windings encircle the core in the same 
direction with respect to the flux. Therefore, if one compares the voltages 
of the two windings, the voltages from a dot-marked to an unmarked termi- 
nal will be of the same instantaneous polarity for primary and secondary. 
In other words, the voltages V, and V, in Fig. 2-7a are in phase. Also cur- 
rents Î , and /, are in phase. The fact that their mmf’s must balance is ac- 
counted for by their being in opposite directions through the windings. 
In phasor form, Eqs. 2-10 and 2-12 can be expressed as 


N N. 
V, —_ N.Y? and V, = NV (2-14) 
Î = N. f, and f,= Nt (2-15) 


From these equations 


n = Ky 5 (Ft) z (2-16) 


where Z, is the complex impedance of the load. Consequently, as far as its 
effect is concerned, an impedance Z, in the secondary circuit can be re- 
placed by an equivalent impedance Z, in the primary circuit, provided that 
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N 2 
Z, = S) Zo (2-17) 


Thus, the three circuits of Fig. 2-7 are indistinguishable as far as their per- 
formance viewed from terminals ab is concerned. Transferring an imped- 
ance from one side of a transformer to the other in this fashion is called 
referring the impedance to the other side. In a similar manner, voltages 
and currents can be referred to one side or the other by using Eqs. 2-14 and 
2-15 to evaluate the equivalent voltage and current on that side. 

To summarize, in an ideal transformer, voltages are transformed in the 
direct ratio of turns, currents in the inverse ratio, and impedances in the di- 
rect ratio squared; power and voltamperes are unchanged. 


2-4 TRANSFORMER REACTANCES AND EQUIVALENT CIRCUITS 


The departures in an actual transformer from the ideal properties assumed 
in Art. 2-3 must be included to a greater or lesser degree in most analyses 
of transformer performance. A more complete theory must take into ac- 
count the effects of winding resistances, magnetic leakage, fluxes, and 
finite exciting current. Sometimes the capacitances of the windings also 
have important effects, notably in problems involving transformer behav- 
ior at frequencies above the audio range or during rapidly changing tran- 
sient conditions such as those encountered in pulse transformers as well 
as in power system transformers as a result of voltage surges caused by 
lightning or switching transients. The analysis of these high-frequency 
problems is beyond the scope of the present treatment, however, and ac- 
cordingly the capacitances of the windings are neglected in the following 
analyses. 

Two methods of analysis by which the departures from the ideal can be 
taken into account are (1) an equivalent-circuit technique based on physi- 
cal reasoning and (2) a mathematical attack based on the classical theory 
of magnetically coupled circuits. Both methods are in everyday use, and 
both have very close parallels in the theories of rotating machines. Be- 
cause it offers an excellent example of the thought process involved in 
translating physical concepts to a quantitative theory, the equivalent- 
circuit, technique is presented here. 

The total flux linking the primary winding can be divided into two 
components: the resultant mutual flux, confined essentially to the iron 
core and produced by the combined effect of the primary and secondary 
currents, and the primary leakage flux, which links only the primary. 
These components are identified in the elementary transformer shown in 
Fig. 2-8, where for simplicity the primary and secondary windings are 
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Resultant 
mutual flux, ¢ 


ad x 
T 1 2 f 
) 
Primary Secondary 
leakage flux “—— leakage flux 


Fig. 2-8. Schematic view of mutual and leakage fluxes in a transformer. 


shown on opposite legs of the core. In an actual transformer with inter- 
leaved windings, the details of the flux distribution are more complicated, 
but the essential features remain the same. Because the leakage path is 
largely in air, the leakage flux and the voltage induced by it vary linearly 
with primary current Î ,. The effect on the primary circuit is the same as 
that of flux linkages anywhere in the circuit leading up to the transformer 
primary and can be simulated by assigning to the primary a leakage in- 
ductance (equal to the leakage-flux linkages with the primary per unit of 
primary current) or leakage reactance X,, (equal to 27f times the leakage 
inductance). In addition, there will be a voltage drop in the primary effec- 
tive resistance R,. 

The impressed terminal voltage Ŷ, is then opposed by three phasor 
voltages: the Î ı R, drop in the primary resistance, the J, X,, drop arising 
from primary leakage flux, and the counter emf Ê, induced in the primary 
by the resultant mutual flux. All these voltages are appropriately included 
in the equivalent circuit in Fig. 2-9a. 

The resultant mutual flux links both the primary and secondary wind- 
ings and is created by their combined mmf’s. It is convenient to treat these 
mmf’s by considering that the primary current must meet two require- 
ments of the magnetic circuit: it must not only counteract the demagnetiz- 
ing effect of the secondary current but also produce sufficient mmf to 
create the resultant mutual flux. According to this physical picture, it is 
convenient to resolve the primary current into two components: a load 
component and an exciting component. The load component f}, is defined as 
the component current in the primary which would exactly counteract the 
mmf of secondary current i 2 Thus, for opposing currents 


6 2 Transformers 


(d) 


Fig. 2-9. Steps in the development of the transformer equivalent circuit. 


N 
Î;, = Ne (2-18) 


It equals the secondary current referred to the primary as in an ideal 
transformer. The exciting component Í , is defined as the additional pri- 
mary current required to produce the resultant mutual flux. It is a nonsi- 
nusoidal current of the nature described in Art. 2-2.* 

The exciting current can be treated as an equivalent sinusoidal cur- 
rent /., in the manner described in Art. 2-2, and can be resolved into a 
core- -loss component i. in phase with the counter emf Ê, anda magnetizing 


‘In fact, the exciting current corresponds to the net mmf acting on the transformer core 
and cannot, in general, be considered to flow in the primary alone. However, for the pur- 
poses of this discussion, this distinction is not significant. 
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component Î„ lagging Ê, by 90°. In the equivalent circuit (Fig. 2-9) the 
equivalent sinusoidal exciting current is accounted for by means of a shunt 
branch connected across 5. comprising a noninductive resistance whose 
conductance is G, in parallel with a lossless inductance whose susceptance 
is B,,. Alternatively, a series combination of resistance and reactance can 
be connected across M In the parallel combination (Fig. 2-9b) the power 
E? G., accounts for the core loss due to the resultant mutual flux. When G, 
is assumed constant, the core loss is thereby assumed to vary as E? or (for 
sine waves) as ”,,, f, where mn, is the maximum value of the resultant 
mutual flux. The magnetizing susceptance B,, varies with the saturation of 
the iron. When the inductance corresponding to B,, is assumed constant, 
the magnetizing current is thereby assumed to be independent of fre- 
quency and directly proportional to the resultant mutual flux. Both G, and 
B,, are usually determined at rated voltage and frequency; they are then 
assumed to remain constant for the small departures from rated values as- 
sociated with normal operation. | 

The resultant mutual flux ® induces an emf Ê, in the secondary, and 
since this flux links both windings, the induced-voltage ratio is 


Ê, _ N, 
A, N, (2-19) 
just as in an ideal transformer. This voltage transformation and the cur- 
rent transformation of Eq. 2-18 can be accounted for by introducing an ideal 
transformer in the equivalent circuit, as in Fig. 2-9c. The emf Ê; is not the 
secondary terminal voltage, however, because of the secondary resistance 
and because the secondary current J, creates secondary leakage flux (see 
Fig. 2-8). The secondary terminal voltage V, differs from the induced volt- 
age Ê, by the voltage drops due to secondary resistance R, and secondary 
leakage reactance X,„ as in the portion of the equivalent circuit (Fig. 2-9c) 
to the right of E,. 

The actual transformer therefore is equivalent to an ideal transformer 
plus external impedances. By referring all quantities to the primary or sec- 
ondary, the ideal transformer in Fig. 2-9c can be moved out to the right or 
left, respectively, of the equivalent circuit. This is almost invariably done, 
and the equivalent circuit is usually drawn as in Fig. 2-9d, with the ideal 
transformer not shown and all voltages, currents, and impedances referred 
to the same side. 

In Fig. 2-9d the referred values are indicated with primes, for ex- 
ample, X;, and R3, to distinguish them from the actual values of Fig. 2-9c. 
In what follows we almost always deal with referred values, and the 
primes are omitted. One must simply keep in mind the side of the trans- 
formers to which all quantities have been referred. The circuit of Fig. 2-9d 
is called the equivalent T circuit for a transformer. 
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EXAMPLE 2-2 


A 50-kVA 2400:240-V 60-Hz distribution transformer has a leakage im- 
pedance of 0.72 + 70.92 Q in the high-voltage winding and 0.0070 + 
J0.0090 Q in the low-voltage winding. At rated voltage and frequency, the 
admittance Y, of the shunt branch accounting for the exciting current is 
(0.324 — j2.24) x 10°? mho when viewed from the low-voltage side. Draw 
the equivalent circuit referred to (a) the high-voltage side and (b) the low- 
voltage side, and label the impedances numerically. 


Solution 


The circuits are given in Fig. 2-10a and b, respectively, with the high-volt- 
age side numbered 1 and the low-voltage side numbered 2. The voltages 
given on the nameplate of a power system transformer are based on the 
turns ratio and neglect the small leakage-impedance voltage drops under 
load. Since this is a 10-to-1 transformer, impedances are referred by multi- 
plying or dividing by 100. The value of an impedance referred to the high- 
voltage side is greater than its value referred to the low-voltage side. Since 
admittance is the reciprocal of impedance, an admittance is referred from 
one side to the other by use of the reciprocal of the referring factor for im- 
pedance. The value of an admittance referred to the high-voltage side is 
smaller than its value referred to the low-voltage side. 


2, 7072+ j0.92 Z= 0.70+ j 0.90 


\ 
`> Yp = (0.324 —j2.24) 10° * mho 
(a) 


Z, =0.0072+j0.0092 Z, =0.0070+ / 0.0090 
1 2 


`~ Y, = (0.324 — j2.24) 107° mho 
(b) 
Fig. 2-10. Equivalent circuits for transformer of Example 2-2. 
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The ideal transformer may be explicitly drawn, as shown dotted in 
Fig. 2-10, or it may be omitted in the diagram and remembered mentally, 
making the unprimed letters the terminals. 


2-5 ENGINEERING ASPECTS OF TRANSFORMER ANALYSIS 


In engineering analyses involving the transformer as a circuit element, it 
is customary to adopt one of several approximate forms of the equivalent 
circuit of Fig. 2-9 rather than the full circuit. The approximations chosen 
in a particular case depend largely on physical reasoning based on orders 
of magnitude of the neglected quantities. The more common approxima- 
tions are presented in this article. In addition, test methods are given for 
determining the transformer constants. 


a. Approximate Equivalent Circuits; Power Transformers 


The approximate equivalent circuits commonly used for constant-frequency 
power transformer analyses are summarized for comparison in Fig. 2-11. 
All quantities in these circuits are referred to either the primary or the 
secondary, and the ideal transformer is not shown. 

The computational labor involved often can be appreciably reduced by 
moving the shunt branch representing the exciting current out from the 
middle of the T circuit to either the primary or the secondary terminals, as 
in Fig. 2-1la and b. These are cantilever circuits. The series branch is the 


Req = Xeq= Req = Xeq= 
i, &,+R, X),+X), RitR, X tX, 


Fig. 2-11. Approximate transformer equivalent circuits. 
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combined resistance and leakage reactance referred to the same side. This 
impedance is sometimes called the equivalent impedance and its compo- 
nents the equivalent resistance R., and equivalent reactance X., as shown 
in Fig. 2-1la and b. Error is introduced by neglect of the voltage drop in 
the primary or secondary leakage impedance caused by the exciting cur- 
rent, but this error is insignificant in most problems involving power sys- 
tem transformers. 

Further simplification results from neglecting the exciting current en- 
tirely, as in Fig. 2-11c, in which the transformer is represented as an 
equivalent series impedance. If the transformer is large (several hundred 
kilovoltamperes or more), the equivalent resistance R, is small compared 
with the equivalent reactance X,, and can frequently be neglected, giving 
Fig. 2-11d. The circuits of Fig. 2-11c and d are sufficiently accurate for 
most ordinary power system problems. Finally, in situations where the 
currents and voltages are determined almost wholly by the circuits exter- 
nal to the transformer or when a high degree of accuracy is not required, 
the entire transformer impedance can be neglected and the transformer 
considered to be ideal, as in Art. 2-3. 

The circuits of Fig. 2-11 have the additional advantage that the total 
equivalent resistance R., and equivalent reactance X., can be found from a 
very simple test, whereas measurement of the values of the component 
leakage reactances X,, and X,, is a difficult experimental task. 


EXAMPLE 2-3 


The 50-kVA 2400:240-V transformer whose constants are given in Ex- 
ample 2-2 is used to step down the voltage at the load end of a feeder 
whose impedance is 0.30 + 71.60 Q. The voltage V, at the sending end of 
the feeder is 2400 V. 

Find the voltage at the secondary terminals of the transformer when 
the load connected to its secondary draws rated current from the trans- 
former and the power factor of the load is 0.80 lagging. Neglect the voltage 
drops in the transformer and feeder caused by the exciting current. 


Solution 


The circuit with all quantities referred to the high-voltage (primary) side 
of the transformer is shown in Fig. 2-12a, where the transformer is repre- 
sented by its equivalent impedance, as in Fig. 2-11c. From Fig. 2-10a, the 
value of the equivalent impedance is Z,, = 1.42 + j1.82 Q, and the com- 
bined impedance of the feeder and transformer in series is Z = 1.72 + 
J3.42 Q. From the transformer rating, the load current referred to the 
high-voltage side is J = 50,000/2400 = 20.8 A. 

This solution is most easily obtained with the aid of the phasor dia- 
gram referred to the high-voltage side as shown in Fig. 2-126, from which 
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Î=20.8 A 


Feeder Transformer at 0.80 pF 


(a) 


Fig. 2-12. Equivalent circuit and phasor diagram for Example 2-3. 
Ob = VV? = (bc)? and V,= Ob- ab 
Note that 
be = IX cos 0 — IR sind ab = IR cos 0 + IX sin 0 


where R and X are the combined resistance and reactance, respectively. 
Thus 


bc = 20.8(3.42) (0.80) — 20.8(1.72) (0.60) = 35.5 V 


ab = 20.8(1.72) (0.80) + 20.8(3.42) (0.60) = 71.4 V 
Substitution of numerical values shows that Ob very nearly equals V,, or 
2400 V. Then V, = 2329 V is referred to the high-voltage side. The actual 
voltage at the secondary terminals is 2329/10, or 


V, = 233 V 


b. Approximate Equivalent Circuits; Variable-Frequency Transformers 


Small iron-core transformers operating in the audio-frequency range (hence 
called audio-frequency transformers) are often used as coupling devices in 
electronic circuits for communication, measurement, and control. Their 
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principal functions are either to step up voltage, thereby contributing to 
the overall voltage gain in amplifiers, or to act as impedance-transforming 
devices, bringing about the optimum relation between the apparent imped- 
ance of a load and the impedance of a source. They may also serve other 
auxiliary functions, such as providing a path for direct current through the 
primary while keeping it out of the secondary circuit. 

Application of transformers for impedance matching makes direct use 
of the impedance-transforming property shown in Eq. 2-17. Oscillators and 
amplifiers, for example, give optimum performance when working into a 
definite order of magnitude of load impedance, and transformer coupling 
can be used to change the apparent impedance of the actual load to this op- 
timum. A transformer so used is called an output transformer. 

When the frequency varies over a wide range, it is important that 
the output voltage be as closely instantaneously proportional to the input 
voltage as possible. Ideally, this means that voltages should be ampli- 
fied equally and the phase shift should be zero for all frequencies. The 
amplitude-frequency characteristic (often abbreviated to frequency charac- 
teristic) is a curve of the ratio of the load voltage on the secondary side to 
the internal source voltage on the primary side plotted as a function of 
frequency, with a flat characteristic being the most desirable. The phase 
characteristic is a curve of the phase angle of the load voltage relative to 
the source voltage plotted as a function of frequency, with a small phase 
angle being desirable. These characteristics depend not only on the trans- 
former but also on the constants of the entire primary and secondary circuits. 

As an example of the use of engineering approximations, consider an 
amplifier coupled to its load through an output transformer. The amplifier 
is considered equivalent to a source of voltage Eç in series with an internal re- 
sistance Rg, and the load is considered as a resistance Rz. This is shown in 
Fig. 2-13a, where the transformer is represented by the equivalent circuit 
of Fig. 2-9c, with core loss neglected. Sometimes the stray capacitances of 
the windings must be taken into account at high audio frequencies, espe- 
cially when the source impedance is sufficiently large. 

The analysis of a properly designed circuit breaks down into three fre- 
quency ranges. 


Intermediate. At intermediate frequencies, none of the inductances are 
important, and the equivalent circuit reduces to a network of resistances, 
as shown in Fig. 2-13b, where all quantities have been referred to the pri- 
mary, as indicated by the prime superscripts. Analysis of this circuit shows 
that the ratio of load voltage V, to source voltage Eg is 


Vi _ Na Ri 
Eg N, Ri 
where R} = Rgt R +t R:+ R; (2-21) 


(2-20) 
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Rg R, Ry 


iS + 
È> 
Q 

| ian! ig 


Ideal 


(d) 


Fig. 2-13. Equivalent circuits of an output transformer: (a) complete equivalent circuit; 
(b) approximate equivalent in the middle range of audio frequencies; (c) high-frequency 
equivalent; (d) low-frequency equivalent. 


In this middle range (which usually extends over several octaves) the volt- 
age ratio is very nearly constant; i.e., the amplitude characteristic is flat, 
and the phase shift is zero. 


High. As the frequency is increased, the leakage reactances of the trans- 
former become increasingly important. The equivalent circuit in the high 
audio range is shown in Fig. 2-13c. Analysis of this circuit shows that at 
high frequencies 


V, N: R; 1 
— Z CC _ — Olle 2-22 
Eg N,Ry V1 + (@Li,/Rj.)* i 


where L¿, is the equivalent leakage inductance. The voltage ratio relative 
to its midrange value is 


1 


Relative voltage ratio = V1 + OLR (2-23) 


The phase angle by which the load voltage lags the source voltage is 
(2-24) 


Curves of the relative voltage ratio and phase angle as functions of the 
reactance-to-resistance ratio wl ;,/R;, are shown in Fig. 2-14. 
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Fig. 2-14. Normalized frequency characteristic of output transformers. 


Low. At low frequencies, the leakage reactances are negligible, but the 
shunting effect of the magnetizing branch becomes increasingly important 
as its reactance decreases. The inductance of the magnetizing branch very 
nearly equals the self-inductance L, of the primary. The equivalent circuit 
at low frequencies is shown in Fig. 2-13d, from which 


Vi N Ri ___ 1 _ 

ia (2-25) 

Es N,Ri,V1i+ VI + [Rie/ (oli P 
where 

, _ Re + Ri) (R: + Ri) 

Rowe = R +R, +R, +R, ane) 

The voltage ratio relative to its midrange value is 
; (2-27) 


Relative voltage ratio = === 
i VIF Ral 0L} 
and the phase angle by which the load voltage leads the source voltage is 


-1 R par 


a (2-28) 


= tan 


Curves of the relative voltage ratio and phase angle as functions of the 
reactance-to-resistance ratio wL,,/R par are shown in Fig. 2-14. 
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The points at which the relative voltage ratio is 0.707 are called the 
half-power points. From Eq. 2-23 the upper half-power point occurs at a 
frequency f, for which the equivalent leakage reactance w,L{, equals the 
series resistance R{., or 


R s 
fa = 2TL og 


(2-29) 


and from Eq. 2-27 the lower half-power point occurs at a frequency f, for 
which the self-reactance wL, equals the parallel resistance R jar, or 


_ R oar 
fı = 2rL 1, (2-30) 
The bandwidth is describable in terms of the ratio 
fa A Ly 
ot rri (2-31) 
ii Raba 


A broad bandwidth requires a high ratio of self-inductance to leakage in- 
ductance or a coefficient of coupling as close as possible to unity. 


Stray capacitances of the windings may have a significant effect on 
the frequency characteristics at high audio frequencies. This effect tends to 
produce a peak in the voltage ratio in the high-frequency range at the fre- 
quency where the capacitances are in resonance with the leakage induc- 
tances. The height of the peak depends on the circuit impedances as well 
as the transformer inductances and stray capacitances. These capacitances 
are difficult to calculate accurately. The frequency-response characteristics 
of a specific circuit can usually best be determined by tests. The foregoing 
analysis should be regarded more as an explanation of the effects of the 
transformer inductances than as an accurate analysis. 


c. Short-Circuit and Open-Circuit Tests 


Two very simple tests serve to determine the constants of the equivalent 
circuits of Fig. 2-11 and the power losses in a transformer. These consist of 
measuring the input voltage, current, and power to the primary, first with 
the secondary short-circuited and then with the secondary open-circuited. 
With the secondary short-circuited, typically a primary voltage of only 
2 to 12 percent of the rated value need be impressed to obtain the rated 
current. For convenience, the high-voltage side is usually taken as the pri- 
mary in this test. The equivalent circuit with the secondary terminals 
short-circuited is shown in Fig. 2-15. The voltage induced in the secondary 
by the resultant core flux equals the secondary leakage-impedance voltage 
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Fig. 2-15. Equivalent circuit with short-circuited secondary. 


drop; at rated current this voltage is typically only about 1 to 6 per- 
cent of the rated voltage. At the correspondingly low value of core flux, the 
exciting current and core losses are negligible. The exciting admittance, 
shown dashed in Fig. 2-15, can then be omitted, and the primary and sec- 
ondary currents are very nearly equal when referred to the same side. The 
power input very nearly equals the total J’R loss in the primary and sec- 
ondary windings, and the impressed voltage equals the drop in the com- 
bined primary and secondary leakage impedance Z,, = Req + jX.q. The 
equivalent resistance and reactance referred to the primary very nearly 
equal the short-circuit resistance and reactance, Z,, = Zeq 

If f s and P, are the impressed voltage, primary current, and 
power input, respectively, then the short-circuit impedance Z,, = R,. + jX,, 
and its resistance and reactance components R and X, referred to the pri- 
mary are 


Za = Zy = Ve (2-32) 
P 

Ra" R= (2-33) 

Xa = Xu = VZ — RZ (2-34) 


The equivalent impedance can, of course, be referred from one side to the 
other in the usual manner. On the rare occasions when the equivalent T 
circuit in Fig. 2-9d must be resorted to, approximate values of the individ- 
ual primary and secondary resistances and leakage reactances can be ob- 
tained by assuming that R, = R, = 0.5R,, and X,, = X,, = 0.5X,, when all 
impedances are referred to the same side. 

The open-circuit test is performed with the secondary open-circuited 
and the rated voltage impressed on the primary. Under this condition an 
exciting current of a few percent of full-load current (less on large trans- 
formers and more on smaller ones) is obtained. If the transformer is to be 
used at other than its rated voltage, the test should be done at that volt- 
age. For convenience, the low-voltage side is usually taken as the primary 
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in this test. The voltage drop in the primary leakage impedance caused 
by the small exciting current is negligible, and the primary impressed 
voltage V, very nearly equals the emf B, induced by the resultant core 
flux. Also, the primary J*R loss caused by the exciting current is negli- 
gible, so that the power input P, very nearly equals the core loss P.. Thus 
the exciting admittance Y, = G, — jB,, in Fig. 2-9d very nearly equals the 
open-circuit admittance Y,. = G, — jB,, determined from the impressed 
voltage ka exciting current /,, and power input P, measured in the pri- 
mary with the secondary open-circuited. Thus the exciting admittance and 
its conductance and susceptance components are very nearly 


i 
y,=Y,=3 (2-35) 
e V, 
-GQ -B 
Ba = Ba = N Ear ~ re. (2-37) 


The values obtained are, of course, referred to the side used as the primary 
in this test. With the approximate equivalent circuits of Fig. 2-1lc and d, 
the open-circuit test is used only to obtain the core loss for efficiency com- 
putations and to check the magnitude of the exciting current. Sometimes 
the voltage at the terminals of the open-circuited secondary is measured as 
a check on the turns ratio. 


EXAMPLE 2-4 


With the instruments located in the high-voltage side and the low-voltage 
side short-circuited, the short-circuit test readings for the 50-kVA 2400: 
240-V transformer of Example 2-2 are 48 V, 20.8 A, and 617 W. An open- 
circuit test with the low-voltage side energized gives instrument readings 
on that side of 240 V, 5.41 A, and 186 W. Determine the efficiency and the 
voltage regulation at full load, 0.80 power factor lagging. 


Solution 


From the short-circuit test, the equivalent impedance, resistance, and re- 
actance of the transformer (referred to the high-voltage side as denoted by 
the subscript H) are 


48 617 
dl Si ans oe 3 eens 
Zeon 20.8 san Rar 20.8? 


Xan = V2.31? — 1.42? = 1.82 Q 


= 1.420 
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Full-load high-tension current is 


_ 50,000 

H 2400 

Loss = 17,R.q,7 = 20.87(1.42) 617 W 
Core loss= 186 
Total losses at fullload = 803 
Output = 50,000(0.80) = 40,000 

Input = 40,803 W 


= 20.8 A 


Losses — 803 


input aon 


The efficiency of any power-transmitting device is 


tput 
Efficiency = P= °*P 
power input 


which can also be expressed as 


n input — losses losses 
Efficiency = BE = = input 


For the specific load, the efficiency of this transformer is 
Efficiency = 1 — 0.0197 = 0.980 


The voltage regulation of a transformer is the change in secondary ter- 
minal voltage from no load to full load and is usually expressed as a per- 
centage of the full-load value. The equivalent circuit of Fig. 2-11c will be 
used with everything still referred to the high-voltage side. The primary 
voltage is assumed to be adjusted so that the secondary terminal voltage 
has its rated value at full load, or Vy = 2400 V referred to the high-voltage 
side. The required value of the primary voltage Vs can be computed from 
the phasor diagram shown in Fig. 2-16. 


Fig. 2-16. Phasor diagram for Example 2-4. 
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Vin = Vaz + In (Rea + jXeq,H) 
= 2400 + 20.8(0.80 — j0.60) (1.42 + 71.82) 
= 2446 + j13 


The magnitude of Cx is 2446 V. If this voltage were held constant and the 
load removed, the secondary voltage on open circuit would rise to 2446 V 
referred to the high-voltage side. Then 


2446 — 2400 


2400 (100) = 1.92% 


Regulation = 


2-6 AUTOTRANSFORMERS; MULTICIRCUIT TRANSFORMERS 


The principles discussed in previous articles have been developed with spe- 
cific reference to two-winding transformers. They are also generally appli- 
cable to transformers with other than two separate windings. Aspects 
relating to autotransformers and multiwinding transformers are consid- 
ered in this article. 


a. Autotransformers 


As viewed from the terminals, substantially the same transformation ef- 
fect on voltages, currents, and impedances can be obtained with the con- 
nections of Fig. 2-17a, as in the normal transformer with two separate 
windings shown in Fig. 2-17b. In Fig. 2-17a, winding bc is common to both 
primary and secondary circuits. This type of transformer is called an auto- 
transformer. It is really little more than a normal transformer connected in 
a special way. The only difference structurally is that winding ab must be 
provided with extra insulation. 

The performance of an autotransformer is governed by the fundamen- 
tal considerations already discussed for transformers having two separate 


Fig. 2-17. (a) Autotransformer; (b) two-winding transformer. 
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windings. Autotransformers have lower leakage reactances, lower losses, 
and smaller exciting current and cost less than two-winding transformers 
when the voltage ratio does not differ too greatly from 1:1. A disadvantage 
is the direct electric connection between the high- and low-voltage sides. 
Their performance can best be illustrated by way of an example. 


EXAMPLE 2-5 


The 2400:240-V 50-kVA transformer of Example 2-4 is connected as an 
autotransformer, as shown in Fig. 2-18, in which ab is the 240-V winding 
and bc is the 2400-V winding. (It is assumed that the 240-V winding has 
enough insulation to withstand a voltage of 2640 V to ground.) 


(a) Compute the voltage ratings Vy and Vy of the high- and low-tension 
sides, respectively, when the transformer is connected as an autotrans- 
former. 

(b) Compute the kVA rating as an autotransformer. 

(c) Data with respect to the losses are given in Example 2-4. Compute 
the full-load efficiency as an autotransformer at 0.80 power factor. 


Solution 


(a) Since the 2400-V winding bc is connected to the low-tension circuit, 
Vx = 2400 V. When V, = 2400 V, a voltage V,,, = 240 V in phase with V, 
will be induced in winding ab (leakage-impedance voltage drops being ne- 
glected). The voltage of the high-tension side therefore is 


Va = Vis + Vic = 2640 V 


(6) From the rating of 50 kVA as a normal two-winding transformer, 
the rated current of the 240-V winding is 50,000/240 = 208 A. Since the 
240-V winding is in series with the high-tension circuit, the rated current 
of this winding is the rated current Iy on the high-tension side as an auto- 
transformer. The kVA rating as an autotransformer therefore is 


T,,= 208 A 


Vy = 2640 V 


Fig. 2-18. Autotransformer for Example 2-5. 
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Vuly 2640(208) _ 
1000 1000 HARNA 
The rating can also be computed on the low-tension side in a manner 
which highlights the current-transforming properties. Thus, if the current 
in the 240-V winding has its rated value of 208 A, the current in the 2400- 
V winding must produce an equal and opposite mmf (exciting current being 
neglected) and therefore must be 20.8 A in the arrow direction (Fig. 2-18). 
The current Iy on the low-tension side as an autotransformer therefore is 


Iy = 208 + 20.8 = 228.8 A 
and the kVA rating is 


Vyly  2400(228.8) 


1000 1000»? KVA 


Note that this transformer, whose rating as a normal two-winding 
transformer is 50 kVA, is capable of handling 550 kVA as an autotrans- 
former. The higher rating as an autotransformer is a consequence of the 
fact that not all the 550 kVA has to be transformed by electromagnetic in- 
duction. In fact, all that the transformer has to do is to boost a current of 
208 A through a potential rise of 240 V, corresponding to a power transfor- 
mation capacity of 50 kVA. 

(c) When it is connected as an autotransformer with the currents and 
voltages shown in Fig. 2-18, the losses are the same as in Example 2-4, 
namely, 803 W. But the output as an autotransformer at 0.80 power factor 
is 0.80(550,000) = 440,000 W. The efficiency therefore is 


_ 803 
440,803 


= 0.9982 


The efficiency is so high because the losses are those corresponding to 
transforming only 50 kVA. 


b. Multicircuit Transformers 


Transformers having three or more windings, known as multicircuit, or 
multiwinding, transformers, are often used to interconnect three or more 
circuits which may have different voltages. For these purposes a multicir- 
cuit transformer costs less and is more efficient than an equivalent num- 
ber of two-circuit transformers. A transformer having a primary and two 
secondaries is generally used to supply power to electronic units. The dis- 
tribution transformers used to supply power for domestic purposes usually 
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have two 120-V secondaries connected in series. Lighting circuits are con- 
nected across each of the 120-V windings, while electric ranges, domestic 
hot-water heaters, and other similar loads are supplied with 240-V power 
from the series-connected secondaries. A large distribution system may be 
supplied through a three-phase bank of multicircuit transformers from two 
or more transmission systems having different voltages. The three-phase 
transformer banks used to interconnect two transmission systems of differ- 
ent voltages often have a third, or tertiary, set of windings to provide voltage 
for auxiliary power purposes in the substation or to supply a local distribu- 
tion system. Static capacitors or synchronous condensers may be connected 
to the tertiary windings for power factor correction or voltage regulation. 
Sometimes A-connected tertiary windings are put on three-phase banks to 
provide a circuit for the third harmonics of the exciting current. 

Some of the problems arising in the use of multicircuit transformers 
concern the effects of leakage impedances on voltage regulation, short- 
circuit currents, and division of load among circuits. These problems can 
be solved by an equivalent-circuit technique similar to that used in dealing 
with two-circuit transformers. 

The equivalent circuits of multiwinding transformers are more compli- 
cated than in the two-winding case because they must take into account 
the leakage impedances associated with each pair of windings. In these 
equivalent circuits, all quantities are referred to a common base, either by 
use of the appropriate turns ratios as referring factors or by expressing all 
quantities in per unit. The exciting current usually is neglected. 


2-7 TRANSFORMERS IN THREE-PHASE CIRCUITS’ 


Three single-phase transformers can be connected to form a three-phase 
bank in any of the four ways shown in Fig. 2-19. In all four parts of this 
figure, the windings at the left are the primaries, those at the right are the 
secondaries, and any primary winding in one transformer corresponds to 
the secondary winding drawn parallel to it. Also shown are the voltages 
and currents resulting from balanced impressed primary line-to-line 
voltages V and line currents J when the ratio of primary-to-secondary 
turns N,/N, is a and ideal transformers are assumed. Note that, for fixed 
line-to-line voltages and total kVA, the kVA rating of each transformer is 
one-third the kVA rating of the bank, regardless of the connections used, 
but the voltage and current ratings of the individual transformers depend 
on the connections. 

The Y-A connection is commonly used in stepping down from a high 
voltage to a medium or low voltage. One reason is that a neutral is thereby 
provided for grounding on the high-voltage side, a procedure which can be 


‘The relationship between three-phase and single-phase quantities is discussed in Ap- 
pendix A. 
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(a) Y-A connection (b) A-Y connection 

J al ae I ——> al —— 

V V/a y V/ v3 V/V3 a V/a 
I3 a5 

(c) A-A connection (d) Y-Y connection 


Fig. 2-19. Common three-phase transformer connections; the transformer windings are indi- 
cated by the heavy lines. 


shown to be desirable in most cases. Conversely, the A-Y connection is 
commonly used for stepping up to a high voltage. The A-A connection has 
the advantage that one transformer can be removed for repair or mainte- 
nance while the remaining two continue to function as a three-phase bank 
with the rating reduced to 58 percent of that of the original bank; this is 
known as the open-delta, or V, connection. The Y-Y connection is seldom 
used because of difficulties with exciting-current phenomena. 

Instead of three single-phase transformers, a three-phase bank may 
consist of one three-phase transformer having all six windings on a com- 
mon multilegged core and contained in a single tank. Advantages of three- 
phase transformers are that they cost less, weigh less, require less floor 
space, and have somewhat higher efficiency. A photograph of the internal 
parts of a large three-phase transformer is shown in Fig. 2-20. 

Circuit computations involving three-phase transformer banks under 
balanced conditions can be made by dealing with only one of the trans- 
formers or phases and recognizing that conditions are the same in the 
other two phases except for the phase displacements associated with a 
three-phase system. It is usually convenient to carry out the computations 
on a per-phase-Y line-to-neutral basis, since transformer impedances can 
then be added directly in series with transmission line impedances. The 
impedances of transmission lines can be referred from one side of the 
transformer bank to the other by use of the square of the ideal line-to-line 
voltage ratio of the bank. In dealing with Y-A or A-Y banks, all quantities 
can be referred to the Y-connected side. In dealing with A-A banks in series 
with transmission lines, it is convenient to replace the A-connected im- 
pedances of the transformers by equivalent Y-connected impedances. It can 
be shown that a balanced A-connected circuit of Z,0/phase is equivalent to 
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Fig. 2-20. A 200-MVA three-phase 50-Hz three-winding 210/80/10.2-kV transformer re- 
moved from its tank. The 210-kV winding has an on-load tap changer for adjustment of the 
voltage. (Brown Boveri Corporation.) 


a balanced Y-connected circuit of Zy0/phase if 


Zy = iZ; (2-38) 


EXAMPLE 2-6 


Three single-phase 50-kVA 2400:240-V transformers, each identical with 
that of Example 2-4, are connected Y-A in a three-phase 150-kVA bank to 
step down the voltage at the load end of a feeder whose impedance is 
0.15 + j1.00 Q/phase. The voltage at the sending end of the feeder is 
4160 V line to line. On their secondary sides, the transformers supply a 
balanced three-phase load through a feeder whose impedance is 0.0005 + 
J0.0020 0/phase. Find the line-to-line voltage at the load when the load 
draws the rated current from the transformers at a power factor of 0.80 


lagging. 
Solution 


The computations can be made on a per-phase-Y basis by referring every- 
thing to the high-voltage Y-connected side of the transformer bank. The 
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voltage at the sending end of the feeder is equivalent to a source voltage 
V, of 


4160 
V, = — = 2400 V to neutral 
* V3 


From the transformer rating, the rated current on the high-voltage side is 
20.8 A/phase Y. The low-voltage feeder impedance referred to the high- 
voltage side by means of the square of the ideal line-to-line voltage ratio of 
the bank is 


2 
E3 (0.0005 + 70.0020) = 0.15 + j0.60 Q 


and the combined series impedance of the high- and low-voltage feeders re- 
ferred to the high-voltage side is 


Zieeder = 0.30 + 71.60 Q/phase Y 


From Example 2-4 the equivalent impedance of the transformer bank re- 
ferred to its high-voltage Y-connected side is 


Zeg = 1.42 + 71.82 Q/phase Y 


The equivalent circuit for one phase referred to the Y-connected pri- 
mary side then is exactly the same as Fig. 2-12a, and the solution on a per 
phase basis is exactly the same as the solution of Example 2-3, whence the 
load voltage referred to the high-voltage side is 2329 V to neutral. The ac- 
tual load voltage is 


Vioad = 233 V line to line 


This is the line-to-line voltage because the secondaries are A-connected. 


EXAMPLE 2-7 


The three transformers of Example 2-6 are connected A-A and supplied 
with power through a 2400-V (line-to-line) three-phase feeder whose reac- 
tance is 0.80 Q/phase. The equivalent reactance of each transformer 
referred to its high-voltage side is 1.82 Q. All circuit resistances are ne- 
glected. At its sending end, the feeder is connected to the secondary termi- 
nals of a three-phase Y-A-connected transformer whose three-phase rating 
is 500 kVA, 24,000:2400 V (line-to-line voltages). The equivalent reac- 
tance of the sending-end transformers is 2.76 Q/phase A referred to the 
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2400-V side. The voltage applied to the primary terminals is 24,000 V line 
to line. 

A three-phase short circuit occurs at the 240-V terminals of the re- 
ceiving-end transformers. Compute the steady-state short-circuit current 
in the 2400-V feeder wires, in the primary and secondary windings of the 
receiving-end transformers, and at the 240-V terminals. 


Solution 
The computations will be made on an equivalent line-to-neutral basis with 
everything referred to the 2400-V feeder. The source voltage then is 


240 
= = 1385 V to neutral 


In sending-end transformers (from Eq. 2-38), 


Xeq = sa = 0.92 equivalent Q/phase Y 


In receiving-end transformers, 


Xeq = = = 0.61 equivalent Q/phase Y 


q 


Feeder X = 0.80 Q/phase Y 
Total reactance = 0.92 + 0.61 + 0.80 = 2.33 0 


Current in 2400-V feeder = a = 594 A 


Current in 2400-V windings = 5 = 342 A 


Current in 240-V windings = 3420 A 
Current at the 240-V terminals = 5940 A 


2-8 THE PER UNIT SYSTEM 


Computations relating to machines, transformers, and systems of ma- 
chines are often carried out in per unit form, i.e., with all pertinent quanti- 
ties expressed as decimal fractions of appropriately chosen base values. All 
the usual computations are then carried out in these per unit values in- 
stead of the familiar volts, amperes, ohms, etc. 

There are two advantages to the system. One is that the constants of 
machines and transformers lie in a reasonably narrow numerical range 
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when expressed in a per unit system related to their rating. The correct- 
ness of their values is thus subject to a rapid approximate check. The other 
advantage is that the analyst is relieved of the worry of referring circuit 
quantities to one side or the other of transformers. For complicated sys- 
tems involving many transformers of different turns ratios, this advantage 
is a significant one in that a possible cause of serious mistakes is removed. 
The per unit system is also very useful in simulating machine systems on 
analog and digital computers for transient and dynamic analyses. 

Quantities such as voltage V, current J, power P, reactive power Q, 
voltamperes VA, resistance R, reactance X, impedance Z, conductance G, 
susceptance B, and admittance Y can be translated to and from per unit 
form as follows: 


actual quantity 


Pics vine Neck! SE 9- 
base value of quantity (2-39) 


Quantity in per unit = 


where “actual quantity” refers to the value in volts, amperes, ohms, etc. To 
a certain extent, base values can be chosen arbitrarily, but certain rela- 
tions between them must be observed for the normal electrical laws to hold 
in the per unit system. Thus, for a single-phase system, 


Paws Qhaser VA base = Visas iius (2-40) 
Rion ins bai = Tes (2-41) 
base 


In normal usage, values of VA,,,.. and V,,. are chosen first; values of Ipase 
and all other quantities in Eqs. 2-40 and 2-41 being thereby established. 

The value of VA,,,. must be the same over the entire system con- 
cerned. When a transformer is encountered, the values of V ase are different 
on each side and must be in the same ratio as the turns on the transformer. 
Usually the rated or nominal voltages of the respective sides are chosen. 
The process of referring quantities to one side of the transformer is then 
taken care of automatically by using Eqs. 2-40 and 2-41 in finding and in- 
terpreting per unit values. 

This can be seen with reference to the equivalent circuit of Fig. 2-9c. If 
the base voltages of the primary and secondary are chosen to be in the ra- 
tio of the turns of the ideal transformer, the per unit ideal transformer will 
have a unity turns ratio and hence can be eliminated. The procedure thus 
becomes one of translating all quantities to per unit values, using these 
values in all the customary circuit analysis techniques, and translating 
the end results back to the more usual forms. 

When only one electric device, such as a transformer, is involved, the 
device’s own rating is generally used for the volt-ampere base. When ex- 
pressed in per unit form on the rating as a base, the characteristics of 
power and distribution transformers do not vary much over a wide range of 
ratings. For example, the exciting current usually is between 0.02 and 
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0.06 per unit, the equivalent resistance usually is between 0.005 and 0.02 
per unit (the smaller values applying to large transformers), and the 
equivalent reactance usually is between 0.015 and 0.10 per unit (the larger 
values applying to large high-voltage transformers). Similarly, the per 
unit values of synchronous and induction machine constants fall within a 
relatively narrow range. When several devices are involved, however, an 
arbitrary choice of volt-ampere base must usually be made so that the 
same base will be used for the overall system. Per unit (pu) values can be 
changed from one base to another by the following relations: 


VA base 
(P, Q, VA) we on base 2 — (P, Q, VA) ou on base 1 me (2-42) 
base 2 

V ase "VA ase 

(R,X,Z)puontae = (RX, Z)yun ue yasa B 
yV 
V on base 2 — Fo on base 1 a (2-44) 
Voase 2 VA base 

i ae on base 2 — | on base Vv... VA,..., (2-45) 


EXAMPLE 2-8 


The exciting current measured on the low-voltage side of a 50-kVA 2400: 
240-V transformer is 5.41 A. Its equivalent impedance referred to the 
high-voltage side is 1.42 + j1.82 Q. Taking the transformer rating as a 
base, express in per unit on the low- and high-voltage sides (a) the exciting 
current and (b) the equivalent impedance. 


Solution 
The base values of voltages and currents are 


Vian = 2400 V Viz == 240 V Tyase,H — 20.8 A == 208 A 


where subscripts H and X indicate the high- and low-voltage sides, respec- 
tively. 


From Eq. 2-41 
2400 240 
Zoase,H aii 20.8 — 115.2 Q Z base, X = 208 an 1.152 Q 
(a) From Eq. 2-39 
Ix = ee a 0.0260 per unit 


208 
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The exciting current referred to the high-voltage side is 0.541 A. Its per 
unit value is 


0.541 , 
= —— = J t 
| 20.8 0.0260 per uni 


The per unit values are the same referred to either side. The turns ratios 
required to refer currents in amperes from one side of the transformer to 
the other are taken care of in the per unit system by the base values for 
currents on the two sides when the volt-ampere base is the same on both 
sides and the voltage bases are in the ratio of the turns. 

(b) From Eq. 2-39 and the value for Zpase 7 


_ 1.42 + j1.82 


_ iat + 70. 
Zeg H 115 2 0.0123 + 70.0158 per unit 


The equivalent impedance referred to the low-voltage side is 0.0142 + 
J0.0182 Q. Its per unit value is 


_ 0.0142 + 70.0182 


= = 0. + jo. i 
VA. L152 0.0123 + 70.0158 per unit 


The per unit values referred to the high- and low-voltage sides are the same, 
the referring factors being taken care of in per unit by the base values. 


When they are applied to three-phase problems, the base values for 
the per unit system are chosen so that the relations for a balanced three- 
phase system hold between them: 


(P, base? Qbase» VAn = BVA base per phase (2-46) 
Vian line to line — V3 Vig line to neutral (2-47) 

1 
| an per phase A ~ g hese, per phase Y (2-48) 


In dealing with three-phase systems, the three-phase VA base and the 
line-to-line voltage base are usually chosen first. The base values for phase 
voltages and currents then follow from Eqs. 2-46 to 2-48. Equations 2-42 to 
2-45 still apply to the base values per phase. For example, the base value 
for Y-connected impedances is given by Eq. 2-43 with Vae taken as the 
base voltage to neutral and Jase taken as the base current per phase Y; the 
base value for A-connected impedances is also given by Eq. 2-43, but with 
Viase taken as the base line-to-line voltage and Ias taken as the base cur- 
rent per phase A. Division of Eq. 2-47 by Eq. 2-48 shows that 
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Z base, per phase A = 3Z base, per phase Y (2-49) 


The factors of V3 and 3 relating A and Y quantities in volts, amperes, and 
ohms in a balanced three-phase system are thus automatically taken care 
of in per unit by the base values. Such three-phase problems can be solved 
in per unit as if they were single-phase problems without paying any at- 
tention to the details of the transformer connections except in translating 
volt-ampere-ohm values into and out of the per unit system. 


EXAMPLE 2-9 


Solve Example 2-7 in per unit on a three-phase 150-kVA rated-voltage 
base. The reactance of the three-phase 500-kVA sending-end transformer 
is 0.08 per unit on its rating as a base. The reactance of the 2400-V feeder 
is 0.80 0./phase. The reactance of the receiving-end transformers is 0.0158 
per unit, as computed in Example 2-8. 


Solution 


Convert reactance of the sending-end transformer to the 150-kVA base by 
using Eq. 2-43: 


X sending end = 0-08(2%) = 0.024 per unit 


For the 2400-V feeder, 


Vise = a = 1385 V line to neutral 
50,000 
= — = 36. hase Y 
Isase 1385 36.1 A/phase 
1385 
Bis = 36.1 = 38.3 Q/phase = 
0.80 ; 
Therefore X feeder = 383 0.021 per unit 


For the receiving-end transformers, 


X receiving end = 0.0158 per unit 
Total reactance = sum = 0.0608 per unit 


1.00 


0.0608 = 16.4 per unit 


Short-circuit current = 
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The currents in various parts of the circuit can now be computed. For 
example, the current in the 2400-V feeder wires is 16.4(36.1) = 594 A. 
Compare with the result in Example 2-7. 

Note: It can readily be shown that the reactance of 0.08 per unit for 
the sending-end transformers is consistent with the value of 2.76 0/phase 
given in Example 2-7. 


2-9 SUMMARY 


Although not an electromechanical device, the transformer is a common 
and indispensable component of ac systems where it is used to transform 
voltages, currents, and impedances to appropriate levels for optimal use. 
For the purposes of our study of electromechanical systems, transformers 
serve as valuable examples of the analysis techniques which must be em- 
ployed. Thus they offer us opportunities to investigate the properties of 
magnetic circuits, including the concepts of mutual flux and inductance, 
magnetizing flux, mmf and current, and the issues of leakage inductance. 

In both transformers and rotating machines, a magnetic field is cre- 
ated by the combined action of the currents in the windings. In an iron- 
core transformer, most of this flux is confined to the core and links all the 
windings. This resultant mutual flux induces voltages in the windings pro- 
portional to their number of turns and provides the voltage-changing 
property. In rotating machines, most of the flux crosses the air gap, like 
the core flux in a transformer, and links all the windings on both stator 
and rotor. The voltages induced in the windings by this resultant mutual 
air-gap flux are similar to those induced by the resultant core flux in a 
transformer. The difference is that mechanical motion together with elec- 
tromechanical energy conversion is involved in rotating machines. The 
torque associated with this energy conversion process is created by the in- 
teraction of the air-gap flux with the magnetic field of the rotor currents. 

In addition to the useful mutual fluxes, in both transformers and ro- 
tating machines there are leakage fluxes which link one winding without 
linking the other. Although the detailed picture of the leakage fluxes in ro- 
tating machines is more complicated than that in transformers, their ef- 
fects are essentially the same. In both, the leakage fluxes induce voltages 
in ac windings which are accounted for as leakage-reactance voltage drops. 
In both, the leakage-flux paths are mostly in air, and the leakage fluxes 
are nearly linearly proportional to the currents producing them. The leak- 
age reactances therefore are often assumed to be constant, independent of 
the degree of saturation of the main magnetic circuit. 

From the viewpoint of the winding, the induced-voltage phenomena in 
transformers and rotating machines are essentially the same, although the 
internal phenomena causing the time variations in flux linkages are dif- 


8 8 Transformers 


ferent. In a rotating machine, the time variation in flux linkages is caused 
by relative motion of the field and the winding, and the induced voltage is 
sometimes referred to as a speed voltage. Speed voltages accompanied by 
mechanical motion are a necessary counterpart of the electromechanical 
energy conversion. In a static transformer, however, the time variation of 
flux linkages is caused by the growth and decay of a stationary magnetic 
field; no mechanical motion is involved, and no electromechanical energy 
conversion takes place. 

The resultant core flux in a transformer induces a counter emf in the 
primary which, together with the primary resistance and leakage-reac- 
tance voltage drops, must balance the applied voltage. Since the resistance 
and leakage-reactance voltage drops usually are small, the counter emf 
must approximately equal the applied voltage and the core flux must ad- 
just itself accordingly. Exactly similar phenomena must take place in the 
armature windings of an ac motor; the resultant air-gap flux wave must 
adjust itself to generate a counter emf approximately equal to the applied 
voltage. In both transformers and rotating machines, the net mmf of all 
the currents must accordingly adjust itself to create the resultant flux re- 
quired by this voltage balance. In any ac electromagnetic device in which 
the resistance and leakage-reactance voltage drops are small, the resultant 
flux is very nearly determined by the applied voltage and frequency, and 
the currents must adjust themselves accordingly to produce the mmf re- 
quired to create this flux. 

In a transformer, the secondary current is determined by the voltage 
induced in the secondary, the secondary leakage impedance, and the elec- 
tric load. In an induction motor, the secondary (rotor) current is deter- 
mined by the voltage induced in the secondary, the secondary leakage 
impedance, and the mechanical load on its shaft. Essentially the same phe- 
nomena take place in the primary winding of the transformer and in the 
armature (stator) windings of induction and synchronous motors. In all 
three, the primary, or armature, current must adjust itself so that the com- 
bined mmf of all currents creates the flux required by the applied voltage. 

Further examples of these basic similarities can be cited. Except for 
friction and windage, the losses in transformers and rotating machines are 
essentially the same. Tests for determining the losses and equivalent- 
circuit constants are essentially the same: an open-circuit, or no-load, test 
gives information regarding the excitation requirements and core losses 
(and friction and windage in rotating machines), while a short-circuit test 
together with dc resistance measurements gives information regarding 
leakage reactances and winding resistances. The handling of the effects of 
magnetic saturation is another example: in both transformers and ac rotat- 
ing machines, the leakage reactances are usually assumed to be unaffected 
by saturation, and the saturation of the main magnetic circuit is assumed 
to be determined by the resultant mutual or air-gap flux. 
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PROBLEMS 


2-1. A potential transformer is made up of a 1000-turn primary coil and an 
open-circuited 80-turn secondary coil wound around a closed core of cross- 
sectional area 32 cm’. The core material can be considered to saturate 
when the rms applied flux density reaches 1.4 T. What maximum 60-Hz 
rms primary voltage is possible without reaching this saturation level? 
What is the corresponding secondary voltage? How are these values modi- 
fied if the applied frequency is lowered to 50 Hz? 


2-2. A transformer is to be used to transform the impedance of a 2-0 resis- 
tor to an impedance of 75 Q. Calculate the required turns ratio, assuming 
the transformer to be ideal. 


2-3. A source which can be represented by a voltage source of 5 V rms in 
series with an internal resistance of 3000 Q is connected to a 150-( load 
resistance through an ideal transformer. Calculate the power in milliwatts 
supplied to the load as a function of the transformer ratio, covering ratios 
from 1.0 to 10.0. For what turns ratio is the maximum power transferred to 
the load? 


2-4. Repeat Prob. 2-3 with the source resistance replaced by a 3000-2 
reactance. 


2-5. A single-phase 60-Hz transformer has a nameplate voltage rating of 
7.97 kV:266 V, which is based on its winding turns ratio. The manufac- 
turer calculates that the primary (7.97-kV) leakage inductance is 172 mH 
and the primary magnetizing inductance is 110 H. For an applied primary 
voltage of 7970 V at 60 Hz, calculate the resultant open-circuit secondary 
voltage. 


2-6. The manufacturer calculates that the transformer of Prob. 2-5 has a 
secondary leakage inductance of 0.21 mH. 


(a) Calculate the magnetizing inductance as referred to the secondary 
side. 

(b) A voltage of 266 V, 60 Hz is applied to the secondary. Calculate 
(i) the resultant open-circuit primary voltage and (ii) the secondary 
current which would result if the primary were short-circuited. 


2-7. A 3.46-kV:2400-V transformer has a series leakage reactance of 
38.3 Q as referred to the high-voltage side. A 20-kW load (unity power fac- 
tor) is connected to the low-voltage side, and the voltage is measured to be 
2380 V. Calculate the corresponding voltage and power factor as measured 
at the high-voltage terminals. 


90 Transformers 


2-8. The resistances and leakage reactances in ohms of a 25-kVA 60-Hz 
2400:240-V distribution transformer are 


R, = 0.650 R, = 0.00650 
X,,=840 X,, = 0.0840 


where subscript 1 denotes the 2400-V winding and subscript 2 denotes the 
240-V winding. Each quantity is referred to its own side of the transformer. 


(a) Draw the equivalent circuit referred to (i) the high- and (ii) the 
low-voltage sides. Label the impedances numerically. 

(b) Consider the transformer to deliver its rated kilovoltamperes at 
0.80 power factor lagging to a load on the low-voltage side with 
240 V across the load. Find the high-tension terminal voltage. 


2-9. Repeat Prob. 2-8. In part (b), assume the load to be operating at 0.8 
power factor leading. 


2-10. A single-phase load is supplied through a 35-kV feeder whose imped- 
ance is 115 + j380 Q and a 35-kV:2400-V transformer whose equivalent 
impedance is 0.26 + j1.21 © referred to its low-voltage side. The load is 
180 kW at 0.87 leading power factor and 2320 V. 


(a) Compute the voltage at the high-voltage terminals of the trans- 
former. 

(b) Compute the voltage at the sending end of the feeder. 

(c) Compute the power and reactive power input at the sending end of 
the feeder. 


2-11. An audio-frequency output transformer has a primary-to-secondary 
turns ratio of 31.6. Its primary inductance measured with the secondary 
open is 19.6 H and measured with the secondary short-circuited is 0.207 H. 
The winding resistances are negligible. This transformer is used to connect 
an 8-Q resistive load to a source which can be represented by a variable- 
frequency internal emf in series with a resistance of 5000 2. Compute the 
following that relate to the frequency characteristics of the circuit: (a) the 
upper half-power frequency, (b) lower half-power frequency, (c) geometric 
mean of these frequencies, and (d) ratio of load voltage to source voltage at 
the frequency of part (c). 


2-12. Repeat Example 2-4 with the transformer operating at full load and 
a power factor of unity. 


2-13. The nameplate on a 50-MVA, 60-Hz single-phase transformer indi- 
cates that. it has a voltage rating of 8.0 kV:78 kV. An open-circuit test is 
conducted from the low-voltage side, and the corresponding instrument 
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readings are 8.0 kV, 61.9 A, and 136 kW. Similarly, a short-circuit test 
from the low-voltage side gives readings of 650 V, 6.25 kA, and 103 kW. 


(a) Calculate the equivalent series impedance, resistance, and reac- 
tance of the transformer as referred to the low-voltage terminals. 

(b) Calculate the equivalent series impedance of the transformer as re- 
ferred to the high-voltage terminals. 

(c) Making appropriate approximations, draw a T equivalent circuit 
for the transformer. 

(d) Determine the efficiency and voltage regulation if the transformer 
is operating at the rated voltage and load (unity power factor). 

(e) Repeat part (d), assuming the load to be at 0.9 power factor leading. 


2-14. A 550-kVA 60-Hz transformer with a 13.8-kV primary winding 
draws 4.55 A and 3250 W at no load, rated voltage and frequency. Another 
transformer has a core with all its linear dimensions V2 times as large as 
the corresponding dimensions of the first transformer. The core material 
and lamination thickness are the same in both transformers. If the pri- 
mary windings of both transformers have the same number of turns, what 
no-load current and power will the second transformer draw with 27.6 kV 
at 60 Hz impressed on its primary? 


2-15. The following data were obtained for a 20-kVA, 60-Hz, 2400:240-V 
distribution transformer tested at 60 Hz: 


Voltage, Current, Power, 
Vv A 
With high-voltage winding open-circuited 240 1.066 126.6 
With low-voltage terminals short-circuited 57.5 8.34 284 


(a) Compute the efficiency at full-load current and the rated terminal 
voltage at 0.8 power factor. 

(b) Assume that the load power factor is varied while the load current 
and secondary terminal voltage are held constant. Use a phasor 
diagram to determine the load power factor for which the regula- 
tion is greatest. What is this regulation? 


2-16. A 120:480-V, 10-kVA transformer is to be used as an autotrans- 
former to supply a 480-V circuit from a 600-V source. When it is tested as 


a two-winding transformer at rated load, unity power factor, its efficiency 
is 0.975. 


(a) Make a diagram of connections as an autotransformer. 

(6) Determine its kVA rating as an autotransformer. 

(c) Find its efficiency as an autotransformer at full load, with 0.85 
power factor lagging. 
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2-17. The transformer of Prob. 2-8 is to be connected as an autotrans- 
former. Determine (a) the voltage ratings of the high- and low-voltage 
windings for this connection and (b) the kVA rating of the autotransformer 
connection. 


2-18. Consider the 8-kV:78-kV, 50-MVA transformer of Prob. 2-13 con- 
nected as an autotransformer. 


(a) Determine the voltage ratings of the high- and low-voltage wind- 
ings for this connection and the kVA rating of the autotransformer 
connection. 

(b) Calculate the efficiency of the transformer in this connection when 
it is supplying its rated load at unity power factor. 


2-19. The high-voltage terminals of a three-phase bank of three single- 
phase transformers are connected to a three-wire three-phase 13,800-V 
(line-to-line) system. The low-voltage terminals are connected to a three- 
wire three-phase substation load rated at 1500 kVA and 2300 V line to 
line. Specify the voltage, current, and kVA ratings of each transformer 
(both high- and low-voltage windings) for the following connections: 


High-voltage Low-voltage 


windings windings 
(a) Y A 
(b) A Y 
(c) Y YX 
(d) A A 


2-20. Three 100-MVA single-phase transformers, rated at 13.8 kV: 
66.4 kV, are to be connected in a three-phase bank. Each transformer has a 
series impedance of 0.004 + 70.18 Q referred to its 13.8-kV winding. 


(a) If the transformers are connected Y-Y, calculate (i) the voltage and 
power rating of the three-phase connection, (ii) the equivalent im- 
pedance as referred to its low-voltage terminals, and (iii) the 
equivalent impedance as referred to its high-voltage terminals. 

(b) Repeat part (a) if the transformer is connected Y on its low-voltage 
side and A on its high-voltage side. 


2-21. Repeat Example 2-6 for a load drawing rated current from the trans- 
formers at unity power factor. 


2-22. A three-phase Y-A transformer is rated 225 kV:24 kV, 400 MVA and 
has a series reactance of 13.3 2 as referred to its high-voltage terminals. 
The transformer is supplying a load of 325 MVA, with 0.9 power factor lag- 
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ging at a voltage of 24 kV (line to line) on its low-voltage side. It is sup- 
plied from a feeder whose impedance is 0.15 + j1.9 Q connected to its 
high-voltage terminals. For these conditions, calculate (a) the voltage at 
the high-voltage terminals of the transformer and (b) the voltage at the 
sending end of the feeder. 


2-23. A A-Y-connected bank of three identical 100-kKVA 2400:120-V 60-Hz 
transformers is supplied with power through a feeder whose impedance is 
0.30 + 70.80 © per phase. The voltage at the sending end of the feeder is 
held constant at 2400 V line to line. The results of a single-phase short- 
circuit test on one of the transformers with its low-voltage terminals short- 
circuited are 


V,=575V f=60Hz I,=416A P=875W 


(a) Determine the secondary line-to-line voltage when the bank deliv- 
ers rated current to a balanced three-phase unity power factor load. 

(b) Compute the currents in the transformer primary and secondary 
windings and in the feeder wires if a solid three-phase short circuit 
occurs at the secondary line terminals. 


2-24. A 15-kV:175-kV 125-MVA transformer has primary and secondary 
impedances of 0.012 + j0.06 per unit each. The magnetizing impedance 
is 71385 per unit. All quantities are in per unit on the transformer base. 
Calculate the primary and secondary resistances and inductances and 
the magnetizing inductance (referred to the low-voltage side) in ohms and 
henrys. 


2-25. The nameplate on a 7.97-kV:480-V, 100-kVA single-phase trans- 
former indicates that it has a series reactance of 14 percent (0.14 per unit). 


(a) Calculate the series reactance in ohms as referred to (i) the low- 
voltage terminal and (ii) the high-voltage terminal. 

(b) If three of these transformers are connected in a three-phase Y-Y 
connection, calculate (i) the transformer voltage and power rating, 
(ii) the per unit impedance of the transformer, and (iii) the series 
reactance in ohms as referred to the low-voltage terminal. 


2-26. Consider the Y-Y connection of three single-phase transformers as 
described in Prob. 2-20. 


(a) Calculate the per unit impedance for this connection. 

(b) If the rated voltage is applied to the high-voltage terminals and the 
three low-voltage terminals are short-circuited, calculate the mag- 
nitude of the phase current in per unit and in amperes on (i) the 
high-voltage side and (ii) the low-voltage side. 
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2-27. A three-phase generator step-up transformer is rated 26 kV:345 kV, 
1000 MVA and has a series impedance of 0.004 + 70.085 per unit on this 
base. It is connected to a 26-kV 800-MVA generator, which can be repre- 
sented as a voltage source in series with a reactance of 71.65 per unit on 
the generator base. 


(a) Convert the per unit generator reactance to the step-up trans- 
former base. 

(b) The unit is supplying 500 MW, unity power factor, at 345 kV, to the 
system at the transformer terminals. Draw a phasor diagram for 
this condition, using the transformer high-side voltage as the refer- 
ence phasor. 

(c) Calculate the transformer low-side voltage and the generator inter- 
nal voltage behind its reactance in kilovolts for the conditions of 
part (b). Find the generator output power in megawatts and the 
power factor. 


Electromechanical 
Energy Conversion 
Principles 


We are concerned here with the electromechanical energy conversion pro- 
cess, which takes place through the medium of the electric or magnetic 
field of the conversion device. Although the various conversion devices op- 
erate on similar principles, their structures depend on their function. 
Devices for measurement and control are frequently referred to as trans- 
ducers; they generally operate under linear input-output conditions and 
with relatively small signals. The many examples include microphones, 
pickups, and loudspeakers. A second category of devices encompasses force- 
producing devices and includes solenoids, relays, and electromagnets. The 
third category includes continuous energy conversion equipment such as 
motors and generators. 

This chapter is devoted to the principles of electromechanical energy 
conversion and the analysis of the devices which accomplish this function. 
Emphasis is placed on the analysis of systems which use magnetic fields as 
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the conversion medium since the remaining chapters of the book deal with 
such devices. However, the analytical techniques for electric field systems 
are quite similar. 

The purpose of this analysis is threefold: (1) to assist us in understand- 
ing how energy conversion takes place, (2) to provide us with the tech- 
niques for designing and optimizing the devices for specific requirements, 
and (3) to show how to develop models of electromechanical energy conver- 
sion devices that can be used in analyzing their performance as compo- 
nents in engineering systems. Transducers and force-producing devices are 
treated in this chapter; continuous energy conversion devices are treated 
in the rest of the book. 

The concepts and techniques presented in this chapter are quite pow- 
erful and can be applied to a wide range of engineering situations involv- 
ing electromechanical energy conversion. However, they are somewhat 
mathematical in nature, perhaps more so than the reader may find com- 
fortable in an introduction to electric machinery. With this in mind, 
Arts. 3-1 and 3-2 present a quantitative discussion of the forces in elec- 
tromechanical systems; the analytical details are developed in the remain- 
ing articles. Based on the techniques developed in this chapter, torque 
expressions are developed as needed throughout the book. Thus the reader 
may elect to omit the later sections of this chapter at the expense of accept- 
ing these expressions on faith when they are presented. 


3-1 FORCES AND TORQUES IN MAGNETIC FIELD SYSTEMS 
The Lorentz force law 
F = q(E + v x B) (3-1) 


gives the force F on a particle of charge q in the presence of electric and 
magnetic fields. In SI units, F is given in newtons, q in coulombs, E in 
volts per meter, B in teslas, and v, which is the velocity of the particle rela- 
tive to the magnetic field, in meters per second. 

Thus in a pure electric field system, the force is determined simply by 
the charge on the particle and the electric field 


F = qE (3-2) 


The force acts in the direction of the electric field and is independent of the 
particle motion. 

In magnetic field systems, the situation is somewhat more complex. 
Here the force 


F = q(v x B) (3-3) 
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is determined by the magnitude of the charge on the particle and the mag- 
nitude of the B field as well as the velocity of the particle. In fact, the di- 
rection of the force is always perpendicular to both the direction of particle 
motion and the magnetic field direction. Mathematically, this is given by 
the vector cross product v x B in Eq. 3-3. The magnitude of this cross 
product is equal to the product of the magnitudes of v and B and the sine 
of the angle between them; its direction can be found from the right-hand 
rule, which states that when the thumb of the right hand points in the di- 
rection of v and the index finger points in the direction of B, the force 
points in the direction normal to the palm of the hand, as shown in Fig. 3-1. 

For situations where large numbers of charged particles are in motion, 
it is convenient to rewrite Eq. 3-3 in terms of the current density J, in 
which case the force is a force density 


F=JxB N/m’ (3-4) 


For currents flowing in conducting media, Eq. 3-4 can be used to find the 
force density acting on the material itself. A considerable amount of 
physics is hidden in this result since the mechanism by which the force is 
transferred from the moving charges to the conducting medium is a com- 
plex one. 


EXAMPLE 3-1 


A nonmagnetic rotor containing a single-turn coil is placed in a uniform 
magnetic field of magnitude By, as shown in Fig. 3-2. The coil sides are at 
radius R, and the wire carries current J as indicated. Find the 6-directed 
torque as a function of rotor position a when J = 10 A, B, = 0.5 T, and 
R = 0.1 m. Assume that the rotor is 0.6 m long. 


v 


| 
=a od 


F iad, 


Fig. 3-1. Right-hand rule for determining the direction of the Lorentz force F = qv x B. 
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Uniform magnetic field, Boi, 


Wire 1, current I 
into paper 


Wire 2, current J 
out of paper 


Fig. 3-2. Single-coil rotor for Example 3-1. 


Solution 


The force per unit length on a wire carrying current J can be found by mul- 
tiplying Eq. 3-4 by the cross-sectional area of the wire. When we recognize 
that the product of the cross-sectional area and the current density is sim- 
ply the current I, the force per unit length acting on the wire is given by 


F=I1xB 


Thus, for wire 1 carrying current J into the paper, the 6-directed force 
is given by 


F,, = —IB,/ sin a 


and for wire 2 (which carries current in the opposite direction and is lo- 
cated 180° away from wire 1) 


Fy, = —IB, sin Q 


where / is the length of the rotor. The torque T acting on the rotor is given 
by the sum of the force—moment-arm products for each wire 


T = 2IB,Rl sin a = 2(10) (0.5) (0.1) (0.6) (sin a) = 0.6 sin a N-m 


For situations in which the forces act only on current-carrying ele- 
ments and which are of simple geometry, Eq. 3-4 is generally the simplest 
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and easiest way to calculate the forces acting on the system. Very few prac- 
tical situations fall into this class, however. In fact, as discussed in Chap. 1, 
most electromechanical energy conversion devices contain magnetic mate- 
rial; in these systems, forces act directly on the magnetic material and 
clearly cannot be calculated from Eq. 3-4. 

Techniques for calculating the detailed, localized forces acting on mag- 
netic materials are extremely complex and require detailed knowledge of 
the field distribution throughout the structure. Fortunately, most elec- 
tromechanical energy conversion devices are constructed of rigid, nonde- 
forming structures. In these devices, it is the net force or torque that is of 
importance, and the details of the localized force distribution are of second- 
ary interest. For example, in a properly designed motor, the net accelerat- 
ing torque acting on the rotor determines the motor’s characteristics; 
accompanying forces, which act to squash or make the solid rotor oval, 
play no significant role and generally are not even calculated. 

To understand the behavior of rotating machinery, a simple physical 
picture is quite useful. Associated with the rotor structure is a magnetic 
field, and similarly with the stator; one can picture them as a set of north 
and south magnetic poles associated with each structure. Just as a com- 
pass needle tries to align with the earth’s magnetic field, these two sets of 
fields attempt to align, and torque is associated with their displacement 
from alignment. Thus in a motor, the stator magnetic field rotates ahead of 
that of the rotor, pulling on it and performing work. The opposite is true 
for a generator; here the rotor does the work on the stator. 

Various techniques have evolved to calculate the net forces of concern 
in electromechanical energy conversion. The technique developed in this 
chapter and used throughout the book is known as the energy method and 
is based on the principle of conservation of energy. The basis for this 
method can be understood with reference to Fig. 3-3a, where a magnetic 
field—based electromechanical energy conversion device is indicated sche- 
matically as a lossless magnetic energy storage system with two terminals. 
The electric terminal has the terminal variables voltage e and current i, 
and the mechanical terminal has the terminal variables force faa and posi- 
tion x. This sort of representation is valid in situations where the loss 
mechanism can be separated from the energy storage mechanism. In these 
cases the electrical losses, such as ohmic losses, can be included as external 
elements connected to the electric terminals, and the mechanical losses, 
such as friction, can be included external to the mechanical terminals. Fig- 
ure 3-3b shows an example of such a system; a simple force-producing de- 
vice with a single coil forming the electric terminal, and a movable plunger 
serving as the mechanical terminal. 

The interaction between the electric and mechanical terminals, i.e., 
the electromechanical energy conversion, occurs through the medium of 
the magnetic stored energy. Since the energy storage system is lossless, it 
is a simple matter to write that the time rate of change of Waa, the stored 
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Lossless magnetic 
energy storage 
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Fig. 3-3. (a) Schematic magnetic-field electromechanical energy conversion device; 
(b) simple force-producing device. 


energy in the magnetic field, is equal to the electric power input less the 
mechanical power output of the energy storage system: 


, dx 
= c= foai (3-5) 


Using Eq. 1-21 and multiplying Eq. 3-5 by dt, we get 
dWpa = idx = fa Ax (3-6) 


As shown in Art. 3-4, Eq. 3-6 permits us to solve for the force simply as a 
function of the flux \ and the mechanical terminal position x. This result 
comes about as a consequence of our ability to separate the losses out of 
the physical problem, resulting in a lossless energy storage system, as in 
Fig. 3-3a. 

Equations 3-5 and 3-6 form the basis for the energy method. This tech- 
nique is quite powerful in its ability to calculate forces and torques in com- 
plex situations of electromechanical energy conversion systems. The reader 
should recognize that this power comes at the expense of a detailed picture 
of the force-producing mechanism. The forces themselves are produced by 
such well-known physical phenomena as the Lorentz force on current- 
carrying elements, described by Eq. 3-4, or the interaction of the magnetic 
fields with the dipoles in the magnetic material. 
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The principle of conservation of energy states that energy is neither cre- 
ated nor destroyed; it is merely changed in form. For example, a golf ball 
leaves the tee with a certain amount of kinetic energy; this energy is even- 
tually dissipated as heat due to air friction or rolling friction by the time 
the ball comes to rest on the fairway. Similarly, the kinetic energy of a 
hammer is eventually dissipated as heat as a nail is driven into a piece of 
wood. For isolated systems with clearly identifiable boundaries, this fact 
permits us to keep track of energy in a simple fashion: the net flow of en- 
ergy into the system across its boundary is equal to the time rate of change 
of energy stored in the system. 

Although this result, which is a statement of the first law of thermo- 
dynamics, is quite general, we apply it in this chapter to electromechanical 
systems whose predominant energy storage mechanism is in magnetic 
fields. In such systems, one can account for energy transfer as 


Energy input mechanical increase in energy energy 
from electric | = energy + stored in + | converted 
sources output magnetic field into heat 
(3-7) 


Equation 3-7 is written so that the electric and mechanical energy terms 
have positive values for motor action. The equation applies equally well to 
generator action: these terms then simply have negative values. 

In these systems the conversion of energy into heat occurs by such 
mechanisms as ohmic heating due to current flow in the windings of the 
electric terminals and mechanical friction due to the motion of the system 
components forming the mechanical terminals. As discussed in Art. 3-1, it 
is generally possible to mathematically separate these loss mechanisms 
from the energy storage mechanism. In this case, the device can be repre- 
sented as a lossless magnetic energy storage system with electric and me- 
chanical terminals, as shown in Fig. 3-4. The loss mechanisms can then be 
represented by external elements connected to these terminals, resistances 
to the electric terminals, and mechanical dashpots to the mechanical ter- 


Lossless magnetic 
energy storage 
system 


Electrical Mechanical 
terminal terminal 


Fig. 3-4. Lossless magnetic energy storage system with electric and mechanical terminals. 


1 0 2 Electromechanical Energy Conversion Principles 


minals. Figure 3-4 is quite general in the sense that there is no limit to the 
number of electric or mechanical terminals. For this type of system, the 
magnetic field serves as the coupling medium between the electric and me- 
chanical terminals. 

The ability to identify a lossless energy storage system is the essence 
of the energy method. It is important to recognize that this is done mathe- 
matically as part of the modeling process. It is not possible, of course, to 
take the resistance out of windings or the friction out of bearings. Instead 
we are making use of the fact that a model in which this is done is a valid 
representation of the physical system. 

For the lossless magnetic energy storage system of Fig. 3-4, Eq. 3-7 
becomes 


AW icc a AW noch T dWaa (3-8) 


where dW,,. = differential electric energy input 
AW.nech = differential mechanical energy output 
dW,, = differential change in magnetic stored energy 


In time dt, from Eq. 1-36, 
dW... = eidt (3-9) 


Here e is the voltage induced in the electric terminals by the changing 
magnetic stored energy. It is through this reaction voltage that the exter- 
nal electric circuit supplies power to the coupling magnetic field and hence 
to the mechanical output terminals. Thus the basic energy conversion pro- 
cess is one involving the coupling field and its action and reaction on the 
electric and mechanical systems. 

Combining Eqs. 3-8 and 3-9 results in 


dWa = eidt = dWorec, + dWoa (3-10) 


Equation 3-10, together with Faraday’s law for induced voltage, Eq. 1-21, 
forms the basis for the energy method; the following sections illustrate its 
use in the analysis of electromagnetic energy conversion devices. 


3-3 ENERGY AND FORCE IN SINGLY EXCITED MAGNETIC FIELD 
SYSTEMS 


In Chaps. 1 and 2 we were concerned primarily with the closed-core mag- 
netic circuits used for transformers. Energy in those devices is stored in 
the leakage fields and to some extent in the core itself; the stored energy 
does not enter directly into the transformation process. In this chapter we 
are dealing with energy conversion; the magnetic circuits have air gaps be- 
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tween the stationary and moving members in which considerable energy 
is stored in the magnetic field. This field acts as the energy conversion 
medium, and its energy is the reservoir between the electric and mechani- 
cal systems. 

Consider the electromagnetic relay shown schematically in Fig. 3-5. 
The resistance of the excitation coil is shown as an external resistance R, 
and the mechanical terminal variables are shown as a force faa produced by 
the magnetic field directed from the relay to the external mechanical sys- 
tem and a displacement x; mechanical losses can be included as external 
elements connected to the mechanical terminal. Similarly, the moving ar- 
mature is shown as being massless; its mass represents mechanical energy 
storage and can be included as an external mass connected to the mechani- 
cal terminal. As a result, the magnetic core and armature constitute a loss- 
less magnetic energy system, as in Fig. 3-4. 

This relay structure is essentially the same as the magnetic structures 
analyzed in Chap. 1. From Faraday’s law (Eq. 1-21) we can solve for the in- 
duced voltage e in terms of the flux linkages À 


dÀ 
e = a (3-11) 
and thus from Eq. 3-9 
AWaee = idà (3-12) 


In Chap. 1 we saw that the magnetic circuit of Fig. 3-5 can be described 
by an inductance L, which is a function of the geometry of the magnetic 
structure and the permeability of the magnetic material. Electromagnetic 
energy conversion devices contain air gaps in their magnetic circuits to 
separate the moving parts. As discussed in Art. 1-1, in most such cases the 
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Fig. 3-5. Schematic of an electromagnetic relay. 
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reluctance of the air gap is much larger than that of the magnetic mate- 
rial. Thus the predominant energy storage occurs in the air gap, and the 
properties of the magnetic circuit are determined by the dimensions of the 
air gap. 

Because of the simplicity of the resulting relations, magnetic nonlin- 
earity and core losses are often neglected in the analysis of practical 
devices. The final results of such approximate analyses can, if necessary, 
be corrected for the effects of these neglected factors by semiempirical 
methods. Consequently, analyses are carried out under the assumption 
that the flux and mmf are directly proportional, as in air, for the entire 
magnetic circuit. Thus the flux linkages à and current i are considered to 
be linearly related by a factor which depends solely on the geometry and 
hence on the armature position x 


à = L(x)i (3-13) 


where the explicit dependence of L on x has been indicated. 

Since the magnetic force faa has been defined as acting from the relay 
upon the external mechanical system and dWmecn is defined as the me- 
chanical energy output of the relay, we can write 


dW mech = fna dx (3-14) 
Thus, using Eqs. 3-12 and 3-14, we can write Eq. 3-8 as 
dWpa = idà — faoa dx (3-15) 
Since our magnetic energy storage system is lossless, it is a conserva- 
tive system and the value of W,, is uniquely specified by the values of à and 


x. Thus, Wp, is the same regardless of how à and x are brought to their final 
values. Consider Fig. 3-6, in which two separate paths are shown over 


Wia (Nor Xo) 


2a Xo x 


Fig. 3-6. Integration paths for Wig. 
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which Eq. 3-15 can be integrated to find Wy, at the point (Ao, x»). Path 1 is 
the general case and is difficult to integrate unless both i and faa are 
known explicitly as a function of à and x. However, path 2 gives the same 
result and is much easier to integrate. From Eq. 3-15 


WaalAo, Xo) = dWaa + AWaa (3-16) 


path 2a path 26 


Notice that on path 2a, dà = 0 and faa = 0 since A = 0, i.e., there can be no 
magnetic force in the absence of magnetic fields. Thus from Eq. 3-15, 
dW, = 0 on path 2a. On path 26, dx = 0, and thus, from Eq. 3-15, Eq. 3-16 
reduces to 


Wrag(Ao, Xo) = | i i(A, Xo) dÀ (3-17) 
0 


For a linear system in which à is proportional to i, as in Eq. 3-13, 
Eq. 3-17 gives 


Ao Ao À 
Waal Ào, =| (A, a= | — dr = 3-18 
nd(Ao, Xo) i U(A, Xo) | Bea) ( ) 


The energy can also be expressed in terms of the energy density of the 
magnetic field integrated over the volume V of the magnetic field. In this 


case 
Bo 
V o 


For a magnetic medium with constant permeability (B = uH), this reduces 
to 


2 
Wau = f G 25) dV (3-20) 
V 


EXAMPLE 3-2 


The relay shown in Fig. 3-7a is made from infinitely permeable magnetic 
material with a movable plunger, also of infinitely permeable material. 
The height of the plunger is much greater than the air-gap length (h > g). 
Calculate the magnetic stored energy W,, as a function of plunger position 
(0 < x < d) for N = 1000 turns, g = 0.002 m, d = 0.15 m, / = 0.1 m, and 
i = 10 A. 
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Fig. 3-7. (a) Relay with movable plunger; (b) detail showing air-gap configuration with the 
plunger partially removed. 


Solution 


Equation 3-18 can be used to solve for Waa when A is known. For this situ- 
ation, i is held constant, and thus it would be useful to have an expression 
for W,, as a function of i and x. This can be obtained quite simply by sub- 
stituting Eq. 3-13 into Eq. 3-18 


Waa = SL (x)i? 
The inductance is given by (see Example 1-3) 


2 
L(x) = N Mo Agap 
2g 


where Aa is the gap cross-sectional area. From Fig. 3-76 it can be seen to 
be 


A = Wd - ») = ta(1 - 3) 


gap d 
2 = 
Thus L(x) = aa tit 
2g 
1 N°mwld(1 — x/d). 
and Waa = z a ee 
_ 1 Q000 (47 x 10) (0.15) 0.1) se, Z 
2 2(0.002) d 


I 
bo 
© 
or) 
geen 
p= 
| 
Qe 
a 
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In this article we have seen the relationship between the magnetic 
stored energy and the electric and mechanical terminal variables for a sys- 
tem which can be represented in terms of a lossless magnetic energy stor- 
age element. If we had chosen for our example a device with a rotating 
mechanical terminal instead of a linearly displacing one, the results would 
have been identical except that force should be replaced by torque and lin- 
ear displacement by angular displacement. In the next article we see how 
knowledge of the magnetic stored energy permits us to solve for the me- 
chanical force. 


3-4 DETERMINATION OF MAGNETIC FORCE; COENERGY 


As discussed in the previous article, the magnetic stored energy W,, is de- 
termined uniquely by à and x. The lossless magnetic energy storage sys- 
tem is a conservative system, and Wr, is a state function, determined 
uniquely by the values of the independent state variables à and x. This can 
be shown explicitly by writing Eq. 3-15 in the form 


dWaalà, x) = idà — fa dx (3-21) 


For any function F(x,, x2), the total differential of F with respect to the 
two independent state variables x, and x, can be written 


oF oF 
dF(x,,%2) = = i} Se (3-22) 


It is extremely important to recognize that the partial derivatives in Eq. 3- 
22 are each taken by holding the opposite state variable constant. 

Since Eq. 3-22 is valid for any state function F, it is certainly valid for 
Waa; thus 


AWaglrA, x) = Tt an + Moi dy (3-23) 


Since \ and x are independent variables, Eqs. 3-21 and 3-23 must be equal 
for all values of dà and dx, and so 


. _ OWralA, x) 
i= PA (3-24) 
where the partial derivative is taken while holding x constant and 
Waal, 
A ee (3-25) 
Ox 


in this case holding à constant while taking the partial derivative. 
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This is the result we have been seeking. Once we know W,, as a func- 
tion of à and x, Eq. 3-24 can be used to solve for i(A,x). More importantly, 
Eq. 3-25 can be used to solve for the mechanical force faa(À, x). It cannot be 
overemphasized that the partial derivative of Eq. 3-25 is taken while hold- 
ing the flux linkages \ constant. This is easily done provided W,, is known 
as a function of à and x. This is purely a mathematical requirement and 
has nothing to do with whether à is held fixed in the actual device. 

The force faa is determined from Eq. 3-25 directly in terms of the elec- 
trical state variable \. If we then want to express the force as a function of i, 
we can do so by substituting the appropriate expression for \ as a function 
of i into the expression for faa that is obtained by using Eq. 3-25. Alterna- 
tively, one can use a state function other than energy, namely, the coenergy, 
to obtain the force directly as a function of the current. The selection of the 
state function is purely a matter of convenience; they both give the same 
result, but one or the other may be simpler analytically, depending on the 
desired result and the initial description of the system being analyzed. 

The coenergy W pa is defined as a function of i and x such that 


Wali, x) = ik — Waal, x) (3-26) 


and the desired result can be obtained from the energy expression of 
Eq. 3-21. The transformation is carried out by using the differential of iA 


d(ik) = id + Adi (3-27) 
and the differential of dW,,(A,x) from Eq. 3-21. From Eq. 3-26 
dW pali, x) = d (ià) — AWag(d, x) (3-28) 
Substitution of Eqs. 3-21 and 3-27 into Eq. 3-28 results in 
dW nali, x) = Adi + fna dx (3-29) 


Coenergy W a(i, x) is a state function of the two independent variables 
i and x. Thus, its differential can be expressed as 
aW ia 
ði 


dW'(i,x) = di + Mni dy (3-30) 


Equations 3-29 and 3-30 must be equal for all values of di and dx; thus 


= aW aali, x) 
ði 
aW nali, x) 


faa = fine (3-32) 


(3-31) 
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Equation 3-32 gives the mechanical force directly in terms of i and x. 
The reader is cautioned that the partial derivative in Eq. 3-32 is taken 
while holding i constant; thus W pa must be known as a function of i and x. 
Equations 3-25 and 3-32 are equivalent and can both be used to calculate 
the force for a given system; user preference and convenience often dictate 
the choice. For a system with a rotating mechanical terminal, similar ex- 
pressions for the mechanical torque are derived, and the partial deriva- 
tives are taken with respect to the angular displacement. 

By arguments directly analogous to those leading to Eq. 3-17, the 
coenergy for any given values of i and x can be found 


ip 
W nallo, Xo) = | Mi, Xo) di (3-33) 
0 


For a linear system in which à and i are proportional and which can be de- 
scribed by a position-dependent inductance, as in Eq. 3-13, the coenergy is 


W aali, £) = | L(x)i' di' = 3L(x)i? (3-34) 
0 


By analogy with Eq. 3-19, the coenergy can be expressed in field 
terms as 


Ho 
Wha = | ( | B. an) dV (3-35) 
V o 
For a medium with constant permeability u, this reduces to 
Wha = f 4 uH’ dV (3-36) 
V 


In some cases, magnetic circuit representations may be difficult to re- 
alize or may not yield solutions of the desired accuracy. Often such situ- 
ations are characterized by complex geometries and/or magnetic materials 
driven deeply into saturation. In such situations, numerical techniques can 
be used to evaluate the coenergy of Eq. 3-35. 

One such technique, known as the finite-element method,’ has become 
widely accepted. By using this method, the force expression of Eq. 3-32 can 
be evaluated by numerically calculating the coenergy of Eq. 3-35 at con- 
stant current for differing values of the displacement x. The derivative of 
Eq. 3-32 can then be calculated numerically. 


‘See, for example, P. P. Sylvester and R. L. Ferrari, Finite Elements for Electrical Engi- 
neers, Cambridge University Press, New York, 1983. 
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EXAMPLE 3-3 


For the relay of Example 3-2, find the force on the plunger as a function of 
x when the coil current is held constant at 10 A. Use both the energy and 
coenergy expressions. 


Solution 


From Example 3-2 


> N°*uold(1 — x/d) 


L(x) 2g 


The energy, expressed as a function of à and x, is, from Eq. 3-18, 


We =. MLN 
id 2 L(x) N’mld(l — x/d) 
and from Eq. 3-25 
fuy = — Wna = S 2 
tis ax N*u,.ld*(1 — x/d)’ 


This can now be expressed in terms of i by using Eq. 3-13 


gL*(x)i? a N’ uol ;2 


faa = N'yld%1—x/d 4g 


and we see that for constant current the force is independent of the 
plunger position and acts to pull the plunger back into the relay. 
Alternately, the force can be found from the coenergy. From Eq. 3-34 


2 _ 
Wh, = ALopi? = MdA = x/d) 5» 


4g 
and from Kq. 3-32 
7 = aW ha a _N*uol 2 
iig Ox 4g 


Notice that this gives the same answer, but because of the form of the in- 
ductance expression and specifically because we want a solution in terms 
of current, the choice of coenergy yielded a much simpler solution. Notice 
also that if one attempts to substitute à = L(x)i in the expression for W pa 
before the derivative is taken, one gets the wrong answer (by a minus 
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sign). This is because it is \ and not i that must be held constant when the 
partial derivative of Eq. 3-25 is taken. 
Finally, for i = 10 A 


_N’uol 2 _ _ (1000*) (47m x 10°) (0.1) (10°) _ 


4g 4(0.002) “ES 


faa = 


For a linear system, the energy and coenergy are numerically equal; 
for example, $Li? = $\°/L or uH’ = 3B?/u. For a nonlinear system in 
which à and i or B and H are not linearly proportional, the two functions 
are not even numerically equal. A graphical interpretation of the energy 
and coenergy for a nonlinear system is shown in Fig. 3-8. The area be- 
tween the A-i curve and the vertical axis given by the integral of idà is the 
energy. The area to the horizontal axis given by the integral of \ di is the 
coenergy. The sum for the singly excited system is, by definition, 


Waa + Wha = Al (3-37) 


The force of the field in the device of Fig. 3-5 for some particular value 
of x and i or à must be independent of whether it is calculated from the en- 
ergy or coenergy. A graphical illustration will demonstrate this point. As- 
sume that the armature is at position x so that the device is operating at 
point a in Fig. 3-9a. The partial derivative of Eq. 3-25 can be interpreted 
as the limit of -AW,,/Ax with à constant as Ax — 0. If we allow a change 
Ax, the change —AW,, is shown by the shaded area in Fig. 3-9a. Hence, the 
force faa = (shaded area)/Ax as Ax — 0. On the other hand, the partial de- 
rivative of Eq. 3-32 can be interpreted as the limit of AW;,,/Ax with i con- 
stant as Ax — 0. This perturbation of the device is shown in Fig. 3-96; the 
force faa = (shaded area)/Ax as Ax — 0. The shaded areas differ only by 
the small triangle abc of sides Ai and AX, so that in the limit the shaded 


\’—i’ relationship 


Fig. 3-8. Graphical interpretation of energy and coenergy in a singly excited system. 
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(a) (b) 


Fig. 3-9. Effect of Ax on the energy and coenergy of a singly excited device: (a) change of 
energy with A held constant; (b) change of coenergy with / held constant. 


areas resulting from Ax at constant \ or at constant i are equal. Thus the 
force of the field is independent of whether the determination is made with 
energy or coenergy. 

Equations 3-25 and 3-32 express the mechanical force of electrical ori- 
gin in terms of partial derivatives of the energy and coenergy functions 
Wag(A, x) and Waali, x). It is important to note two things about them: the 
variables in terms of which they must be expressed and their algebraic 
signs. Physically, of course, the force depends on the dimension x and the 
magnetic field. The field can be specified in terms of flux linkage à, or cur- 
rent i, or related variables. As seen in Example 3-3, the selection of the en- 
ergy or coenergy function as a basis for analysis is a matter of convenience; 
the choice depends on the initial description of the system and the desired 
variables in the result. 

The algebraic signs in Eqs. 3-25 and 3-32 show that the force acts in a 
direction to decrease the magnetic field stored energy at constant flux or to 
increase the coenergy at constant current. In a singly excited device, the 
force acts to increase the inductance by pulling on members so as to reduce 
the reluctance of the magnetic path linking the winding. 


EXAMPLE 3-4 


The magnetic circuit shown in Fig. 3-10 is made of cast steel. The rotor is 
free to turn about a vertical axis. The dimensions are shown in the figure. 


(a) Derive an expression in SI units for the torque acting on the rotor 
in terms of the dimensions and the magnetic field in the two air gaps. Ne- 
glect the effects of fringing. 
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(b) The maximum flux density in the overlapping portions of the air 
gaps is limited to approximately 130 kilolines/in’, because of saturation in 
the steel. Compute the maximum torque in inch-pounds for r, = 1.00 in, 
h = 1.00 in, and g = 0.10 in. 


Solution 


The torque T can be obtained from the derivative of the coenergy with re- 
spect to angle 0, as discussed following Eq. 3-32. 


(a) The air-gap field intensity H,, will be used as the independent 
variable because it is related to the terminal variable i by a constant; that 
is, Ni = 2gH,,. The coenergy density is 4) H?,/2 (Eq. 3-36), and the volume 
of the two overlapping air gaps is 2gh(r, + 0.5g)@. Consequently, the coen- 
ergy is 


We = Po Hig gh(r; + 0.5g)0 


and 


Wa ag» ~ ‘3 ° 
= ð g(Hag 0) = mH? ghir, ste 0.5g) = B ggh(r, 0 5g) 


ú 
fld 30 ite 


The torque acts in a direction to align the rotor with the stator pole faces. 
(6) Convert the flux density and dimensions to SI units. 


_ 130,000 
ji 6.45 


g = 0.1(2.54 x 10°) = 0.00254 m 


x 10* x 10°° = 2.02 T 


Axial length (perpendicular 
to page)=h 


Fig. 3-10. Magnetic system of Example 3-4. 
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h = r, = 1.00(2.54 x 10°”) = 0.0254 m 
Mo = 4T x 1077 


Substitution of these numerical values gives 


T=556N-m 
= 5.56(0.738) (12) = 49.3 in - lb 


Moving-iron devices are used in a wide variety of applications for pro- 
ducing mechanical force or torque. Some of them, such as lifting magnets 
and magnetic chucks, are required merely to hold a piece of ferromagnetic 
material. Others, such as iron-core solenoids, relays, and contactors, are 
required to exert a force through a specified distance. Still others, such as 
iron-vane instruments, are required to produce a rotational torque against 
a restraining spring so that the deflection of a pointer is indicative of the 
steady-state value of the current or voltage of the circuit to which they are 
connected. With others, such as moving-iron telephone receivers and the 
electromagnets used for controlling the operation of hydraulic motors in 
servomechanisms, the force or torque should be very nearly proportional to 
an electric signal, and the dynamic response should be as rapid as possible. 
The dynamics of electromagnetically coupled systems are discussed in 
Art. 3-6. 


3-5 MULTIPLY EXCITED MAGNETIC FIELD SYSTEMS 


Many electromechanical devices have multiple sets of electric terminals. 
In measurement systems it is often desirable to obtain torques propor- 
tional to two electric signals; power as the product of voltage and current is 
a common example. Similarly, most electromechanical energy conversion 
devices consist of multiply excited magnetic field systems. 

Analysis of these systems follows directly from the techniques dis- 
cussed in previous articles. This article illustrates these techniques based 
on a system with two electric terminals. The model of a simple system with 
two sets of electric terminals and one mechanical terminal is shown in 
Fig. 3-11; in this case there is a rotating mechanical terminal with termi- 
nal variables of torque Taa and angular displacement 6. Since there are 
three terminals, the system must be described in terms of three indepen- 
dent variables; these can be the mechanical angle 0 along with the flux 
linkages \, and à, currents i, and i,, or a hybrid set including one current 
and one flux.’ 


See, for example, H. H. Woodson and J. R. Melcher, Electromechanical Dynamics, Wiley, 
New York, 1968, pt. I, chap. 3. 
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Fig. 3-11. Multiply excited magnetic energy storage system. 


When the fluxes are used, the differential energy function dWpalà1, Àg, 0) 
corresponding to Eq. 3-21 is 


dW palàis do; 8) = ly dy, + ly Ady = T na dé (3-38) 
and in direct analog to Eqs. 3-24 and 3-25 


OWaalAr, Ào, 0) 


p a ee 3-39 
li aM ( ) 
j â Waali, Ào, 0) 
Pda aaka d 3-40 
l2 TA ( ) 


06 


The energy W,, can be found by integrating Eq. 3-38. As in the singly 
excited case, this is most conveniently done by holding à; and A, fixed at zero 
and integrating first over 0; Taa is zero, and thus this integral is zero. One 
can then integrate over à, (while holding à, zero) and finally over \,. Thus 


AQ 


0 
Waalrys ao» Oo) = | L(A, = 0, Ao, 0 — Oo) dX» 


0 


Alo 
+ | i(n Ag = Ao = Odd, (3-42) 


0 


The path of integration is illustrated in Fig. 3-12 and is directly analogous 
to that of Fig. 3-6. One could, of course, interchange the order of integration 
for A, and À. It is extremely important to recognize, however, that the state 
variables are integrated over a specific path and that, for example, À; is 
maintained at zero while integrating over à, in Eq. 3-42. This is explicitly 
indicated in Eq. 3-42 and can also be seen from Fig. 3-12. Failure to observe 
this fact is one of the most common errors made in analyzing these systems. 

In a linear system, the relationships between A and i are specified in 
terms of inductances 
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6 
Fig. 3-12. Integration path to obtain Wyg(Ao, Azo, 9). 


Ay z= Lui + Loiz (3-43) 
Àg — Lai + Lois (3-44) 
where Ly = La (3-45) 


Here the inductances are, in general, functions of angular position 6. These 
equations can be inverted to obtain expressions for the i’s as a function of 
the 6’s: 


i = Looky ~~ Lire 


1 D (3-46) 
jee eu (3-47) 
where D = Ly Le — Lela (3-48) 
The energy can be found from Eq. 3-42: 
Writ» Àz 80) = | 7 muta, + | “Dnd — Dha d, ae ms 
= abun, + -pLa — Eu AipA2, (3-49) 


Similarly, when the currents are used to describe the system, the dif- 
ferential of the coenergy is 


dW ali, in, 0) = Mdi, + Aydin + Trad (3-50) 


_ AWrhaliss iz, 8) 


and Ay °F 
1 


(3-51) 


3-5 Multiply Excited Magnetic Field Systems 1 1 F 


heim OW alta to 0) (3-52) 
lg 
T = 4 Hadiu lo, 0) (3-53) 


Analogous to Eq. 3-41, the coenergy can be found 


iio 


i20 . . . 
Wilii) = | ai = Opin, Oe) dip + | Mli = ing Odi, (3-54) 
0 0 


For the linear system of Eqs. 3-43 to 3-45 
Walt, ta, 0) = Lunii F iLa? + Lizhi (3-55) 
Systems with more than two pairs of electric terminals are handled 


in analogous fashion; one independent variable is chosen for each ter- 
minal pair. 


EXAMPLE 3-5 


In the system shown in Fig. 3-13, the inductances in henrys are given as 
L,, = (3 + cos 20) x 107°; Li = 0.1 cos 0; La = 30 + 10 cos 20. Find the 
torque T',,(0) for current i; = 1 A and i, = 0.01 A. 


Solution 


Since the expression for torque is needed as a function of currents i, and i, 
rather than the flux linkages, we use the coenergy of the system as the 


Spring 


Electrical 


ours i Electrical 


source 2 


Fig. 3-13. Multiply excited magnetic system of Example 3-5. 
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state function. When the inductances are given, the coenergy of the system 
from Eq. 3-55 is 


Wha = ¿Lunii + Lilis + ¿Loi? 
The torque is given by Eq. 3-53 as 


aw; es 
r a = —1 x 10°47? sin 20 — 0.1i,i, sin 0 — 10i? sin 20 


At i, = 1 A and i, = 0.01 A, the torque is 
Ta = —2 x 10™° sin 20 — 10° sinð0 N-m 


Notice that the torque expression consists of terms of two types. One 
term is proportional to the product of the two currents and to the sine of 
the angular displacement. This torque is due to the mutual interaction be- 
tween the rotor and stator currents; it acts in a direction to align the rotor 
and stator so as to maximize the coenergy. Alternately, it can be thought of 
as being due to the tendency of two magnetic fields (in this case those of 
the rotor and stator) to align. 

The torque expression also has two terms each proportional to the sine 
of twice the angle and to the square of one of the coil currents. These terms 
correspond to the torques one sees in singly excited systems. Here the 
torque is due to the fact that the coenergy is a function of rotor position 
(corresponding to the position of the movable plunger in Art. 3-4), and 
the torque acts in a direction to align the rotor so as to maximize the coen- 
ergy. The 20 variation is due to the corresponding variation in the self- 
inductances, which in turn is due to the variation of the air-gap reluc- 
tance; notice that rotating the rotor by 180° from any given position gives 
the same air-gap reluctance (hence the twice-angle variation). This torque 
component is known as the reluctance torque. The two torque components 
(mutual and reluctance) are plotted in Fig. 3-14. 


3-6 FORCES AND TORQUES IN SYSTEMS WITH PERMANENT 
MAGNETS 


The derivations of the force and torque expressions of Arts. 3-3 through 3-5 
assume that the magnetic fields in the magnetic energy storage system 
arise only due to the electrical excitation of specific windings in the sys- 
tem. This assumption comes specifically into play in the derivation of the 
equations for the magnetic stored energy W,,. For example, the derivation 
of Eq. 3-17 depends on the fact that in Eq. 3-16 the force faa is zero when 
there is no electrical excitation in the system. A similar argument applies 
in the derivation of the coenergy expressions of Eqs. 3-33 and 3-54. 
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Angle 6 


-1x10 sin 9, 
mutual torque 


—2 x 10`? sin 29, 
reluctance torque 


Fig. 3-14. Plot of torque components for multiply excited system of Example 3-5. 


In systems with permanent magnets, this condition must be carefully 
investigated. In some cases these systems have no windings at all, their 
magnetic fields are due solely to the presence of permanent magnet mate- 
rial, and it is not possible to talk about winding fluxes and currents. In 
other cases, magnetic fields may be produced by a combination of perma- 
nent magnets and windings. 

A modification of the techniques presented in the previous articles can 
be used in systems with permanent magnets. The essence of this technique 
is to consider the system as having an additional fictitious winding acting 
upon the same portion of the magnetic circuit as does the permanent mag- 
net. Under normal operating conditions, the fictitious winding carries zero 
current. Its function is simply that of a mathematical “crutch” which can 
be used to accomplish the required analysis. The current in this winding 
can be adjusted to zero-out the magnetic fields produced by the permanent 
magnet, in order to achieve the “zero-force” starting point for the analyses 
such as that leading from Eq. 3-16 to 3-17. 

For the purpose of calculating the energy and coenergy of the system, 
this winding is treated as any other winding, with its own set of current 
and flux linkages. As a result, energy and coenergy expressions can be ob- 
tained as a function of all the winding flux linkages or currents, including 
those of the fictitious winding. However, since under normal operating con- 
ditions the current in this winding will be set equal to zero, it is useful to 
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derive the expression for the force from the system coenergy since the 
winding currents are explicitly expressed in this representation. 

Figure 3-15a shows a magnetic circuit with a permanent magnet and 
a movable plunger. To find the force on the plunger as a function of the 
plunger position, we assume that there is a fictitious winding of N; turns 
carrying a current I; wound in series with the permanent magnet, as 
shown in Fig. 3-15b. 

For this single-winding system, from Eq. 3-29 we can write the expres- 
sion for the differential in coenergy as 


AW nalis) = Apdiy + fing dx (3-56) 


where the subscript / indicates the fictitious winding. Corresponding to 
Eq. 3-32, the force in this system can be written as 


dW nalis = 0, x) 
a SE nay Mee 3-57 
fra l ) 


where the partial derivative is taken while holding i, constant and the re- 
sult is evaluated for i, = 0. 

To calculate the coenergy W palis = 0,x) in this system, it is necessary 
to integrate Eq. 3-56. Since W palis, x) is a state function, we are free to 
choose any integration path we wish. Figure 3-16 illustrates a path over 
which this integration is particularly simple. For this path we can write 
the expression for coenergy in this system as 


W aalis = 0,x) = dW ha a dW ha 


path la path 1b 


x 0 
= Í faali = Ipp $’) dx’ + Í Aplis, X) dip (3-58) 
0 Ifo 


x 
xx) 
PDF 


J 


Permanent | 
magnet 


Fictitious winding, 
N; turns 


(a) (b) 


Fig. 3-15. (a) Magnetic circuit with permanent magnet and movable plunger; (b) fictitious 
winding added. 
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Path 1a 


Path 1b 


Fig. 3-16. Integration path for calculating Wy4(/; = 0, x) in the permanent magnet system 
of Fig. 3-15. 


which corresponds directly to the analogous expression for energy found in 
Kq. 3-16. 

We begin our integration at point A in the figure. This is a very spe- 
cific point in that it corresponds to a current I, in the fictitious winding for 
which the stored energy in the system is zero and for which both the flux 
linkage ), of the winding and the force faa acting on the plunger are zero. In 
other words, the current I, is that current in the fictitious winding which 
totally counteracts the magnetic field produced by the permanent magnet. 
Because there is zero force in the system when i; = Ip, the integral over 
path la in Eq. 3-58 is zero, and Eq. 3-58 reduces to 


0 
W aalis = 0, x) = | Aplis, X) diy (3-59) 
fo 


Note that Eq. 3-59 is perfectly general and does not require either the 
permanent magnet or the magnetic material in the magnetic circuit to be 
linear. Once Eq. 3-59 has been evaluated, the force at a given plunger posi- 
tion x can be readily found from Eq. 3-57. Note also that due to the pres- 
ence of the permanent magnet, neither the coenergy nor the force is zero 
when i; is zero, which is to be expected due to the presence of the perma- 
nent magnet. 


EXAMPLE 3-6 


The magnetic circuit of Fig. 3-17 is excited by a somarium cobalt perma- 
nent magnet and includes a movable plunger. The system dimensions are 
included in the figure. Also shown is the fictitious winding of N; turns car- 
rying a current i; which does not exist in the actual system but which is in- 
cluded for the purposes of analysis. 

Find (a) an expression for the coenergy of the system as a function of 
plunger position x and (b) an expression for the force on the plunger as a 
function of x. Finally, (c) calculate the force at x = 0 and x = 0.5 cm. Ne- 
glect fringing in this calculation. 
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Fictitious 
f winding 


= 3cm 
i£ m = 2cm 
x d =2cm 
Somarium T = 0.2 cm 
cobalt Wg = 3 cm 
permanent 2 
magnet Wo =2cm 


Movable 
plunger 


Fig. 3-17. Magnetic circuit for Example 3-6. 


Solution 


(a) As seen in Fig. 1-18, over the operating range of interest in this ex- 
ample, the dc magnetization curve for somarium cobalt can be represented 
as a straight line of the form 


B,, = Mp (H m = H;) Mp H,, ji B, 
where 
ur = 1.05m, is the recoil permeability 


H; = 712 kA/m 
B, = 0.94 T 
The subscript m indicates that we are referring to quantities within the 


magnetic material. 
From Eq. 1-5 we can write 


Nyis = Had + Hx + Ago 


where the subscript g refers to the variable gap and the subscript 0 refers 
to the fixed gap. Similarly from the continuity of flux condition, Eq. 1-3, 
we can write 


B,,W,,D = B,W,D = B,W,D 


3-6 Forces and Torques in Systems with Permanent Magnets 1 2 3 


Recognizing that in the air gaps B, = oH, and By = oH, we can solve 
the above equations for B m: 


bp (Nei — H. d) 


am) 


Finally we can solve for the flux linkages À; of the fictitious winding 


B,, = 


as 


_ NeWnD er(Neir — Hid) 


ae) GF 


Thus we see that the flux linkages Ap will be zero when i, = I = H.d/ 
N,, and from Eq. 3-59 we can find the coenergy as 


= N,W,,DB,, 


N;W,,D wp(Neie — H;d) 


0 
Waa(x) = I. cdN¢ (e) (= + a) 
d+ W, 


W. W, 


W uno a 


er wl) i 


Note that the answer does not depend upon N, or Ip, which is as we would 
expect since the winding does not actually exist in this system. 

(b) Once the coenergy has been found, the force can be found from 
Eq. 3-57 as 


di; = 


W2 DB? 


faa = T. ae Pee ar 
awda + C) C Gr, t 


where we have used the fact that B, = —upH;. Notice that the force is 
negative, indicating that the force is acting in the direction to decrease x, 
that is, to pull the plunger in the direction which decreases the gap. 

(c) Finally, substitution into the force expression yields 


f= —122 N at x = 0 cm 
iai -90.7 N at x = 0.5 cm 


Clearly the method described above can be readily extended to handle 
situations in which there are both permanent magnets and current-carrying | 
windings. It should be emphasized that an alternate procedure applicable 
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to any situation with permanent magnets (with or without additional wind- 
ings) is to employ the finite-element method discussed in conjunction with 
Eq. 3-35. Using this method, the coenergy of Eq. 3-35 can be evaluated nu- 
merically at constant winding current and for varying values of displace- 
ment. In situations where magnetic circuit analysis is not applicable, use 
of the finite-element method or an equivalent numerical procedure is often 
the only way to obtain a useful result. 


3-7 DYNAMIC EQUATIONS 


We have derived expressions for the forces produced in electromechanical 
energy conversion devices as functions of the electrical variables and the 
mechanical displacement. These expressions were derived for conservative 
energy conversion systems; any losses were assigned to the electric and 
mechanical sources. These conversion devices always operate as a coupling 
means between an electric system and a mechanical system. Hence, we 
should be interested not only in how the conversion device itself operates 
but in how the complete electromechanical system operates with the con- 
version device contained within it. 

The model of a simple conversion system in Fig. 3-18 shows the basic 
system components, the details of which may vary from system to system. 
The system shown consists of three parts: an external electric system, the 
energy conversion means, and the external mechanical system. The elec- 
tric system is merely represented by a voltage source vy and resistance R; 
the source could alternatively be represented by a current source and a 
parallel conductance G. The electric equation is thus 


dà 
dt 


v = iR + (3-60) 


Electromechanical 
conversion 
means 


Fig. 3-18. Model of a singly excited electromechanical system. 
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If the flux linkage à can be expressed as \ = L(x)i, the external equation 
becomes 


ORË y oe 
vo = iR + La) ti ai 


(3-61) 


The term L(di/dt) is the self-inductance voltage term, and the term 
i(dL/dx)(dx/dt) is the speed-dependent voltage term (often called simply 
the speed voltage). The speed voltage term is common to all electromechan- 
ical energy conversion systems and is responsible for energy transfer to 
and from the mechanical system by the electrical system. For a multiply 
excited system, electric equations corresponding to Eq. 3-60 are written for 
each input pair. If the expressions for the Xs are to be expanded in terms of 
inductances, as in Eq. 3-61, both self- and mutual-inductance terms will 
be required. 

The mechanical system of Fig. 3-18 shows symbols for a spring (spring 
constant K), a damper (damping constant B), a mass M, and an external 
mechanical excitation force f}. The forces and displacement x are related 
as follows: 


Spring: fx = K(x — xo) (3-62) 
Damper: fo = p= (3-63) 
dt 
2 
Mass: fu = MS (3-64) 


where x, is the value of x with the spring unstretched and the applied me- 
chanical force f = 0. Force equilibrium thus requires that 


dx d*x 
faa = fx + fo + fu + fo = KGa - xo) + Bae + Maa + fo (3-65) 


The differential equations for the overall system of Fig. 3-18 for arbi- 
trary inputs v(t) and f(t) are 


n di. dL(x) dx 

u(t) = iR + L(x) = + e a (3-66) 
He ae 

f(t) = -M of -BT = Kx ~ x0) + frat, i) (3-67) 


The functions L(x) and faa(x, i) depend on the properties of the energy con- 
version device and are calculated as previously discussed. 
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EXAMPLE 3-7 


Figure 3-19 shows in cross section a cylindrical solenoid magnet in which 
the cylindrical plunger of mass M moves vertically in brass guide rings of 
thickness g and mean diameter d. The permeability of brass is the same as 
that of free space and is uo = 4r Xx 10°’ H/m in SI units. The plunger is 
supported by a spring whose spring constant is K. Its unstretched length is 
lọ A mechanical load force f, is applied to the plunger from the mechanical 
system connected to it, as shown in Fig. 3-19. Assume that frictional force 
is linearly proportional to the velocity and that the coefficient of friction is 
B. The coil has N turns and resistance R. Its terminal voltage is v,, and its 
current is i. The effects of magnetic leakage and reluctance of the steel are 
negligible. 


All dimensions 
in meters 


"LLL LLL 


steel shell 


Cylindrical 
steel plunger 


Applied force, f i 


Fig. 3-19. Solenoid magnet for Example 3-7. 
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Derive the dynamic equations of motion of the electromechanical sys- 
tem, i.e., the differential equations expressing the dependent variables 1 
and x in terms of v,, f,, and the given constants and dimensions. 


Solution 


We begin by expressing the inductance as a function of x. The coupling 
terms, i.e., magnetic force faa and induced emf e, can then be expressed in 
terms of x and i, and these relations substituted in the equations for the 
mechanical and electric systems. 

The reluctance of the magnetic circuit is that of the two guide rings in 
series, with the flux directed radially through them, as shown by the 
dashed flux lines ¢ in Fig. 3-19. Because g < d, the flux density in the 
guide rings is very nearly constant with respect to the radial distance. In a 
region where the flux density is constant, the reluctance is 


Length of flux path in direction of field 
(area perpendicular to field) 


The reluctance of the upper gap is 


__8 
*  pgtrxd 


in which it is assumed that the field is concentrated in the area between 
the upper end of the plunger and the lower end of the upper guide ring. 
Similarly, the reluctance of the lower gap is 


g 
orad 


The total reluctance is 


R = R, + R =~ (4 +2) EESE 
urd\a x 


Hence, the inductance is 


N? _ pradN? x p 


L = — 
R g ä+x atx 


L uomadN?’” 
E 


where b 


The magnetic force acting upward on the plunger in the positive direction 
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of x is 
+W aali, x) dL f ai” 
Sa = SC * — = tF 
foa ax gl ps zL (a +x) 
The induced emf in the coil is 
a ., di „dL dx 
e = 7, (Li) Looting 
_7, 2 di , ai dx 
or ‘oe tea“ wea a 


Substitution of the magnetic force in the differential equation of motion of 
the mechanical system (Eq. 3-67) gives 


M 2 , ai? 
f=-M Bg Ee +L a 


The voltage equation for the electric system is (from Eq. 3-66) 


i x di a dx 
= fe $ — iJ! =——— 
t = oe ne tls (a + x? dt 


These last two equations are the desired results. They are valid only as 
long as the upper end of the plunger is well within the upper guide ring, 
say, between the limits 0.la < x < 0.9a. This is the normal working range 
of the solenoid. 


3-8 ANALYTICAL TECHNIQUES 


We have described relatively simple devices in this chapter. The devices 
have one or two pairs of electric terminals and one mechanical terminal, 
which is usually constrained to incremental motion. More complicated 
devices capable of continuous energy conversion are treated in the follow- 
ing chapters. The analytical techniques discussed here apply to the simple 
devices, but the principles are applicable to the more complicated devices 
as well. 


a. Reasons for Analysis 


Some of the devices described in this chapter are used with gross motion, 
such as in relays and solenoids, where the devices operate under essen- 
tially “on” and “off” conditions. Analysis of these devices is carried out to 
determine force as a function of displacement and reaction on the electric 
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source. Such calculations have already been made in this chapter. If the 
details of the motion are required, such as the displacement as a function 
of time after the device is energized, nonlinear differential equations of the 
form of Eqs. 3-66 and 3-67 must be solved. 

Compared with gross-motion devices, other devices are used with 
small motion, as in loudspeakers, pickups, and transducers of various 
kinds, for converting electric signals to mechanical signals and vice versa. 
The relationship between the electrical and mechanical variables is made 
linear either by the design of the device or by restricting the excursion of 
the signals to a linear range. In such case the differential equations are 
linear and can be solved for transient response, frequency response, or 
equivalent-circuit representation, as required. 


b. Gross Motion 


The differential equations for a singly excited device as derived in Ex- 
ample 3-7 are of the form 
2 2 
ip; Gi d*x dx 
iIL'—— = M- + B— + — l) + , 
zL TER M2 B J Kæ- ti) +7, (3-68) 
x di L'ai dx 


= 7 =+ t — p — — 
u = otha (a + x? dt 


(3-69) 


A typical problem using these differential equations is to find the excur- 
sion x(t) when a prescribed voltage v, = V is applied at t = 0. An even sim- 
pler problem is to find the time required for the armature to move from its 
position x(0) at ¢ = 0 to a given displacement x = X when a voltage v, = V 
is applied at ¢ = 0. There is no general solution for these differential equa- 
tions; they involve products of variables x and i and their derivatives and 
are termed nonlinear. They can be solved by using numerical step-by-step 
techniques on a digital computer. Either a program can be prepared for the 
solution of the equations, or a standard library program can be called on 
and the coefficients for the particular problem inserted into that program. 

In many cases the gross-motion problem can be simplified and a solu- 
tion found by relatively simple methods. For example, when the winding of 
the device is connected to the voltage source with a relatively large resis- 
tance, the iR term dominates on the right-hand side of Eq. 3-69 compared 
with the di/dt transformer voltage term and the dx/dt velocity voltage 
term. The current i can then be assumed equal to V/R and inserted di- 
rectly into Eq. 3-68. The same assumption can be made when the winding 
is driven from a transistor which acts as a current source to the winding. 
With the assumption that i = V/R, two cases can be solved easily. 


Case 1. We can handle those devices in which the dynamic motion is gov- 
erned by damping rather than inertia, e.g., devices purposely having low 
inertia or relays having dashpots or dampers to slow down the motion. In 
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such case, the differential equation 3-68 reduces to 


2 
f(x) = L'a (¥) = Ke- 1) = Be (3-70) 


where f(x) is the difference between the force of electrical origin and the 
spring force in the device of Fig. 3-19. The velocity at any value of x is 
merely dx/dt = f(x)/B; the time ¢ to reach x = X is given by 


x 
_ | B 1 
t= | mate (3-71) 


The integration of Eq. 3-71 can be carried out analytically or graphically. 


Case 2. The dynamic motion is governed by the inertia rather than the 
damping. Where additional damping is not introduced, the inertia usually 
governs the motion. In such a case, the differential equation 3-68 reduces to 


dx 
f(x) = M-p (3-72) 
Equation 3-72 can be written in the form 
M d (dx\ 

f(x) = 2 dx (=) | (3-73) 

and the velocity v(x) at any value x is then given by 

dx 2 [ 1/2 
6 ee hy me -74 
v(x) E7 E ; f(x) ix (3-74) 


The integration of Eq. 3-74 can be carried out analytically or graphically 
to find v(x) and to find the time ¢ to reach any value of x. 


c. Linearization 


Devices characterized by nonlinear differential equations such as Eqs. 3-68 
and 3-69 will yield nonlinear responses to input signals when used as 
transducers. To obtain linear behavior, such devices must be restricted to 
small excursions of displacement and electrical quantities about an equi- 
librium position. The equilibrium position is determined either by a bias 
mmf produced by current or a permanent magnet acting against a spring 
or by a pair of windings producing mmf’s whose forces cancel at the equi- 
librium point. The equilibrium point must be stable; the transducer follow- 
ing a small disturbance should return to the equilibrium position. The 
equilibrium condition is determined with the time derivatives set to zero 
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in Eqs. 3-68 and 3-69; this occurs for 


al 
(a + X)? 
Vo = IR (3-76) 


$L' = K(X, — lo) + fio (3-75) 


where i = J) and x = X, at equilibrium. 

The incremental operation can be described by expressing the vari- 
ables as i = Iy + i A = fo + fi, Ve = Vo + vi, and x = X, + x, and cancel- 
ing the products of increments as being of second order. Equations 3-68 
and 3-69 thus become 


1 Lah + i _ dxı 
2 (a + X, + x)" dt’ dt 


+ K(X; + xy ~~ lo) + fo + hi (3-77) 


and 


L'(Xo + x) di, à L'al + i) dx, 


3-78 
a+X,+x,dt (a+X,+x} dt ( 


Vo + Uy = (Io + i)R H 


The equilibrium terms cancel, and retaining only first-order incremental 
terms yields a set of linear differential equations in terms of just the incre- 
mental variables of first order as 


L'ali, _ yi | pdt L'al 
(a + X)? =i ki Bor +|x+ 2 + X,)° xy +f, (3-79) 
vy, =F + wa E + L'alo _ d% (3-80) 


a+X,dt | (a+X,) dt 


These equations can be written in more compact form in terms of the self- 
inductance Lọ at the equilibrium point and a coefficient K, of energy con- 
version as 


; d’ dx L'al 
Kyi, = M— T +B Tt |x ee +i (3-81) 
; di dx 
vu=4hR+ Lo - Ky (3-82) 


3-9 SUMMARY 


Magnetic and electric fields are seats of energy storage. Whenever the en- 
ergy in the field is influenced by the configuration of the mechanical parts 
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constituting the boundaries of the field, mechanical forces are created 
which tend to move the mechanical elements so that energy is transmitted 
from the field to the mechanical system. 

The singly excited magnetic system is considered first in Art. 3-3. 
When the electric and mechanical loss elements are removed from the elec- 
tromechanical conversion device and combined with the external electric 
and mechanical systems, the device can be considered as a conservative 
system. Its energy is thus a state function and is described by its indepen- 
dent variables \ and x. The energy can be specified in terms of field quan- 
tities, electric circuit quantities, and magnetic circuit quantities. 

In Art. 3-4 the state function is enlarged in concept to include the co- 
energy as a function of i and x. The force of field origin acting on the mov- 
able members is derived as the partial derivative of the energy or coenergy 
expressed in the suitable independent variables, and the values of force are 
independent of the method of analysis. Article 3-6 discusses systems in 
which permanent magnets are included among the sources of the magnetic 
energy storage. 

Most rotating machinery and signal-handling transducers are built 
with multiple windings or excitation sources. The analysis is extended in 
Art. 3-5 for such magnetic field systems in terms of energy and coenergy. 
The use of self- and mutual inductances for expressing the state functions 
is introduced. 

Energy conversion devices operate between electric and mechanical 
systems. The behavior is described in Art. 3-7 by the differential equations 
which include the coupling terms between the systems. The equations are 
usually nonlinear and can be solved by computer or numerical methods if 
necessary. Usually, the solution is required for special conditions which 
can be handled as discussed in Art. 3-8. A useful condition is that for small 
signal amplitudes, where the resulting equations are linear. 

This chapter has been concerned with basic principles applying broadly 
to the electromechanical energy conversion process, with emphasis on 
magnetic field coupling. Basically, rotating machines and linear motion 
transducers work in the same way. The remainder of this text is devoted 
almost entirely to the rotating-machine aspects of electromechanical en- 
ergy conversion, both the dynamic characteristics of the machines as sys- 
tem components and their behavior under steady-state conditions. The 
rotating machine is a fairly complicated assembly of electric and magnetic 
circuits with a number of variations of machine types. For all of them, the 
electromechanical coupling terms (torque and induced voltage) can be 
found by the principles developed in this chapter. 


PROBLEMS 


3-1. The rotor of Fig. 3-20 is similar to that of Fig. 3-2 (Example 3-1) ex- 
cept that it has two coils instead of one. The rotor is nonmagnetic and is 
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Uniform magnetic field, Bol, 


Current J, 
Current I, into paper 


into paper 


Current I, 
out of paper 


Current J, 
out of paper 


Fig. 3-20. Two-coil rotor for Prob. 3-1. 


placed in a uniform magnetic field of magnitude B,. The coil sides are of 
radius R and are uniformly spaced around the rotor surface. The first coil 
is carrying a current J,, and the second coil is carrying a current J,. 
Assuming that the rotor is 0.35 m long, R = 0.15 m, and B, = 0.8 T, 
find the @-directed torque as a function of rotor position a for (a) I, = 0 A 
and J, = 5 A, (b) I, = 5 A and I, = 0A, and (c) I, = 5 A and I, = 5A. 


3-2. Calculate the magnetic stored energy in the magnetic circuit of Ex- 
ample 1-2. 


3-3. An inductor has an inductance which is found experimentally to be of 
the form 


yp = —2o_ 
1 + x/Xp 

where Lọ = 10 mH, x, = 0.015 in, and x is the displacement of a movable 

element. Its winding resistance is measured and found to equal 125 mQ. 


(a) The displacement x is held constant at 0.025 in, and the current is 
increased from 0 to 2.5 A. Find the resultant magnetic stored en- 
ergy in the inductor. 

(6) The current is then held constant at 2.5 A, and the displacement is 
increased to 0.05 in. Find the corresponding change in magnetic 
stored energy. 


3-4. Repeat Prob. 3-3, assuming that the inductor is connected to a voltage 
source which increases from 0 to 0.4 V [part (a)] and then is held constant 
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at 0.4 V [part (b)]. For both calculations, assume that all electric transients 
have decayed. 


3-5. The inductor of Prob. 3-3 is driven by a sinusoidal current source of 
the form 


u(t) = I sin wt 


where J, = 2 A and w = 1207. With the displacement held fixed at x = xo, 
calculate (a) the time-averaged magnetic stored energy (Wna) in the induc- 
tor and (b) the time-averaged power dissipated in the winding resistance. 


3-6. An inductor is made from a magnetic core with two air gaps of equal 
length gp, as shown in Fig. 3-21. 


(a) Find the inductance in terms of the core dimensions and the num- 
ber of turns. 


The applied voltage v(t) is varied linearly from 0 to V, in 2 s, after 
which it is held constant. 


(b) Calculate the magnetic stored energy in the inductor after all elec- 
tric transients have ended. 

(c) With the voltage held constant at V,, the air-gap lengths are de- 
creased from g, to gı. Again assuming that all electric transients 
have ended, calculate the resultant change in the magnetic stored 
energy. 


Movable 
element 


Cross-sectional 


Winding, N turns, 
resistance R 


Fig. 3-21. Inductor for Prob. 3-6. 
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3-7. The voltage source of Fig. 3-21 is made to vary sinusoidally in time as 
u(t) = V, cos wt 


With the air-gap lengths held fixed at gy, calculate the time-averaged mag- 
netic stored energy (W,,) in the inductor and the instantaneous and time- 
averaged output of the voltage source as a function of the winding resistance 
R. Compare with the time-averaged power dissipated in the resistor. 


3-8. An RC circuit is connected to a battery, as shown in Fig. 3-22. Switch 
S, is initially closed and is opened at time ¢ = 0. 


(a) Find the capacitor voltage v,(t) for t = 0. 

(b) What are the initial and final (t = ©) values of the stored energy in 
the capacitor? [Hint: Waa = 3(q?/C), where q = Cu,.] What is the 
energy stored in the capacitor as a function of time? 

(c) What is the power dissipated in the resistor as a function of time? 
What is the total energy dissipated in the resistor? 


Fig. 3-22. An RC circuit for Prob. 3-8. 


3-9. An RL circuit is connected to a battery, as shown in Fig. 3-23. Switch 
S, is initially closed and is opened at time ¢ = 0. 


Fig. 3-23. An RL circuit for Prob. 3-9. 
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(a) Find the inductor current i,(t) for t = 0. Hint: Note that while the 
switch is closed, the diode is reverse-biased and can be assumed to 
be an open circuit. Immediately after the switch is opened, the diode 
becomes forward-biased and can be assumed to be a short circuit. 

(b) What are the initial and final (t = ~) values of the stored energy 
in the inductor? What is the energy stored in the inductor as a 
function of time? 

(c) What is the power dissipated in the resistor as a function of time? 
What is the total energy dissipated in the resistor? 


3-10. The time constant L/R of the field winding of an 850-MVA synchro- 
nous generator is 5.5 s. At normal operating conditions, the field winding 
is known to be dissipating 2.5 MW. Calculate the corresponding magnetic 
stored energy. 


3-11. The movable element in the inductor of Fig. 3-21 is constrained to 
move such that the two air gaps must remain of equal length. 


(a) A constant current J, is applied to the winding. 
(i) Calculate the magnetic stored energy in the inductor. 
(ii) Calculate the corresponding coenergy. 
(iii) Calculate the force on the movable element. Does this force act 
in a direction to increase or decrease the air-gap length? 
(b) Repeat part (a) if the inductor voltage is held constant at V, (as- 
suming that the voltage has been applied for sufficient time that 
all electric transients have decayed). 


3-12. The inductance of a phase winding of a three-phase salient-pole mo- 
tor is measured to be of the form 


L(0) = L, + L, cos 20 


where @ is the angular position of the rotor. 


(a) How many poles are on the rotor of this motor? 

(b) Assuming that all other winding currents are zero and that this 
phase is excited by a constant current J,, find the torque T',,(9) act- 
ing on the rotor. 


3-13. The cylindrical iron-clad solenoid magnet shown in Fig. 3-24 is used 
for tripping circuit breakers, for operating valves, and in other applica- 
tions in which a relatively large force is applied to a member which moves 
a relatively short distance. When the coil current is zero, the plunger drops 
against a stop such that the gap g is 2.5 cm. When the coil is energized by 
a direct current of sufficient magnitude, the plunger is raised until it hits 
another stop set so that g is 0.5 cm. The plunger is supported so that it can 
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Cylindrical 
cast steel 
shell 


Fig. 3-24. Plunger magnet. 


move freely in the vertical direction. The radial air gap between the shell 
and the plunger can be assumed to be uniform and 0.05 cm long. For this 
problem neglect the magnetic leakage and fringing in the air gaps. The ex- 
citing coil has 1000 turns and carries a constant current of 3.0 A. If the 
mmf in the iron is neglected, compute (a) the flux densities in teslas be- 
tween the working faces of the center core and plunger for gap g of 0.50, 
1.0, and 2.5 cm; (b) the corresponding values of the energy stored in the 
magnetic field in joules; and (c) the corresponding values of the coil induc- 
tance in henrys. 


3-14. Consider the plunger magnet of Fig. 3-24. The air gap between the 
shell and the plunger can be assumed to be uniform and 0.02 cm long. 
Magnetic leakage and fringing may be neglected. The coil has 1000 turns 
and carries a constant current of 2.5 A. 


(a) If the plunger is allowed to move slowly, reducing the gap g from 
1.00 to 0.20 cm, how much mechanical work in joules will be done 
by the plunger? 

(b) For the conditions of part (a), how much energy will be supplied by 
the electric source (in excess of the power dissipated in the coil)? 


3-15. As shown in Fig. 3-25, an electromagnet is to be used to lift a 130-kg 
slab of iron. The surface roughness of the iron is such that when the iron 
and the electromagnet are in contact, there is a minimum air gap of 
0.015 cm in each leg. The coil resistance is 3 Q. Calculate the minimum 
coil voltage which must be used to lift the slab against the force of gravity. 
Neglect the reluctance of the iron. 


3-16. Data for the magnetization curve of the iron portion of the magnetic 
circuit of the plunger magnet of Prob. 3-13 are given below: 
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Winding, 
500 turns, 
3-Q resistance 


Electromagnet 
cross-section 
area = 35 cm2 


Iron slab, 130 kg 


Fig. 3-25. Electromagnet lifting an iron slab (Prob. 3-15). 


Flux, kilolines 300 450 600 720 750 780 810 825 
mmf, A - turns 60 95 150 250 305 425 600 725 


Plot magnetization curves for the complete magnetic circuit (flux in webers 
versus total mmf in ampere-turns) for (a) gap g = 2.5 cm and (b) gap g = 
0.5 cm. (c) From these curves find graphically the magnetic field energy and 
coenergy for each of the gaps in parts (a) and (b) with a 3.0-A coil current. 


3-17. An inductor is made up of a 600-turn coil on a core of 12-cm’ cross- 
sectional area and gap length 0.025 cm. The coil is connected directly to a 
120-V 60-Hz voltage source. Neglect the coil resistance and leakage induc- 
tance. Assuming the coil reluctance to be negligible, calculate the time- 
averaged force acting on the core tending to close the air gap. How would 
this force vary if the air-gap length were doubled? 


3-18. Figure 3-26 shows the general nature of the slot-leakage flux pro- 
duced by current i in a rectangular conductor embedded in a rectangular 
slot in iron. Assume that the iron reluctance is negligible and that the slot- 


Hs 


Cross section 
of conductor 
carrying 
current i 


Fig. 3-26. Conductor in a slot (Prob. 3-18). 
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leakage flux y, goes straight across the slot in the region between the top 
of the conductor and the top of the slot. 


(a) Derive an expression for the flux density B, in the region between 
the top of the conductor and the top of the slot. 

(b) Derive an expression for the slot-leakage flux g, crossing the slot 
above the conductor, in terms of the height x of the slot above the 
conductor, the slot width s, and the embedded length / perpendicu- 
lar to the paper. 

(c) Derive an expression for the force f created by this magnetic field 
on a conductor of length /. Use SI units. In what direction does this 
force act on the conductor? 

(d) Compute the force in pounds on a conductor 1.0 ft long in a slot 
1.0 in wide when the current in the conductor is 1000 A. 


3-19. A long, thin solenoid of radius r, and height h is shown in Fig. 3-27. 
The magnetic field inside such a solenoid is axially directed and essen- 
tially uniform and equal to H = Ni/h. The magnetic field outside the sole- 
noid is negligible. Calculate the radial pressure in newtons per square 
meter acting on the sides of the solenoid for constant coil current i = Ip. 


3-20. An electromechanical system in which electric energy storage is in 
electric fields can be analyzed by techniques directly analogous to those 
derived in this chapter for magnetic field systems. Consider such a system 
in which it is possible to separate the loss mechanism mathematically from 
those of energy storage in electric fields. Then the system can be repre- 
sented as in Fig. 3-28. For a single electric terminal, Eq. 3-8 applies, where 


dW... = vidt = vdq 


where v is the electric terminal voltage and q is the net charge associated 
with electric energy storage. Thus, by analogy to Eq. 3-15, 


dWrg = vdq — foa dx 


I To 
Cn atl 


N turns 4 


Fig. 3-27. Solenoid coil (Prob. 3-19). 
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Lossless electric 
energy storage 
system 


Electric Mechanical 
terminal terminal 


Fig. 3-28. Lossless electric energy storage system. 


(a) Derive an expression for the electric stored energy Waa(q, x) analo- 
gous to that for the magnetic stored energy in Eq. 3-17. 

(b) Derive an expression for the force of electric origin faa analogous to 
that of Eq. 3-25. State clearly which variable must be held con- 
stant when the derivative is taken. 

(c) By analogy to the derivation of Eqs. 3-26 to 3-33, derive an expres- 
sion for the coenergy W,,,(v,x) and the corresponding force of elec- 
tric origin. 


3-21. A capacitor (Fig. 3-29) is made of two conducting plates of area A 
separated in air by a spacing x. The terminal voltage is v, and the charge 
on the plates is g. The capacitance C, defined as the ratio of charge to volt- 
age, is 


where e is the dielectric constant of free space (in SI units e = 8.85 x 
10°” F/m). 


(a) Using the results of Prob. 3-20, calculate the energy Waa(q, x) and 
the coenergy W palu, x). 

(b) The terminals of the capacitor are connected to a source of con- 
stant voltage V. Calculate the force required to maintain the 
plates separated by a constant spacing x = 6. 


3-22. The magnetic circuit of Fig. 3-30 is similar to that of Fig. 3-21 
(Prob. 3-6) with the addition of a second winding on the movable element. 
The movable element is constrained to motion such that the lengths of 
both air gaps remain equal. 


a le a 
Q 
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Capacitance C = E 


Fig. 3-29. Capacitor plates (Prob. 3-21). 
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t+ Ay = Winding 2, 
No turns 


Movable 
element 


Cross-sectional 
area A 


Fig. 3-30. Two-winding magnetic circuit for Prob. 3-22. 


(a) Find the self-inductances of windings 1 and 2 in terms of the core 
dimensions and the number of turns. 

(6) Find the mutual inductance between the two windings. 

(c) Calculate the coenergy W pali, ig). 

(d) Find an expression for the force acting on the movable element as 
a function of the winding currents. 


3-23. Two coils, one mounted on a stator and the other on a rotor, have 
self- and mutual inductances of 


Ly, =0.25mH Lg = 0.15 mH L, = 0.10 cos 6 mH 


where @ is the angle between the axes of the coils. The coils are connected 
in series and carry a current 


i = V2I sin wt 
(a) Derive an expression for the instantaneous torque T on the rotor 


as a function of the angular position 6. 
(b) Give an expression for the time-averaged torque T, as a function 


of 8. 

(c) Compute the numerical value of T, for J = 10 A and 0 = 0° and 
90°. 

(d) Sketch three curves of T, versus 6 for currents I = 5, 7.07, and 
10 A. 


(e) A helical restraining spring which tends to hold the rotor at 6 = 
90° is now attached to the rotor. The restraining torque of the 
spring is proportional to the angular deflection from @ = 90° and is 
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0.08 N - m when the rotor is turned to 0 = 0. Show on the curves of 
part (d) how you could find the angular position of the rotor-plus- 
spring combination for coil currents J = 5, 7.07, and 10 A. Sketch a 
curve showing 0 versus J. A reasonable-looking sketch with esti- 
mated numerical values is all that is required. 


Note: This problem illustrates the principles of the dynamometer-type 
ac ammeter. 


3-24. Two windings, one mounted on a stator and the other on a rotor, 
have self- and mutual inductances of 


Lı = 2.20 H Lo = 1.00 H Li = 1.414 cos 45 H 


where 0, is the angle between the axes of the windings. The resistances of 
the windings may be neglected. Winding 2 is short-circuited, and the cur- 
rent in winding 1 as a function of time is i, = 14.14 sin wt. 


(a) If the rotor is stationary, derive an expression for the numerical 
value in newton-meters of the instantaneous torque on the rotor in 
terms of the angle 4p. 

(b) Compute the average torque in newton-meters when 0) = 45°. 

(c) If the rotor is allowed to move, will it rotate continuously or will it 
tend to come to rest? If the latter, at what value of 6)? 


3-25. A loudspeaker is made of a magnetic core of infinite permeability 
and circular symmetry, as shown in Fig. 3-31a and b. The air-gap length g 
is much less than the radius rọ of the central core. The voice coil is con- 
strained to move only in the x direction and is attached to the speaker 
cone, which is not shown in the figure. A constant radial magnetic field is 
produced in the air gap by a direct current in coil 1, i, = J,. An audio- 


Voice coil 
ro Np turns 


Voice 


N, turns 


Current directions 
=O are shown for 
positive i, 


(a) (b) 
Fig. 3-31. Loudspeaker for Prob. 3-25. 
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frequency signal i, = J, cos wt is then applied to the voice coil. Assume 
the voice coil to be of negligible thickness and composed of N, turns uni- 
formly distributed over its height h. Also assume that its displacement is 
such that it remains in the air gap (0 = x < Į — h). 


(a) Calculate the force on the voice coil, using the Lorentz law as in 
Example 3-1. 

(b) Calculate the self-inductance of each coil. 

(c) Calculate the mutual inductance between the coils. Hint: Assume 
that current is applied to the voice coil, and calculate the flux link- 
ages of coil 1. Note that these flux linkages vary with the displace- 
ment x. 

(d) Calculate the force on the voice coil from the coenergy W pa. 


3-26. Repeat Example 3-6 with the somarium cobalt magnet replaced by 
neodymium-iron-boron. 


3-27. The magnetic structure of Fig. 3-32 is a schematic view of a system 
designed to support a block of magnetic material (u — œ) of mass M 
against the force of gravity. The system includes a permanent magnet and 
a winding. Under normal conditions, the force is supplied by the perma- 
nent magnet alone. The function of the winding is to counteract the field 
produced by the winding so that the mass can be removed from the device. 
The system is designed such that the air gaps at each side of the mass re- 
main constant at length g,/2. 

Assume that the permanent magnet can be represented by a linear 
characteristic of the form 


By e Mr (H m = H.) 


Depth D into the paper 


aaa ata at ates 


"4's eee aan’ 


Permanent magnet 


Magnetic material, 
mass M 


O 
Winding, 
N turns 


| Gravity 


Fig. 3-32. Magnetic support system for Prob. 3-27. 
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and that the winding direction is such that positive winding current re- 
duces the air-gap flux produced by the permanent magnet. Neglect the ef- 
fects of magnetic fringing. 


(a) Assume the winding current to be zero. 
(i) Find the force faa acting on the mass in the x direction due to 
the permanent magnet alone as a function of x (0 = x < H). 
(ii) Find the maximum mass Mmax that can be supported against 
gravity for 0 < x = H. 
(b) For M = M max/2, find the minimum current required to ensure that 
the mass will fall out of the system when the current is applied. 


3-28. Winding 1 in the loudspeaker of Prob. 3-25 (Fig. 3-31) is replaced by 
a permanent magnet as shown in Fig. 3-33. The magnet can be repre- 
sented by the linear characteristic B,, = up(H,, — H.). 


(a) Assuming the voice coil current to be zero, (i, = 0), calculate the 
magnetic flux density in the air gap. 

(b) Calculate the flux linkage of the voice coil due to the permanent 
magnet as a function of the displacement x. 

(c) Calculate the coenergy W pa (ip, x) assuming that the voice coil cur- 
rent is sufficiently small so that the component of W pa due to the 
voice coil self inductance can be ignored. 

(d) Calculate the force on the voice coil. 


3-29. The plunger of a solenoid is connected to a spring. The spring force is 
given by f = —K,(x — 2a), where x is the air-gap length. The inductance of 
the solenoid is of the form L = L(a — x), and its winding resistance is R. 

The plunger is initially at position x = a/2 when a dc voltage of mag- 
nitude V, is applied to the solenoid. 


(a) Find an expression for the force as a function of time required to 
hold the plunger at position a/2. 


Permanent 


magnet 


OK 


Fig. 3-33. Central core of loudspeaker of Fig. 3-31 with winding 1 replaced by a permanent 
magnet (Prob. 3-28). 
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(b) If the plunger is then released and allowed to come to equilibrium, 
find the equilibrium position X. You may assume that this posi- 
tion falls in the range 0 = X; = a. 


3-30. Consider the solenoid system of Prob. 3-29. Assume the following pa- 
rameter values: 


L, = 0.6 mH/cm a=2cm R=1Q K,=0.25 N/cm 


The plunger has mass M = 0.1 kg. Assume the coil to be connected to a de 
source of magnitude 5 A. Neglect any effects of gravity. 


(a) Find the equilibrium displacement Xo. 

(b) Write the dynamic equations of motion for the system. 

(c) Linearize these dynamic equations for incremental motion of the 
system around its equilibrium position. 

(d) If the plunger is displaced by an incremental distance e from its 
equilibrium position X, and released at time ¢ = 0, find 
(i) the resultant motion of the plunger as a function of time 
(ii) the corresponding time-varying component of current induced 

across the coil terminals 


3-31. The solenoid of Prob. 3-30 is now connected to a de voltage source of 
magnitude 5 V. 


(a) Find the equilibrium displacement Xg. 

(6) Write the dynamic equations of motion for the system. 

(c) Linearize these dynamic equations for incremental motion of the 
system around its equilibrium position. 


3-32. Consider the single-coil rotor of Example 3-1. Assume the rotor 
winding to be carrying a constant current of J = 10 A and the rotor to have 
a moment of inertia J = 0.25 kg - m’. 


(a) Find the equilibrium position of the rotor. Is it stable? 

(b) Write the dynamic equations for the system. 

(c) Find the natural frequency in hertz for incremental rotor motion 
around this equilibrium position. 


3-33. Consider a solenoid magnet similar to that of Example 3-7 (Fig. 3-18) 
except that the length of the cylindrical plunger is reduced to a + h. De- 


rive the dynamic equations of motion of the system. 


3-34, The following dimensions and data apply to the solenoid magnet of 
Prob. 3-33: 


a=2cm h=6cm d=22cm g= 0.06 cm 


1 46 Electromechanical Energy Conversion Principles 


Turns N = 1200 Coil resistance R = 100 Q 
Mass of plunger M = 0.25 kg Spring constant K = 6.25 N/cm 


With i = 0, the plunger is at rest at x = 0.25 cm. The external applied 
force is zero, and friction is negligible. A voltage with a quiescent value of 
10 V is applied to the coil. 


(a) Find the quiescent operating point. Is it stable? 

(b) Linearize the dynamic equations of motion for small incremental 
changes in the applied voltage. Give numerical values for the pa- 
rameters in SI units. 


Rotating Machines: 
Basic Concepts 


The object of this chapter is to discuss the techniques and approximations 
involved in reducing a physical machine to a simple mathematical model 
and to give some simple concepts relating to the basic machine types. The 
models developed in this chapter are sufficient to illustrate the basic prin- 
ciples involved. Later chapters will refine these models into various forms 
applicable to the analysis of practical engineering situations. 


4-1 ELEMENTARY CONCEPTS 


Faraday’s law (Eq. 1-21), e = dd/dt, describes quantitatively the induction 
of voltages by a time-varying magnetic field. Electromagnetic energy con- 
version takes place when the change in flux is associated with mechanical 
motion. In rotating machines, voltages are generated in windings or 
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groups of coils by rotating these windings mechanically through a mag- 
netic field, by mechanically rotating a magnetic field past the winding, or 
by designing the magnetic circuit so that the reluctance varies with rota- 
tion of the rotor. By any of these methods the flux linking a specific coil is 
changed cyclically, and a time-varying voltage is generated. A group of 
such coils interconnected so that their generated voltages all make a posi- 
tive contribution to the desired result is called an armature winding. The 
armature of a dc machine is shown in Fig. 4-1; the armature is the rotating 
member, or rotor. Figure 4-2 shows the armature of an ac machine, in this 
case a synchronous generator. Here the armature is the stationary mem- 
ber, or stator. 

In general, these coils are wound on iron cores. This is done to maxi- 
mize the coupling between the coils, to increase the magnetic energy den- 
sity associated with the electromechanical interaction, and to shape and 
distribute the magnetic fields according to the requirements of each par- 
ticular machine design. Because the armature iron is subjected to a time- 
varying magnetic flux, eddy currents will be induced in it. To minimize 
this eddy-current loss, the armature iron is built up of thin laminations, as 
illustrated in Fig. 4-3 for the armature of an ac machine. The magnetic cir- 


Fig. 4-1. Armature of a dc motor. (General Electric Company. ) 
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Fig. 4-2. Stator of a 190-MVA three-phase 12-kV 375-r/min hydroelectric generator. The 
conductors have hollow passages through which cooling water is circulated. (Brown Boveri 
Corporation.) 


cuit is completed through the iron of the other machine member, and exci- 
tation coils, or field windings, may be placed on that member to act as the 
primary source of flux. Permanent magnets may be used in small ma- 
chines, and developments in permanent magnet technology are resulting 


Fig. 4-3. Partially completed stator core for an ac motor. (Westinghouse Electric Corpora- 
tion.) 
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in their use in larger machines. In variable reluctance machines, there are 
no windings on the rotor, and operation depends on the nonuniformity of 
air-gap reluctance associated with variations in rotor position. 

Rotating electric machines take many forms and are known by many 
names—dc, synchronous, permanent magnet, induction, variable reluc- 
tance, hysteresis, etc. Although these machines appear to be quite dissimi- 
lar and require a variety of analytical techniques, the physical principles 
governing their behavior are quite similar, and in fact these machines can 
often be explained from the same physical picture. For example, analysis 
of a de machine shows that associated with both the rotor and the stator 
are magnetic flux distributions which are fixed in space and that the 
torque-producing characteristic of the de machine stems from the tendency 
of these flux distributions to align. An induction machine, in spite of many 
fundamental differences, works on exactly the same principle; one can 
identify flux distributions associated with the rotor and stator, which ro- 
tate in synchronism and which are separated by some torque-producing 
angular displacement. 

Although mathematical analytical techniques and models are essen- 
tial to the analysis of electric machines, physical insight is a very useful 
engineering tool for the analysis and application of these devices. One ob- 
ject of this and subsequent chapters is to guide the reader in the develop- 
ment of such insight. 


4-2 INTRODUCTION TO AC AND DC MACHINES 


a. Elementary Synchronous Machines 


Preliminary ideas of generator action can be gained by discussing the 
armature-induced voltage in the very much simplified ac synchronous gen- 
erator shown in Fig. 4-4. With rare exceptions, the armature winding of a 
synchronous machine is on the stator, and the field winding is on the rotor, 
as in Fig. 4-4. The field winding is excited by direct current conducted to it 
by means of carbon brushes bearing on slip rings or collector rings. Con- 
structional factors usually dictate this orientation of the two windings: it is 
advantageous to have the low-power field winding on the rotor. The arma- 
ture winding, consisting here of a single coil of N turns, is indicated in 
cross section by the two coil sides a and —a placed in diametrically oppo- 
site narrow slots on the inner periphery of the stator of Fig. 4-4. The con- 
ductors forming these coil sides are parallel to the shaft of the machine 
and are connected in series by end connections (not shown in the figure). 
The rotor is turned at a constant speed by a source of mechanical power 
connected to its shaft. Flux paths are shown schematically by dashed lines 
in Fig. 4-4. 

An idealized radial distribution of the air-gap flux density B is shown 
in Fig. 4-5a as a function of the space angle 0 around the air-gap periphery. 
The flux-density wave of practical machines can be made to approximate a 
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Fig. 4-4. Elementary synchronous generator. 


sinusoidal distribution by properly shaping the pole faces. As the rotor re- 
volves, the flux waveform sweeps by the coil sides a and —a. The resulting 
coil voltage (Fig. 4-55) is a time function having the same waveform as the 
spatial distribution of B. The coil voltage passes through a complete cycle 
of values for each revolution of the two-pole machine of Fig. 4-4. Its fre- 
quency in cycles per second (hertz) is the same as the speed of the rotor in 
revolutions per second; i.e., the electric frequency is synchronized with the 
mechanical speed, and this is the reason for the designation synchronous 
machine. Thus a two-pole synchronous machine must revolve at 3600 r/ 
min to produce a 60-Hz voltage. 

A great many synchronous machines have more than two poles. As a 
specific example, Fig. 4-6 shows an elementary four-pole single-phase alter- 
nator. The field coils are connected so that the poles are of alternate polar- 
ity. There are two complete wavelengths or cycles in the flux distribution 
around the periphery, as shown in Fig. 4-7. The armature winding now 
consists of two coils a,, —a, and a,, —a, connected in series by their end 
connections. The span of each coil is ¢ wavelength of flux. The generated 
voltage now goes through two complete cycles per revolution of the rotor. 
The frequency fin hertz then is twice the speed in revolutions per second. 


B e 


(a) (b) 


Fig. 4-5. (a) Space distribution of flux density and (b) corresponding waveform of the gener- 
ated voltage. 
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Fig. 4-6. Elementary four-pole synchronous generator. 


When a machine has more than two poles, it is convenient to concen- 
trate on a single pair of poles and to recognize that the electric, magnetic, 
and mechanical conditions associated with every other pole pair are repeti- 
tions of those for the pair under consideration. For this reason it is conve- 
nient to express angles in electrical degrees or electrical radians rather 
than in mechanical units. One pair of poles in a P-pole machine or one 
cycle of flux distribution equals 360 electrical degrees or 27 electrical radi- 
ans. Since there are P/2 complete wavelengths or cycles in one complete 
revolution, it follows that 


6 = = Om (4-1) 


where @ is the angle in electrical units and 0, is the mechanical angle. The 
coil voltage of a P-pole machine passes through a complete cycle every 
time a pair of poles sweeps by, or P/2 times each revolution. The frequency 
of the voltage wave is therefore 
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Fig. 4-7. Space distribution of flux density in a four-pole synchronous generator. 
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Pn 
2 


60 Hz (4-2) 


f= 


where n is the mechanical speed in revolutions per minute and n/60 is the 
speed in revolutions per second. The frequency w of the voltage wave in ra- 
dians per second is 


wW = =O, (4-3) 


where w,, is the mechanical speed in radians per second. 

The rotors shown in Figs. 4-4 and 4-6 have salient, or projecting, poles 
with concentrated windings. Figure 4-8 shows diagrammatically a non- 
salient-pole, or cylindrical, rotor. The field winding is a distributed wind- 
ing placed in slots and arranged to produce an approximately sinusoidal 
two-pole field. The reason that some synchronous generators have salient- 
pole rotor structures and others have cylindrical rotors can be appreciated 
with the help of Eq. 4-2. Most power systems in the United States operate 
at a frequency of 60 Hz. A salient-pole construction is characteristic of hy- 
droelectric generators because hydraulic turbines operate at relatively low 
speeds and a relatively large number of poles are required to produce the 
desired frequency; the salient-pole construction is better adapted mechani- 
cally to this situation. The rotor of a large hydroelectric generator is shown 
in Fig. 4-9. Steam turbines and gas turbines, however, operate best at rela- 
tively high speeds, and turbine-driven alternators or turbine generators 
are commonly two- or four-pole cylindrical-rotor machines. The rotors are 
made from a single steel forging or from several forgings, as shown in 
Figs. 4-10 and 4-11. 


Fig. 4-8. Elementary two-pole cylindrical-rotor field winding. 
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Fig. 4-9. Water-cooled rotor of the 190-MVA hydroelectric generator whose stator is shown 
in Fig. 4-2. (Brown Boveri Corporation.) 


With very few exceptions, synchronous generators are three-phase ma- 
chines because of advantages of three-phase systems for generation, trans- 
mission, and heavy-power utilization. For the production of a set of three 
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Fig. 4-10. Rotor of a two-pole 3600 r/min turbine generator. (Westinghouse Electric Corpo- 
ration.) 
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Fig. 4-11. Parts of multipiece rotor for a 1333-MVA three-phase 1800 r/min turbine genera- 
tor. The separate forgings will be shrunk on the shaft before final machining and milling slots 
for the windings. The total weight of the rotor is 435,000 Ib. (Brown Boveri Corporation.) 


voltages phase-displaced by 120 electrical degrees in time, it follows that a 
minimum of three coils phase-displaced 120 electrical degrees in space 
must be used. An elementary three-phase two-pole machine with one coil 
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per phase is shown in Fig. 4-12a. The three phases are designated by the 
letters a, b, and c. In an elementary four-pole machine, a minimum of two 
such sets of coils must be used, as illustrated in Fig. 4-126; in an elemen- 
tary P-pole machine, P/2 such sets must be used. The two coils in each 
phase of Fig. 4-126 are connected in series so that their voltages add, and 
the three phases may then be either Y- or A-connected. Figure 4-12c shows 
how the coils may be interconnected to form a Y connection. 

When a synchronous generator supplies electric power to a load, the 
armature current creates a magnetic flux wave in the air gap which ro- 
tates at synchronous speed, as shown in Art. 4-5. This flux reacts with the 
flux created by the field current, and electromagnetic torque results from 
the tendency of these two magnetic fields to align. In a generator this 
torque opposes rotation, and mechanical torque must be applied from the 
prime mover to sustain rotation. This electromagnetic torque is the mecha- 
nism through which the synchronous generator converts mechanical to 
electric energy. 


Fig. 4-12. Elementary three-phase generators: (a) two-pole, (b) four-pole, and (c) Y connec- 
tion of the windings. 
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The counterpart of the synchronous generator is the synchronous 
motor. A cutaway view of a three-phase 60-Hz synchronous motor is shown 
in Fig. 4-13. Alternating current is supplied to the armature winding (usu- 
ally the stator), and de excitation is supplied to the field winding (usually 
the rotor). The magnetic field of the armature currents rotates at synchro- 
nous speed. To produce a steady electromagnetic torque, the magnetic 
fields of the stator and rotor must be constant in amplitude and stationary 
with respect to each other. In a synchronous motor, the steady-state speed 
is determined by the number of poles and the frequency of the armature 
current, exactly as in Eq. 4-2 or 4-3 for a synchronous generator. Thus a 
synchronous motor operated from a constant-frequency ac source must run 
at a constant steady-state speed. 

In a motor the electromagnetic torque is in the direction of rotation 
and balances the opposing torque required to drive the mechanical load. 
The flux produced by currents in the armature of a synchronous motor 
rotates ahead of that produced by the field, thus pulling on the field and 
doing work. This is the opposite of the situation in a synchronous genera- 


Fig. 4-13. Cutaway view of a high-speed synchronous motor. The excitor shown on the left 
end of the rotor is a small ac generator with a rotating semiconductor rectifier assembly. 
(General Electric Company.) 


1 5 8 Rotating Machines: Basic Concepts 


tor, where the field does work as its flux pulls on that of the armature, 
which is lagging behind. In both generators and motors, an electromag- 
netic torque and a rotational voltage are produced. These are the essential 
phenomena for electromechanical energy conversion. 


b. Elementary Induction Machines 


A second type of ac machine is the induction machine, in which there are 
alternating currents in both the stator and rotor windings. The most com- 
mon example is the induction motor, in which alternating current is sup- 
plied directly to the stator and by induction, i.e., transformer action, to the 
rotor. The induction machine may be regarded as a generalized transformer 
in which electric power is transformed between rotor and stator together 
with a change of frequency and a flow of mechanical power. Although the 
induction motor is the most common of all motors, it is seldom used as a 
generator; its performance characteristics as a generator are unsatisfac- 
tory for most applications. The induction machine may also be used as a 
frequency changer. 

In the induction motor, the stator winding is essentially the same as 
that of a synchronous machine. However, the rotor winding is electrically 
short-circuited and frequently has no external connections; currents are in- 
duced in it by transformer action from the stator winding. A cutaway view 
of a squirrel-cage induction motor is shown in Fig. 4-14. Here the rotor 
“windings” are actually solid aluminum bars which are cast into the slots 
in the rotor and which are short-circuited together by cast aluminum rings 
at each end of the rotor. This type of rotor construction results in induction 


Fig. 4-14. Cutaway view of a squirrel-cage induction motor. (Westinghouse Electric Corpora- 
tion.) 
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motors which are relatively inexpensive and highly reliable, factors con- 
tributing to their immense popularity and widespread application. 

As in a synchronous motor, the armature flux in the induction motor 
leads that of the rotor and produces an electromagnetic torque. It is essen- 
tial to recognize that the rotor and stator fluxes rotate in synchronism 
with each other and that this torque is related to the relative displacement 
between them. However, unlike a synchronous machine, the rotor does not 
itself rotate synchronously; it is the slipping of the rotor through the syn- 
chronous armature flux that gives rise to the induced rotor currents and 
hence the torque. An induction motor operates at some speed less than the 
synchronous mechanical speed of Eq. 4-3. A typical speed-torque character- 
istic for an induction motor is shown in Fig. 4-15. 


c. Elementary DC Machines 


The armature winding of a de generator is on the rotor with current con- 
ducted from it by means of carbon brushes. The field winding is on the sta- 
tor and is excited by direct current. A cutaway view of a de motor is shown 
in Fig. 4-16. 

A very elementary two-pole de generator is shown in Fig. 4-17. The ar- 
mature winding, consisting of a single coil of N turns, is indicated by the 
two coil sides a and —a placed at diametrically opposite points on the rotor 
with the conductors parallel to the shaft. The rotor is normally turned at a 
constant speed by a source of mechanical power connected to the shaft. The 
air-gap flux distribution usually approximates a flat-topped wave, rather 
than the sine wave found in ac machines, and is shown in Fig. 4-18a. Rota- 
tion of the coil generates a coil voltage which is a time function having the 
same waveform as the spatial flux-density distribution. 

Although the ultimate purpose is the generation of a direct voltage, 
the voltage induced in an individual armature coil is an alternating volt- 
age, which must therefore be rectified. Rectification is sometimes provided 
externally, e.g., by semiconductor rectifiers. The machine then is an ac 
generator plus external rectifiers. In the conventional de machine, rectifi- 
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Fig. 4-15. Typical induction-motor speed-torque characteristic. 
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Fig. 4-16. Cutaway view of a typical integral-horsepower dc motor. (General Electric Com- 
pany.) 


cation is provided mechanically by means of a commutator, which is a cyl- 
inder formed of copper segments insulated from each other by mica and 
mounted on, but insulated from, the rotor shaft. Stationary carbon brushes 
held against the commutator surface connect the winding to the external 
armature terminals. The commutator and brushes can readily be seen in 
Fig. 4-16. The need for commutation is the reason why the armature wind- 
ings of dc machines are placed on the rotor. 


Armature 


Rotation 


Copper 
commutator 
segments 


Fig. 4-17. Elementary dc machine with commutator. 
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Fig. 4-18. (a) Space distribution of air-gap flux density in an elementary dc machine; 
(b) waveform of voltage between brushes. 


For the elementary dc generator, the commutator takes the form 
shown in Fig. 4-17. For the direction of rotation shown, the commutator at 
all times connects the coil side which is under the south pole to the positive 
brush and that under the north pole to the negative brush. The commuta- 
tor provides full-wave rectification, transforming the voltage waveform be- 
tween brushes to that of Fig. 4-18b and making available a unidirectional 
voltage to the external circuit. The de machine of Fig. 4-17 is, of course, 
simplified to the point of being unrealistic in the practical sense, and later 
it will be essential to examine the action of more realistic commutators. 

The effect of direct current in the field winding of a de machine is to 
create a magnetic flux distribution which is stationary with respect to the 
stator. Similarly, the effect of the commutator is such that when direct cur- 
rent flows through the brushes, the armature creates a magnetic flux dis- 
tribution which is also fixed in space and whose axis, determined by the 
design of the machine and the position of the brushes, is typically perpen- 
dicular to the axis of the field flux. Just as in the ac machines discussed 
previously, it is the interaction of these two flux distributions that creates 
the torque of the dec machine. If the machine is acting as a generator, this 
torque opposes rotation. If it is acting as a motor, the electromagnetic 
torque acts in the direction of the rotation. Remarks similar to those al- 
ready made concerning the roles played by the generated voltage and elec- 
tromagnetic torque in the energy conversion process in synchronous 
machines apply equally well to de machines. 
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4-3 MMF OF DISTRIBUTED WINDINGS 


Most armatures have distributed windings, i.e., windings which are spread 
over a number of slots around the air-gap periphery, as in Figs. 4-1 and 4-2. 
The individual coils are interconnected so that the result is a magnetic 
field having the same number of poles as the field winding. 

The study of the magnetic fields of distributed windings can be ap- 
proached by study of the magnetic field of the single N-turn coil which 
spans 180 electrical degrees and is defined as a full-pitch coil, as shown in 
Fig. 4-19a. The dots and crosses indicate current toward and away from the 
reader, respectively. For simplicity, a concentric cylindrical rotor is shown. 
The general nature of the magnetic field produced by the current in the 
coil is shown by the dashed lines in Fig. 4-19a. Since the permeability of 
the armature and field iron is much greater than that of air, it is suffi- 
ciently accurate for our present purposes to assume that all the reluctance 
of the magnetic circuit is in the two air gaps. From symmetry of the struc- 
ture it is evident that the magnetic field intensity H in the air gap at 
angle 0 under one pole is the same in magnitude as that at 0 + m under 
the opposite pole, but the fields are in the opposite direction. 

As discussed in Art. 1-1, the mmf F of any closed path in a magnetic 
circuit is defined by Eq. 1-5 as the net ampere-turns Ni enclosed by that 
path. The usefulness of the concept of mmf stems from the fact that in 
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Fig. 4-19. The mmf of a concentrated full-pitch coil. 
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well-defined magnetic circuits mmf can be associated with various portions 
of a path in such a fashion that it is related by some simple geometric 
coefficient to the magnetic field intensity which exists over that portion of 
the path. 

Around any of the closed paths shown by the flux lines in Fig. 4-19a 
the mmf is Ni. The assumption that all the reluctance of this magnetic cir- 
cuit is in the air gap leads to the result that the line integral of H inside 
the iron is negligibly small, and thus it is reasonable to neglect the mmf 
drops associated with portions of the magnetic circuit inside the iron. Sym- 
metry has shown that the air-gap H fields on opposite sides of the rotor are 
equal in magnitude but opposite in direction. It follows that the air-gap 
mmf should be similarly distributed. 

Figure 4-196 shows the air gap and winding in developed form, i.e., 
laid out flat. The air-gap mmf distribution is shown by the steplike distri- 
bution of amplitude +Ni/2. On the assumption of narrow slot openings, 
the mmf jumps abruptly by Ni in crossing from one side to the other of a 
coil. This mmf distribution is discussed again in Art. 4-4, where the resul- 
tant magnetic fields are evaluated. 


a. AC Machines 


In the design of ac machines, serious efforts are made to distribute the 
winding so as to produce a close approximation to a sinusoidal space distri- 
bution of mmf. We focus attention on the fundamental component. 

The rectangular mmf wave of the concentrated full-pitch coil of Fig. 4- 
19b can be resolved into a Fourier series comprising a fundamental compo- 
nent and a series of odd harmonics. The fundamental component F, is 


Fix =o cos 0 (4-4) 
Tm 2 


where @ is measured from the magnetic axis of the stator coil, as shown by 
the dashed sinusoid in Fig. 4-19. It is a sinusoidal space wave of amplitude 
aba (4-5) 
wT 2 


Fs wiak - 


with its peak aligned with the magnetic axis of the coil. 

Now consider the effect of distributing a winding in several slots. For 
example, Fig. 4-20a shows phase a of the armature winding of a somewhat 
simplified two-pole three-phase ac machine. Phases b and c occupy the 
empty slots. The windings of the three phases are identical and are located 
with their magnetic axes 120 electrical degrees apart. We direct attention 
to the mmf of phase a alone, postponing the discussion of the effects of all 
three phases until Art. 4-5. The winding is arranged in two layers, each 
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Fig. 4-20. The mmf of one phase of a distributed two-pole three-phase winding with full-pitch 
coils. 


coil of n, turns having one side in the top of a slot and the other coil side in 
the bottom of a slot a pole pitch away. The two-layer arrangement simpli- 
fies the geometric problem of getting the end turns of the individual coils 
past each other. 

Figure 4-20b shows one pole of this winding laid out flat. The mmf wave 
is a series of steps each of height 2n,„i, equal to the ampere-conductors in 
the slot, where i, is the winding current. Its space-fundamental component 
is shown by the sinusoid. It can be seen that the distributed winding pro- 
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duces a closer approximation to a sinusoidal mmf wave than the concen- 
trated coil of Fig. 4-19. 

The resultant fundamental mmf wave of a distributed winding is less 
than the sum of the fundamental components of the individual coils be- 
cause the magnetic axes of the individual coils are not aligned with the re- 
sultant. The modified form of Eq. 4-4 for a distributed P-pole winding 
having N,» series turns per phase is 


4 


Fa = ka i, cos 0 (4-6) 


in which the factor 4/7 arises from the Fourier-series analysis of the saw- 
tooth mmf wave of a concentrated full-pitch coil, as in Eq. 4-4, and the 
winding factor k,, takes into account the distribution of the winding. The 
factor k,,.N,, is the effective series turns per phase for the fundamental 
mmf. (See Appendix B for details.) Through the use of fractional-pitch coils 
and other artifices the effects of space harmonics in ac machines can be 
made small. 

Equation 4-6 describes the space-fundamental component of the mmf 
wave produced by current in phase a. It is equal to the mmf wave produced 
by a finely divided sinusoidally distributed current sheet placed on the inner 
periphery of the stator, as shown by the sine wave labeled “Current sheet” 
in Fig. 4-206. This component of the mmf is a standing wave whose spatial 
distribution around the periphery is described by cos 0. Its peak is along 
the magnetic axis of phase a, and its peak amplitude is proportional to the 
instantaneous current i,. Accordingly, if the current i, = I„ cos wt, the time 
maximum of the peak is 


4. Non 


F sass - kup In (4-7) 


T 
In Art. 4-5 we study the effect of currents in all three phases. 

In a directly analogous fashion, rotor windings are often distributed in 
slots to reduce the effects of space harmonics. Figure 4-21a shows the rotor 
of a typical two-pole round-rotor generator. Although the winding is sym- 
metric with respect to the rotor axis, the number of turns per slot can be 
varied to control the various harmonics. In Fig. 4-21b there are fewer 
turns in the slots nearest the pole face. In addition, the designer can vary 
the spacing of the slots. As for distributed armature windings, the fun- 
damental mmf wave of a P-pole rotor winding F, can be expressed in 
terms of the total number of turns N,, the winding current I,„, and a wind- 
ing factor k, as 


Fa = —k,—I, cos 6 (4-8) 
T 
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Fig. 4-21. The mmf of a distributed winding on the rotor of a round-rotor generator. 


Its peak amplitude is 


F sits = - ike (4-9) 
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b. DC Machines 


Because of the restrictions imposed on the winding arrangement by the 
commutator, the mmf wave of a dc machine armature approximates a saw- 
tooth waveform more nearly than the sine wave of ac machines. For ex- 
ample, Fig. 4-22 shows diagrammatically in cross section the armature of a 
two-pole de machine. (In practice a larger number of slots would probably 
be used.) The current directions are shown by dots and crosses. The arma- 
ture winding is equivalent to a coil wrapped around the armature and pro- 
ducing a magnetic field whose axis is vertical. As the armature rotates, 
the coil connections to the external circuit are changed through commuta- 
tor action, so that the magnetic field of the armature is always perpendicu- 
lar to that of the field winding and a continuous unidirectional torque 
results. Commutator action is described in Art. 9-2. 

Figure 4-23a shows this winding laid out flat. The mmf wave is shown 
in Fig. 4-236. On the assumption of narrow slots, it consists of a series of 
steps. The height of each step equals the number of ampere-conductors 
2n,i, in a slot, where n, is the number of turns in each coil and i, is the coil 
current, with a two-layer winding and full-pitch coils being assumed. The 
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Fig. 4-22. Cross section of a two-pole dc machine. 
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Fig. 4-23. (a) Developed sketch of the dc machine of Fig. 4-22; (b) mmf wave; (c) equivalent 
sawtooth mmf wave, its fundamental component, and equivalent rectangular current sheet. 


peak value of the mmf wave is along the magnetic axis of the armature, 
midway between the field poles. This winding is equivalent to a coil of 
12n,i, A: turns distributed around the armature. On the assumption of 
symmetry at each pole, the peak value of the mmf wave at each armature 
pole is 6n,i, A - turns. 

This mmf wave can be represented approximately by the sawtooth 
wave drawn in Fig. 4-236 and repeated in Fig. 4-23c. For a more realistic 
winding with a larger number of armature slots per pole, the triangular 
distribution becomes a close approximation. It is the exact equivalent of 
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the mmf wave of a uniformly distributed current sheet wrapped around the 
armature and carrying current in the dot and cross directions, as shown by 
the rectangular space distribution of current density in Fig. 4-23c. 

For our preliminary study, it is convenient to resolve the mmf waves 
of distributed windings into a Fourier series. The fundamental component 
of the sawtooth mmf wave of Fig. 4-23c is shown by the sine wave. Its peak 
value is 8/7” = 0.81 times the height of the sawtooth wave. The fun- 
damental mmf wave is the exact equivalent of the mmf wave of a sinu- 
soidally distributed current sheet wrapped around the armature whose 
peak value equals the fundamental component of the rectangular current 
sheet of Fig. 4-23c. This sinusoidally distributed current sheet is shown 
dashed in Fig. 4-238c. 

Note that the mmf wave depends on only the winding arrangement and 
symmetry of the magnetic structure at each pole. The flux-density wave, 
however, depends not only on the mmf but also on the magnetic boundary 
conditions, primarily the length of the air gap, the effect of the slot open- 
ings, and the shape of the pole face. The designer takes these effects into 
account by means of detailed analyses, but these details need not concern 
us here. 

Machines often have a magnetic structure with more than two poles. 
For example, Fig. 4-24a shows schematically a four-pole de machine. The 
field winding produces alternate north-south-north-south polarity, and the 
armature conductors are distributed in four belts of slots carrying currents 
alternately toward and away from the reader, as symbolized by the cross- 
hatched areas. This machine is shown in laid-out form in Fig. 4-246. The 
corresponding sawtooth armature-mmf wave is also shown. On the as- 
sumption of symmetry of the winding and field poles, each successive pair 
of poles is like every other pair of poles. Magnetic conditions in the air gap 
can then be determined by examining any pair of adjacent poles, that is, 
360 electrical degrees. 


Fig. 4-24. (a) Cross section of a four-pole dc machine; (b) development of current sheet and 
mmf wave. 
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The peak value of the sawtooth armature-mmf wave is 


1 C; 
F,= 3 Ci A - turns/pole (4-10) 


a la 
m 


where C, = total number of conductors in armature winding 
P = number of poles 
i, = armature current 
m = number of parallel paths through armature winding 


Thus i,/m is the current in each conductor. This equation comes directly 
from the line integral around the dotted closed path in Fig. 4-246 which 
crosses the air gap twice and encloses C,/P conductors, each carrying cur- 
rent i,/m in the same direction. In more compact form, 


i, = ci (4-11) 


where N, = C,/(2m) is the number of series armature turns. From the 
Fourier series for the sawtooth mmf wave of Fig. 4-24b, the peak value of 
the space fundamental is 


(4-12) 


We base our preliminary investigations of both ac and de machines on 
the assumption of sinusoidal space distributions of mmf. This model will be 
found to give very satisfactory results for most problems involving ac ma- 
chines because their windings can be distributed so as to minimize the ef- 
fects of harmonics. Because of the restrictions placed on the winding 
arrangement by the commutator, the mmf waves of dec machines inher- 
ently approach more nearly a sawtooth waveform. Nevertheless, the the- 
ory based on a sinusoidal model brings out the essential features of dc 
machine theory. The results can readily be modified whenever necessary to 
account for any significant discrepancies. 

We shall also use a two-pole machine as our mathematical model. The 
results can immediately be extrapolated to a P-pole machine when it is re- 
called that electrical angles 6 and electrical angular velocities w are related 
to mechanical angles @,, and mechanical angular velocities w,, through 
Eqs. 4-1 and 4-3. 

For a preliminary study we further simplify our model by assuming 
that the stator and rotor air-gap surfaces are smooth, concentric cylinders. 
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4-4 MAGNETIC FIELDS IN ROTATING MACHINERY 


The behavior of electric machinery is determined by the magnetic fields 
created by currents in the various windings of the machine. This section 
discusses how these magnetic fields and currents are related. 


a. Machines with Uniform Air Gaps 


Figure 4-25a shows a single full-pitch N-turn coil in a magnetic structure 
with a concentric cylindrical rotor. The mmf of this configuration is shown 
in Fig. 4-256. For such a structure, with a uniform air gap of length g at 
radius r, (very much larger than g), it is quite accurate to assume that the 
magnetic field H in the air gap is directed only radially and has constant 
magnitude across the air gap. 

As discussed in Art. 4-3, the mmf distribution of Fig. 4-255 is equal to 
the line integral of H across the air gap. For this case of constant radial H, 
this integral is simply equal to the product of the radial magnetic field H 
times the air-gap length g, and thus H can be found simply by dividing the 
mmf by the air-gap length: 


fas (4-13) 
g 


In Fig. 4-25c the radial H field and mmf are identical in form, simply re- 
lated by a factor of 1/g. 

The fundamental space-harmonic component of H can be found di- 
rectly from the fundamental component F., given by Eq. 4-4, 


H., = OS ay ee cos 0 (4-14) 
§ 7 2g 


It is a sinusoidal space wave of amplitude 


4 Ni 
A, peck = p = (4-15) 


For a distributed winding such as that of Fig. 4-20, the air-gap mag- 
netic field intensity is easily found once the mmf is known. Thus the fun- 
damental component of H can be found from Eq. 4-6 


Ha =—k Pei cos 0 (4-16) 
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Fig. 4-25. The mmf and H field of a concentrated full-pitch winding. 


where Nph 
0 


kw 


= number of series turns per phase 

electrical angle measured with respect to magnetic axis 
of the winding 

winding factor 


and the equation has been written for the general case of a P-pole machine. 
It is useful to notice that the space-fundamental mmf and H produced by a 
distributed winding of winding factor k,, and N,,,/P series turns per pole 
produce the same fundamental mmf and H as a single full-pitch winding 
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of k,,N,,/P turns per pole. In the analysis of machines with distributed 
windings, this result is useful since in considering space-fundamental 
quantities it permits the distributed solution to be obtained from the single 
N-turn full-pitch coil solution simply by replacing N by the effective num- 
ber of turns of the distributed winding. 


b. Machines with Nonuniform Air Gaps 


Figure 4-26a shows the structure of a typical de machine, and Fig. 4-26b 
shows the structure of a typical salient-pole synchronous machine. Both 
machines consist of magnetic structures with extremely nonuniform air 
gaps. In such cases the magnetic fields are somewhat more complex than 
for a uniform air gap. In fact, the effect of slots, which clearly violate the 
assumption of an absolutely uniform air gap, may be significant enough in 
some cases to require modification of the uniform-air-gap results. 

Detailed analysis of the magnetic field distributions in such complex 
situations requires complete solutions of the field problem. For example, 
Fig. 4-27 shows the magnetic field distribution in a salient-pole de genera- 
tor (obtained by a digital-computer—based finite-element solution). How- 
ever, experience has shown that through various simplifying assumptions, 
analytical techniques which yield reasonably accurate results can be de- 
veloped. These techniques are illustrated in later chapters, where the ef- 
fects of saliency on both de and ac machines are discussed. 


4-5 ROTATING MMF WAVES IN AC MACHINES 


To understand the theory and operation of polyphase ac machines, it is 
necessary to study the nature of the mmf wave produced by a polyphase 


Fig. 4-26. Structure of typical salient-pole machines: (a) dc machine and (b) salient-pole 
synchronous machine. 
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Fig. 4-27. Finite-element solution of the magnetic field distribution in a salient-pole dc gen- 
erator. Field coils excited; no current in armature coils. (General Electric Company.) 


winding. Attention will be focused on a two-pole machine or one pair of a 
P-pole winding. To develop insight into the polyphase situation, it is help- 
ful to begin with an analysis of a single-phase winding. 


a. Single-Phase Winding 


Figure 4-28a shows the space-fundamental mmf distribution of a single- 
phase winding, where, from Eq. 4-8, 


Noh 5 cos 0 (4-17) 
When this winding is excited by a sinusoidally varying current in time 

i, = I, cos wt (4-18) 
the mmf distribution is given by 


Fay = (Fmax COS 0) cos wt (4-19) 


Equation 4-19 has been written in a form to emphasize the fact that the re- 
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Fig. 4-28. Single-phase-winding fundamental mmf: (a) mmf distribution of a single-phase 


winding at various times; (b) total mmf F,, decomposed into two traveling waves F* and F~; 
(c) phasor decomposition of Fa. 


sult is an mmf distribution of maximum amplitude 


Fan = Sel, (4-20) 


which remains fixed in space but whose amplitude varies sinusoidally in 
time at frequency w, as shown in Fig. 4-28a. 


1 76 Rotating Machines: Basic Concepts 


Use of a common trigonometric identity’ permits Eq. 4-19 to be rewrit- 
ten in the form 


Fa = Frax ls cos (0 — wt) + $ cos (0 + wt)] (4-21) 


which shows that the mmf of a single-phase winding can be resolved into 
two rotating mmf waves each of amplitude one-half the maximum ampli- 
tude of F, with one, F*, traveling in the +90 direction and the other, ¥ , 
traveling in the —@ direction, both with angular velocity w: 


Ft = 3F.., cos (0 — wt) (4-22) 
F- = iF nax cos (0 + wt) (4-23) 


This decomposition is shown graphically in Fig. 4-286 and in a phasor rep- 
resentation in Fig. 4-28c. 

The fact that the mmf of a single-phase winding excited by a source of 
alternating current can be resolved into rotating traveling waves is an im- 
portant conceptual step in understanding ac machinery. As shown in the 
next section, in polyphase ac machinery the windings are equally displaced 
in space phase and the winding currents are similarly displaced in time 
phase, with the result that the negative-traveling flux waves of the vari- 
ous windings add to zero while the positive-traveling flux waves reinforce, 
giving a single positive-traveling flux wave. In single-phase ac machinery, 
the machine is designed so that the effects of the positive-traveling flux 
wave are maximized and those of the negative-traveling flux wave are 
minimized. 


b. Polyphase Winding 


In this section we study the mmf patterns of three-phase windings such as 
those found on the stator of three-phase induction and synchronous ma- 
chines. The analyses presented can be readily extended to a polyphase 
winding with any number of phases. Once again attention is focused on a 
two-pole machine or one pair of poles of a P-pole winding. 

In a three-phase machine, the windings of the individual phases are 
displaced from each other by 120 electrical degrees in space around the air- 
gap circumference, as shown by coils a, —a, b, —b, and c, —c in Fig. 4-29. 
The concentrated full-pitch coils shown here may be considered to repre- 
sent distributed windings, producing sinusoidal mmf waves centered on 
the magnetic axes of the respective phases. The three space-fundamental 
sinusoidal mmf waves are accordingly displaced 120 electrical degrees in 
space. But each phase is excited by an alternating current which varies in 
magnitude sinusoidally with time. Under balanced three-phase conditions, 
the instantaneous currents are 


‘cos a cos B = 3 cos (a — B) + 3 cos (a + B). 
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Fig. 4-29. Simplified two-pole three-phase stator winding. 
i, =I, cos wt (4-24) 
i, = I„ cos (wt — 120°) (4-25) 
i, = I,, cos (wt + 120°) (4-26) 


where I„ is the maximum value of the current and the time origin is arbi- 

trarily taken as the instant when the phase-a current is a positive maxi- 

mum. The phase sequence is assumed to be abc. The instantaneous 

currents are shown in Fig. 4-30. The dots and crosses in the coil sides 

(Fig. 4-29) indicate the reference directions for positive phase currents. 
The mmf of phase a has been shown to be 


Fa = Fa + Fa (4-27) 
where + = $F nax COS (0 — wt) (4-28) 


Fig. 4-30. Instantaneous phase currents under balanced three-phase conditions. 


1 78 Rotating Machines: Basic Concepts 


a = oF max COS (0 + wt) (4-29) 
and a ee (4-30) 
T P 

Similarly, for phases b and c, whose axes are at 0 = 120° and 6 = —120° 
respectively, 

Fa = Fa + Fa (4-31) 

Fi = $F nax COS (0 — wt) (4-32) 

Fa = $F max COS (0 + wt + 120°) (4-33) 

and Fa = Fi + Fa (4-34) 

a = F max C08 (0 — wt) (4-35) 

Fa = $F max COS (0 + wt — 120°) (4-36) 


The total mmf is the sum of the contributions from each of the three 
phases 


FO, t) = Fa $ Fyi + Po (4-37) 


This summation can be performed quite easily in terms of the positive- and 
negative-traveling waves. The negative-traveling waves sum to zero 


F (0,t) = Fa + Fa + Fa 
= $F max [cos (0 + wt) + cos (0 + wt — 120°) + cos (0 + wt + 120°)] 
=i (4-38) 


and the positive-traveling waves reinforce 
F*(0,t) = Fi + Fi + Ft, = $F nax cos (0 — wt) (4-39) 


Thus, the result of displacing the three windings by 120° in space 
phase and displacing the winding currents by 120° in time phase is a single 
positive-traveling wave 


F(0,t) = $F nax cos (0 — wt) (4-40) 


The wave described by Eq. 4-40 is a sinusoidal function of the space 
angle 0. It has a constant amplitude and a space-phase angle wt which is a 
linear function of time. The angle wt provides rotation of the entire wave 
around the air gap at constant angular velocity w. Thus, at a fixed time t, 
the wave is a sinusoid in space with its positive peak displaced wt, electri- 
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cal radians from the fixed point on the winding which is the origin for 6; at 
a later instant, t», the positive peak of the same wave is displaced wt, from 
the origin, and the wave has moved w(t, — t,) around the gap. At t = 0 the 
current in phase a is a maximum, and the positive peak of the resultant 
mmf wave is located at the axis of phase a; one-third of a cycle later the 
current in phase b is a maximum, and the positive peak is located at the 
axis of phase b; and so on. The angular velocity of the wave is w = 2rf 
electrical radians per second. For a P-pole machine the rotational speed is 


On = T rad/s (4-41) 
or n = a r/min (4-42) 


results, which is consistent with Eqs. 4-2 and 4-3. 

In general, a rotating field of constant amplitude will be produced by a 
q-phase winding excited by balanced qg-phase currents of frequency f when 
the respective phase axes are located 27/q electrical radians apart in 
space. The constant amplitude will be g/2 times the maximum contribu- 
tion of any one phase, and the speed will be w = 27f electrical radians per 
second. 

A polyphase winding excited by balanced polyphase currents is thus 
seen to produce the same general effect as spinning a permanent magnet 
about an axis perpendicular to the magnet, or as the rotation of dc-excited 
field poles. 


c. Graphical Analysis of Polyphase MMF 


For balanced three-phase currents as given by Eqs. 4-24 to 4-26, the resul- 
tant rotating mmf can also be shown graphically. Consider the state of af- 
fairs at t = 0 (Fig. 4-30) the moment when the phase-a current is at its 
maximum value J,,. The mmf of phase a then has its maximum value 
F ax» as Shown by the vector F, = Fmax drawn along the magnetic axis of 
phase a in Fig. 4-3la. At this moment, currents i, and i, are both I„/2 in 
the negative direction, as shown by the dots and crosses in Fig. 4-31a indi- 
cating the actual instantaneous directions. The corresponding mmf’s of 
phases b and c are shown by the vectors F, and F,, both equal to F,,,,,/2 
drawn in the negative direction along the magnetic axes of phases 6 and c, 
respectively. The resultant, obtained by adding the individual contribu- 
tions of the three phases, is a vector F = $F „ax centered on the axis of 
phase a. It represents a sinusoidal space wave with its positive half wave 
centered on the axis of phase a and having an amplitude 3 times that of the 
phase-a contribution alone. 

At a later time wt, = 7/3 (Fig. 4-30), the currents in phases a and b 
are a positive half maximum, and that in phase c is a negative maximum. 
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Fig. 4-31. The production of a rotating magnetic field by means of three-phase currents. 


The individual mmf components and their resultant are now shown in 
Fig. 4-316. The resultant has the same amplitude as at t = 0, but it has now 
rotated counterclockwise 60 electrical degrees in space. Similarly, at wt, = 
27/3 (when the phase-b current is a positive maximum and the phase-a 
and phase-c currents are a negative half maximum) the same resultant 
mmf distribution is again obtained, but it has rotated counterclockwise 
60 electrical degrees still farther and is now aligned with the magnetic 
axis of phase b (see Fig. 4-31c). As time passes, then, the resultant mmf 
wave retains its sinusoidal form and amplitude but shifts progressively 
around the air gap. This shift corresponds to a field rotating uniformly 
around the circumference of the air gap. Results consistent with this con- 
clusion can be obtained by sketching the distribution at any arbitrary in- 
stant of time. 

In one cycle the resultant mmf must be back in the position of Fig. 4-31a. 
The mmf wave therefore makes one revolution per cycle in a two-pole ma- 
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chine. In a P-pole machine the wave travels one wavelength in 2/P revolu- 
tions per cycle. 


4-6 GENERATED VOLTAGE 


The general nature of the induced voltage has already been discussed in 
Art. 4-2. Quantitative expressions for the induced voltage will now be 
determined. 


a. AC Machines 


An elementary ac machine is shown in cross section in Fig. 4-32. The coils 
on both the rotor and the stator have been shown as single multiple-turn 
full-pitch coils. The analysis can readily be extended to distributed wind- 
ings. The field winding on the rotor is assumed to produce a sinusoidal 
space wave of flux density B at the stator surface. The rotor is spinning at 
a constant angular velocity of w electrical radians per second. Although a 
two-pole machine is shown, the derivations presented here are for the gen- 
eral case of a P-pole machine. 

When the rotor poles are in line with the magnetic axis of the stator 
coil, the flux linkage with the stator N-turn coil is N®, where ® is the air- 
gap flux per pole. For the assumed sinusoidal flux-density wave 


B = B peak COS 0 (4-43) 


where Beak is its peak value at the rotor pole center and 0 is measured in 


Phase b 
magnetic axis N-turn coil 


N ptu rn 
field coil 


Phase a 
magnetic 
axis 


Phase c 
magnetic axis 


Fig. 4-32. Cross-sectional view of an elementary three-phase ac machine. 
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electrical radians from the rotor pole axis. The air-gap flux per pole is the 
integral of the flux density over the pole area; thus, for a two-pole machine 


+1/2 
$ = B peak COS 0 Irdé = 2Byealr (4-44) 
2 


-nl 


where / is the axial length of the stator and r is its radius at the air gap. 
For a P-pole machine 


® = = 2B oul? (4-45) 


because the pole area is 2/P times that of a two-pole machine of the same 
length and diameter. 

As the rotor turns, the flux linkage varies as the cosine of the angle a 
between the magnetic axes of the stator coil and rotor. With the rotor spin- 
ning at constant angular velocity w, the flux linkage with the stator coil is 


Aà = NÒ cos wt (4-46) 


where time ¢ is arbitrarily chosen as zero when the peak of the flux-density 
wave coincides with the magnetic axis of the stator coil. By Faraday’s law, 
the voltage induced in the stator coil is 


e = S = v= cos wt — wN ® sin wt (4-47) 
The polarity of this induced voltage is such that if the stator coil were 
short-circuited, the induced voltage would cause a current to flow in the di- 
rection that would oppose any change in the flux linkage of the stator coil. 
Although Eq. 4-47 was derived on the assumption that only the field wind- 
ing was producing air-gap flux, the equation applies equally well to the 
general situation where ® is the net air-gap flux per pole produced by cur- 
rents on both the rotor and the stator. 

The first term on the right-hand side of Eq. 4-47 is a transformer volt- 
age and is present only when the amplitude of the flux-density wave 
changes with time. The second term is a speed voltage generated by the 
relative motion of the air-gap flux wave and the stator coil. In the normal 
steady-state operation of most rotating machines, the amplitude of the air- 
gap flux wave is constant, and the generated voltage is simply the speed 
voltage. The term electromotive force (emf) is often used for the speed volt- 
age. Thus 


e = —wN Ẹ® sin wt (4-48) 
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Equation 4-48 was derived directly from Faraday’s law. Alternatively, 
the voltage e induced in a conductor of length / moving with linear velocity 
v in a non-time-varying magnetic field of flux density B is given by the 
“cutting-of-flux” equation 


e = Blu (4-49) 


where B, l, and v are mutually perpendicular. Properly interpreted, this 
equation also applies to rotating machines and gives a useful alternative 
basis for visualizing induced voltages. To show that Eq. 4-49 applies to ro- 
tating machines, we now derive it from Eq. 4-48. 

Substitution of Eq. 4-45 in Eq. 4-48 gives 


e = -WN = 2B real? sin wt (4-50) 
2 ' 
e=-5 wr(2LN )B peak SiN wt (4-51) 


Now Bpak sin wt is the flux density Bi at the stator coil side (Fig. 4-32), 
2w/P is the mechanical angular velocity w,,, and 21N is the total active 
length of conductors in the two coil sides. Thus, for a concentrated full- 
pitch coil 


e = B,,,(2IN)(—rw,) = Beo,(2lN Jv (4-52) 


where v = —rw,, is the linear velocity of the conductor relative to the field. 
Even though the conductors are embedded in slots, the voltage can be com- 
puted by the cutting-of-flux concept, Eq. 4-49, just as if the conductors 
were lifted out of the slots and placed directly in the air-gap field. 

In the normal steady-state operation of ac machines, we are usually 
interested in the rms values of voltages and currents rather than their in- 
stantaneous values. From Eq. 4-48 the maximum value of the induced 
voltage is 


E nax = OND = 2nfN®D (4-53) 
and its rms value is 


Ze 


fN? = V2 nfN® (4-54) 


Ems = 


where f is the frequency in hertz. These equations are identical in form to 
the corresponding emf equations for a transformer. Relative motion of a coil 
and a constant-amplitude spatial flux-density wave in a rotating machine 
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produces the same voltage effect as does a time-varying flux in association 
with stationary coils in a transformer. Rotation, in effect, introduces the 
time element and transforms a space distribution of flux density into a 
time variation of voltage. 

The voltage induced is a single-phase voltage. For the production of a 
set of three-phase voltages, it follows that three coils displaced 120 electri- 
cal degrees in space must be used, as shown in elementary form in Fig. 4-12. 
Equation 4-54 then gives the rms voltage per phase when N is the total se- 
ries turns per phase. All these elementary windings are full-pitch concen- 
trated windings because the two sides of any coil are 180 electrical degrees 
apart and all the turns of that coil are concentrated in one pair of slots. In 
actual ac machine windings, the armature coils of each phase are distrib- 
uted in a number of slots, as discussed in Art. 4-3. A distributed winding 
makes better use of the iron and copper and improves the waveform. For dis- 
tributed windings a reduction factor k,, must be applied because the emf’s 
induced in the individual coils of any one phase group are not in time phase. 
Their phasor sum is then less than their numerical sum when they are con- 
nected in series. (See Appendix B for details. For most three-phase wind- 
ings, k„ is about 0.85 to 0.95.) For distributed windings Eq. 4-54 becomes 


E,ms = V2afk,,N;,2 V rms/phase (4-55) 


where N, is the number of series turns per phase. 


EXAMPLE 4-1 


A two-pole three-phase Y-connected 60-Hz round-rotor synchronous gen- 
erator has a field winding on the rotor with N; distributed turns and wind- 
ing factor k; and an armature winding on the stator with N, turns per 
phase (line to neutral) and winding factor k,. The air-gap length is g, and 
the mean air-gap radius is r. The active length of the armature is /. The 
dimensions and winding data are 


N; = 46 series turns k,;=0.90 WN, = 24 series turns/phase 
ka = 0.883 r=050m g=0075m 1=40m 


The field current J; = 1500 A de. The rotor is driven by a steam turbine at 
a speed of 3600 r/min. Compute (a) the peak fundamental mmf F; peak pro- 
duced by the field winding, (b) the peak fundamental flux density B, peak in 
the air gap, (c) the fundamental flux per pole ®, and (d) the rms value of 
the open-circuit voltage generated in the armature. 
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Solution 
(a) From Eq. 4-9 


4 kN, _ 4 0.90(46) 
Pf m 2 


F = 
1, peak 
pea 


(1500) 
4 4 
= z (20.7) (1500) = 7 (31,000) A - turns/pole 


(b) Using Eq. 4-13, we get 


_ BoF t,peak _ 4m X 1077 4 _ 
By peak -a 75x10 n (31,000) = 0.661 T 


Because of the effect of the slots containing the armature winding, most of 
the air-gap flux is confined to the stator teeth. The flux density in the 
teeth at a pole center is higher than the value calculated in part (b), proba- 
bly by a factor of about 2. In a detailed design this flux density would be 
calculated to determine whether the teeth were excessively saturated. 

(c) From Eq. 4-44 or 4-45 


® = 2B, peak?” = 2(0.661) (4.0) (0.50) = 2.64 Wb 
(d)From Eq. 4-54 with f = 60 Hz 


E,ms = V2afk,N,® = V27(60) (0.833) (24) (2.64) 
= 14.1 kV rms/phase line to neutral 


The three phases are connected in Y, as in Fig. 4-12. The voltage between 
line terminals is 


V3(14.1 kV) = 24.4 kV 


b. DC Machines 


Even if the ultimate purpose is the generation of a direct voltage, clearly 
the speed voltage generated in an armature coil is an alternating voltage. 
The alternating waveform must therefore be rectified. Mechanical rectifi- 
cation is provided by the commutator, the device already described in ele- 
mentary form in Art. 4-2c. For the single coil of Fig. 4-17 the commutator 
provides full-wave rectification. With the continued assumption of sinu- 
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soidal flux distribution, the voltage waveform between brushes is trans- 
formed to that of Fig. 4-33. The average, or dc, value of the voltage between 
brushes is 


E, = =| wN® sin wtd(wt) = 2 No (4-56) 
T Jo T 


For dc machines it is usually more convenient to express the voltage E, in 
terms of the mechanical speed w,, rad/s or n r/min. Substitution of Eq. 4-3 
in Eq. 4-56 for a P-pole machine then yields 


E = te, = apne. (4-57) 
T 60 


The single-coil de winding implied here is, of course, unrealistic in the 
practical sense, and it will be essential later to examine the action of com- 
mutators more carefully. Actually, Eq. 4-57 gives correct results for the 
more practical distributed ac armature windings as well, provided N is 
taken as the total number of turns in series between armature terminals. 
Usually the voltage is expressed in terms of the total number of active con- 
ductors C, and the number m of parallel paths through the armature wind- 
ing. Because it takes two coil sides to make a turn and 1/m of these are 
connected in series, the number of series turns N = C,/(2m). Substitution 
in Eq. 4-57 then gives 


E, = Fos, ba, = 62. (4-58) 
m m 60 


4-7 TORQUE IN NON-SALIENT-POLE MACHINES 


The behavior of any electromagnetic device as a component in an elec- 
tromechanical system can be described in terms of its Kirchhoff-law volt- 
age equations and its electromagnetic torque. The purpose of this article is 
to derive the voltage and torque equations for an idealized elementary ma- 
chine, results which can be readily extended later to more complex ma- 


wt 
0 T 2r 


Fig. 4-33. Voltage between brushes in an elementary dc machine. 
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chines. We derive these equations from two viewpoints and show that 
basically they stem from the same ideas. 

The first viewpoint is essentially the same as that of Art. 3-5. The ma- 
chine will be regarded as a circuit element whose inductances depend on 
the angular position of the rotor. The flux linkages à and magnetic field 
coenergy will be expressed in terms of the currents and inductances. The 
torque can then be found from the partial derivative of the magnetic field 
energy or coenergy with respect to angle and the terminal voltages from 
the sum of the resistance drops Ri and the Faraday-law voltages dà/dt. 
The result will be a set of nonlinear differential equations describing the 
dynamic performance of the machine. 

The second viewpoint regards the machine as two groups of windings 
producing magnetic fields in the air gap, one group on the stator and the 
other on the rotor. By making suitable assumptions regarding these fields, 
simple expressions can be derived for the flux linkages and magnetic field 
energy stored in the air gap in terms of the field quantities. The torque 
and generated voltage can then be found in terms of these quantities. Thus 
torque is expressed explicitly as the tendency for two magnetic fields to 
line up in the same way as permanent magnets tend to align themselves, 
and generated voltage is expressed as the result of relative motion between 
a field and a winding. These expressions lead to a simple physical picture 
of the normal steady-state behavior of rotating machines. 


a. Coupled-Circuit Viewpoint 


Consider the elementary machine of Fig. 4-34 with one winding on the sta- 
tor and one on the rotor. These windings are distributed over a number of 
slots so that their mmf waves can be approximated by space sinusoids. In 
Fig. 4-34a the coil sides s, —s and r, —r mark the positions of the centers of 
the belts of conductors comprising the distributed windings. An alternative 


Magnetic 
axis of s 


Magnetic 
axis of r 


(a) (b) 


Fig. 4-34. Elementary two-pole machine with smooth air gap: (a) winding distribution and 
(b) schematic representation. 
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way of drawing these windings is shown in Fig. 4-346, which also shows 
reference directions for voltages and currents. Here it is assumed that cur- 
rent in the arrow direction produces a magnetic field in the air gap in the 
arrow direction, so that a single arrow defines reference directions for both 
current and flux. The stator and rotor are concentric cylinders, and slot 
openings are neglected. Consequently, our elementary model does not 
include the effects of salient poles, which are investigated in later chap- 
ters. We also assume that the reluctances of the stator and rotor iron are 
negligible. 

On these assumptions the stator and rotor self-inductances L,, and L, 
are constant, but the stator-rotor mutual inductance depends on the angle 6 
between the magnetic axes of the stator and rotor windings. The mutual 
inductance is a positive maximum when @ = 0 or 27, is zero when 0 = 
+7/2, and is a negative maximum when 0 = +7. On the assumption of si- 
nusoidal mmf waves and a uniform air gap, the space distribution of the 
air-gap flux wave is sinusoidal, and the mutual inductance is 


£,,.(0) = L, cos 8 (4-59) 


where the script letter £ denotes an inductance which is a function of the 
electrical angle 0. The italic capital letter L denotes a constant value. Thus 
L. is the value of the mutual inductance when the magnetic axes of the 
stator and rotor are aligned. In terms of the inductances, the stator and ro- 
tor flux linkages à, and À, are 


A, = L,,i, + &,,(0)i, = Lasi + Lori, cos 0 (4-60) 
à, = &,,.(0)i, + Lpi, = L,,i, cos 0 + Lpi, (4-61) 


where the inductances can be calculated as in Appendix B. In matrix 


notation 
Às = Lss La (0) a 
i 7 Ree A ik (4-62) 


The terminal voltages v, and v, are 


v, = R,i, + pr, (4-63) 
v, = R,i, + pa, (4-64) 


where R, and R, are the winding resistances and p is the time-derivative 
operator d/dt. When the rotor is revolving, 0 must be treated as a variable. 
Differentiation of Eqs. 4-60 and 4-61 and substitution of the results in 
Eqs. 4-63 and 4-64 then give 
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v, = R,i, + L,,pi, + L,,(cos 0)pi, — L,,i,(sin 6)pé (4-65) 
v, = R,i, + L,,pi, + L,,(cos @)pi, — L,,i,(sin 6) pe (4-66) 


where pô is the instantaneous speed w in electrical radians per second. In a 
two-pole machine, @ and w are equal to the instantaneous shaft angle 6,, 
and the speed w,,, respectively. In a P-pole machine, they are related by 
Eqs. 4-1 and 4-3. The second and third terms on the right-hand sides of 
Eqs. 4-65 and 4-66 are L di/dt induced voltages like those induced in sta- 
tionary coupled circuits such as the windings of transformers. The fourth 
terms are caused by mechanical motion and are proportional to the instan- 
taneous speed. They are the coupling terms relating the interchange of 
power between the electric and mechanical systems. 

The electromagnetic torque can be found from the coenergy in the 
magnetic field in the air gap. From Eq. 3-51 


Wha = ¿Lai? + $L,,i? + L,,i,i, cos 0 (4-67) 
and from Kq. 3-53 


IWhalOmsissi-) _ , Wra(O,i,,i,) dO 
ii 3O aii a0 dé, eo) 


T = 
where T is the electromagnetic torque acting in the positive direction of 6,, 
and the derivative must be taken with respect to actual mechanical angle 
0 „ because we are dealing here with mechanical variables. Differentiation 
of Eqs. 4-67 and 4-1 for a P-pole machine then gives 


Pin oe 2 — we se xe © 
T=- y Lsrbst, sin 0 = 9 L,, i,t, sin 9 On (4-69) 


with T in newton-meters. The negative sign in Eq. 4-69 means that the 
electromagnetic torque acts in the direction to bring the magnetic fields of 
the stator and rotor into alignment. 

Equations 4-65, 4-66, and 4-69 are a set of three equations relating the 
electrical variables v,, i, v,, i, and the mechanical variables T and 6,,. 
These equations, together with the constraints imposed on the electrical 
variables by the networks connected to the terminals (sources or loads and 
external impedances) and the constraints imposed on the mechanical vari- 
ables (applied torques and inertial, frictional, and spring torques), deter- 
mine the performance of the device as a coupling element. These are 
nonlinear differential equations and are difficult to solve except under spe- 
cial circumstances. We are not concerned with their solution here because 
we are using them merely as steps in the development of the theory of ro- 
tating machines. 
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Now consider a uniform-air-gap machine with several stator and rotor 
windings. The same general principles that apply to the elementary model 
of Fig. 4-34 also apply to the multiwinding machine. Each winding has its 
own self-inductance and mutual inductances with other windings. The self- 
inductances and mutual inductances between pairs of windings on the 
same side of the air gap are constant on the assumption of a uniform gap 
and negligible magnetic saturation. But the mutual inductances between 
pairs of stator and rotor windings vary as the cosine of the angle between 
the magnetic axes of the windings. The torque results from the tendency of 
the magnetic field of the rotor windings to line up with that of the stator 
windings. It can be expressed as the sum of terms like Eq. 4-69. 


EXAMPLE 4-2 


Consider the elementary rotating machine of Fig. 4-34. Its shaft is coupled 
to a mechanical device which can be made to absorb or deliver mechanical 
torque over a wide range of speeds. This machine can be connected and op- 
erated in several ways. For example, suppose that the rotor winding is ex- 
cited with direct current J, and the stator winding is connected to an ac 
source which can either absorb or deliver electric power. Let the stator cur- 
rent be 


i, = I, cos w,t 
where ¢ = 0 is arbitrarily chosen as the moment when the stator current 


has its peak value. 


(a) Derive an expression for the magnetic torque developed by the ma- 
chine as the speed is varied by control of the mechanical device connected 
to its shaft. 

(b) Find the speed at which average torque will be produced if the sta- 
tor frequency is 60 Hz. 

(c) With the assumed current-source excitations, what voltages are in- 
duced in the stator and rotor windings at synchronous speed? 


Solution 


(a) From Eq. 4-69 for a two-pole machine 
T = -L,,i,i, sin 6,, 
For the conditions of this problem 


T = -L,,I,I, cos w,t sin (wt + 8) 
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where wm is the clockwise angular velocity impressed on the rotor by the 
mechanical drive and ô is the angular position of the rotor at t = 0. Using 
a trigonometric identity,’ we have 


T = -3L,,1,1,{sin [(@m + @,)t + 8] + sin [(@m — w, )t + d]} 


The torque consists of two sinusoidally time-varying terms of frequencies 
Om + w, and w,, — w,. As shown in Art. 4-5, the single stator winding in 
the machine of Fig. 4-34 creates two flux waves, one traveling in the posi- 
tive 0 direction with angular velocity w, and the second traveling in the 
negative 0 direction also with angular velocity w,. It is the interaction of 
the rotor with these two flux waves which results in the two components of 
the torque expression. 

(b) Except when w,, = +w,, the torque averaged over a sufficiently 
long time is zero. But if w,, = +w,, the rotor is traveling in synchronism 
with the positive-traveling stator flux wave, and the torque becomes 


T = -3L,,I,I,[sin (2w,t + 8) + sin ô] 


The first sine term is a double-frequency component whose average value 
is zero. The second term is the average torque 


Tw = —$L,,1,J, sin ê 


The other possibility is w,, = —w,, which merely means rotation in the 
counterclockwise direction; the rotor is now traveling in synchronism with 
the negative-traveling stator flux wave. The negative sign in the expres- 
sion for T, means that the magnetic torque tends to reduce ô. The ma- 
chine is an idealized single-phase synchronous machine. (With polyphase 
synchronous machines the direction of rotation is determined by the phase 
sequence, as shown in Art. 4-5b.) 
With a stator frequency of 60 Hz 


Om = w, = 27(60) rad/s = 60 Hz = 3600 r/min 


(c) From the second and fourth terms of Eq. 4-65 with wm = @,, the 
voltage induced in the stator is 


e, = —w,L, I, sin wt — w, Lat, sin (@,t + ô) 


From the third and fourth terms of Eq. 4-66, the voltage induced in the ro- 
tor is 


‘sin a cos B = } sin (a + B) + $ sin (a — p). 
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—w,L,,I,[sin w,t cos (w,t + 6) + cos wt sin (wt + 8)] 
—w,L,,1I, sin (2@,t + ô) 


e, 


The stator current induces a double-frequency voltage in the rotor. 


b. Magnetic Field Viewpoint 


In the foregoing discussion the characteristics of the device as viewed from 
its electric and mechanical terminals have been expressed in terms of its 
inductances. This viewpoint gives very little insight into the internal phe- 
nomena and gives no conception of the effects of physical dimensions. An 
alternative formulation in terms of the interacting magnetic fields in the 
air gap should supply some of these missing features. 

Currents in the machine windings create magnetic flux in the air gap 
between the stator and rotor, the flux paths being completed through the 
stator and rotor iron. This condition corresponds to the appearance of mag- 
netic poles on both the stator and the rotor, centered on their respective 
magnetic axes, as shown in Fig. 4-35a for a two-pole machine with a 
smooth air gap. Torque is produced by the tendency of the two component 
magnetic fields to line up their magnetic axes. The simple physical picture 
is like that of two bar magnets pivoted at their centers on the same shaft. 
The torque is proportional to the product of the amplitudes of the stator 
and rotor mmf waves and is also a function of the angle 6,, between their 
magnetic axes. We shall show that for a smooth-air-gap machine the 
torque is proportional to sin 6,,. 

Most of the flux produced by the stator and rotor windings (roughly 
90 percent in typical machines) crosses the air gap and links both wind- 
ings; this flux is termed the mutual flux. Small percentages of the flux, 


F sin 64, 
~" \ = Fyr sin 6, 
\ 


a“ 


Axis of 
> 
stator field 
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Fig. 4-35. Simplified two-pole machine: (a) elementary model and (b) vector diagram of mmf 
waves. Torque is produced by the tendency of the rotor and stator magnetic fields to align. 
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however, do not cross the air gap but link only the rotor or stator winding; 
these are, respectively, the rotor leakage flux and the stator leakage flux. 
They comprise slot and toothtip leakage, end-turn leakage, and space har- 
monics in the air-gap field. Only the mutual flux is of direct concern in 
torque production. The leakage fluxes do affect machine performance, 
however, by virtue of the voltages they induce in their own windings. 
Their effect on the electrical characteristics is accounted for by means of 
leakage inductances like those of a transformer. This effect, however, is an 
auxiliary one rather than a fundamental part of torque production. 

Our analysis, then, will be in terms of the resultant mutual flux. We 
shall derive an expression for the magnetic coenergy stored in the air gap 
in terms of the stator and rotor mmfs and the angle 6,. between their mag- 
netic axes. The torque can then be found from the partial derivative of the 
coenergy with respect to angle 6,.. 

We now assume that the tangential component of the magnetic field in 
the air gap is negligible compared with the radial component; in other 
words, the mutual flux goes straight across the gap. We also assume that 
the radial length g of the gap (the clearance between the rotor and stator) 
is small compared with the radius of the rotor or stator. On this assump- 
tion there is negligible difference between the flux density at the rotor sur- 
face, at the stator surface, or at any intermediate radial distance in the air 
gap, say, halfway between. The air-gap field then reduces to a radial field 
H or B whose intensity varies with the angle around the periphery. The 
line integral of H across the gap then is simply Hg and equals the resul- 
tant mmf F, of the stator and rotor windings; thus 


Hg = F, (4-70) 


- where the script F denotes the mmf wave as a function of the angle around 
the periphery. 

The mmf waves of the stator and rotor are spatial sine waves with ô, 
the phase angle between their magnetic axes in electrical degrees. They 
can be represented by the space vectors F, and F, drawn along the mag- 
netic axes of the stator- and rotor-mmf waves, respectively, as in Fig. 4-350. 
The resultant mmf F,, acting across the air gap, also a sine wave, is the 
vector sum. From the trigonometric formula for the diagonal of a parallelo- 
gram, its peak value is found from 


F? = F? + F? + 2F.F, cos ô, (4-71) 


in which the F’s are the peak values of the mmf waves. The resultant ra- 
dial H field is a sinusoidal space wave whose peak value H,,,, is, from 


Eq. 4-70, 


Hear = Fs (4-72) 
g 
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Now consider the magnetic field coenergy stored in the air gap. The 
coenergy density at a point where the magnetic field intensity is H is 
(4)/2)H” in SI units. The coenergy density averaged over the volume of the 
air gap is 4/2 times the average value of H’. The average value of the 
square of a sine wave is half its peak value. Hence, 


Hi a F sr i 
Average coenergy density = = E ‘ =? g (4-73) 


The total coenergy is 


Wu = ane coenergy density) (volume of air gap) 


4 p Ag 


where D = average diameter of air gap, m 
l = axial length of air gap, m 
g = air-gap length, m 
Ho = permeability of free space = 47 x 10°’ H/m 


From Eq. 4-71 the coenergy stored in the air gap can now be expressed in 
terms of the peak amplitudes of the stator- and rotor-mmf waves and the 
space-phase angle between them; thus 


pe : (F? + F? + 2F,F, cos 6,,) (4-75) 


Waa = 
An expression for the electromagnetic torque T can now be obtained in 


terms of the interacting magnetic fields by taking the partial derivative of 
the field coenergy with respect to angle. For a two-pole machine 


T = ee = os Lye sin 8. (4-76) 


For a P-pole machine Eq. 4-76 gives the torque per pair of poles. The 
torque for a P-pole machine then is 


Pm a Os om in a, (4-77) 
22 g 


This important equation states that the torque is proportional to the 
peak values of the stator- and rotor-mmf waves F, and F. and to the sine of 
the electrical space-phase angle ô, between them. The minus sign means 
that the fields tend to align themselves. Equal and opposite torques are ex- 
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erted on the stator and rotor. The torque on the stator is transmitted 
through the frame of the machine to the foundation. 

One can now compare the results of Eq. 4-77 with that of Eq. 4-69. 
Recognizing that F, is proportional to i, and F, is proportional to i,, one sees 
that they are similar in form. In fact, they must be equal, as can be veri- 
fied by substitution of the appropriate expressions for F,, F, (Art. 4-3), and 
L, (Appendix B). Note that these results have been derived with the as- 
sumption that the iron reluctance is negligible. However, the two tech- 
niques are equally valid for finite iron permeability. 

On referring to Fig. 4-356 it can be seen that F. sin ô, is the compo- 
nent of the F, wave in electrical space quadrature with the F, wave. Simi- 
larly F, sin 6,, is the component of the F, wave in quadrature with the F, 
wave. Thus, the torque is proportional to the product of one magnetic field 
and the component of the other in quadrature with it, much like the cross 
product of vector analysis. Also note that in Fig. 4-355 


F, sin 6,. = F,, sin 6, (4-78) 
and F, sin ô, = F,, sin 6, (4-79) 


The torque can then be expressed in terms of the resultant mmf wave F, by 
substitution of either Eq. 4-78 or 4-79 in Eq. 4-77; thus 


= PI 


T = 22 g F,F,, sin ô, (4-80) 
Pi wt lee sine (4-81) 
22 g 


Comparison of Eqs. 4-77, 4-80, and 4-81 shows that the torque can be ex- 
pressed in terms of the component magnetic fields due to each current act- 
ing alone, as in Eq. 4-77, or in terms of the resultant field and either of the 
components, as in Eqs. 4-80 and 4-81, provided that we use the correspond- 
ing angle between the axes of the fields. Ability to reason in any of these 
terms is a convenience in machine analysis. 

In Eqs. 4-77, 4-80, and 4-81 the fields have been expressed in terms of 
the peak values of their mmf waves. When magnetic saturation is neglected, 
the fields can, of course, be expressed in terms of the peak values of their 
flux-density waves or in terms of total flux per pole. Thus the peak value B 
of the field due to a sinusoidally distributed mmf wave in a uniform-air- 
gap machine is 4, F'/g, where F is the peak value of the mmf wave. For ex- 
ample, the resultant mmf F, produces a resultant flux-density wave whose 
peak value is uy F,,/g. Thus, 


T=- Z T2 BF, sin ô, (4-82) 
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One of the inherent limitations in the design of electromagnetic apparatus 
is the saturation flux density of magnetic materials. Because of saturation 
in the armature teeth the peak value B,, of the resultant flux-density wave 
in the air gap is limited to about 1.5 to 2.0 T. The maximum permissible 
value of the mmf wave is limited by the temperature rise of the winding 
and other design requirements. Because the resultant flux density and 
mmf appear explicitly in Eq. 4-82, this equation is in a convenient form for 
design purposes. 

Alternative forms arise when it is recognized that the resultant flux 
per pole is 


® = (average value of B over a pole) (pole area) (4-83) 


and that the average value of a sinusoid over one-half wavelength is 2/7 
times its peak value. Thus 


2 «nDL 2Dl 


where B is the peak value of the corresponding flux-density wave. For ex- 
ample, substitution of Eq. 4-84 into Eq. 4-82 gives 


a (PY 
des ne fc j 4- 
F 9 ( | „F, sin ô, (4-85) 


where ®,„ is the resultant flux produced by the combined effect of the sta- 
tor and rotor mmf’s. 

To recapitulate, we now have several forms in which the torque of a 
uniform-air-gap machine can be expressed in terms of its magnetic fields. 
All are merely statements that the torque is proportional to the interacting 
fields and to the sine of the electrical space angle between their magnetic 
axes. The negative sign indicates that the electromagnetic torque acts in a 
direction to decrease the displacement angle between the fields. In a pre- 
liminary discussion of machine types, Eq. 4-85 will be the preferred form. 

One further remark can be made concerning the torque equations and 
the thought process leading to them. There is no restriction that the mmf 
wave or flux-density wave remain stationary in space. They may remain 
stationary, or they may be traveling waves, as shown in Art. 4-5. If the 
magnetic fields of the stator and rotor are constant in amplitude and 
travel around the air gap at the same speed, a steady torque will be pro- 
duced by the efforts of the stator and rotor fields to align themselves in ac- 
cordance with the torque equations. 
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4-8 LINEAR MACHINES 


In general, each of the machine types discussed in this book can be produced 
in linear versions in addition to the rotary versions which are commonly 
found and which are discussed extensively in the following chapters. In 
fact, for clarity of discussion, many of the machine types discussed in this 
book are drawn in their developed (cartesian coordinate) form, such as in 
Fig. 4-19. 

Perhaps the most widely known use of linear motors is in the trans- 
portation field. In these applications, linear induction motors are used, 
typically with the ac “stator” on the moving vehicle and with a conducting 
stationary “rotor” constituting the rails. In these systems, in addition to 
providing propulsion, the induced currents in the rail provide levitation, 
thus offering a mechanism for high-speed transportation without the dif- 
ficulties associated with wheel-rail interactions on more conventional 
rail transport. 

Linear motors have also found application in the machine tool indus- 
try and in robotics where linear motion (required for positioning and in the 
operation of manipulators) is a common requirement. In addition, recipro- 
cating linear machines are being constructed for driving reciprocating 
compressors and alternators. 

The analysis of linear machines is quite similar to that of rotary ma- 
chines. In general, linear dimensions and displacements replace angular 
ones, and forces replace torques. However, with these exceptions, the 
expressions for machine parameters are derived in an analogous fashion 
to those presented here for rotary machines, and the results are similar 
in form. 

Consider the linear winding shown in Fig. 4-36. This winding, consist- 
ing of N turns per slot and carrying a current i, is directly analogous to the 
rotary winding shown in developed form in Fig. 4-25. In fact, the only dif- 
ference is that the angular position 0 is replaced by the linear position z. 

The fundamental component of the mmf wave of Fig. 4-36 can be 
found directly from Eq. 4-14 simply by recognizing that this winding has a 
wavelength 6 and that the fundamental component of this mmf wave varies 
as cos (27z/8). Thus replacing the angle 0 in Eq. 4-14 by 27z/B, we can 
find the fundamental component of the mmf wave directly as 


Ha = —— cos — (4-86) 


If an actual machine has a distributed winding (similar to its rotary 
counterpart, shown in Fig. 4-20) consisting of a total of N, turns distrib- 
uted over m periods in z (i.e., over a length of m8), the fundamental com- 
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Fig. 4-36. The mmf and H field of a concentrated full-pitch linear winding. 


ponent of H can be found by analogy with Eq. 4-16 


4 Npni 3 om 


Ha = — ” Img co B 


(4-87) 


where k,, is the winding factor. 

In a fashion analogous to Art. 4-5b, a three-phase linear winding can 
be made from three windings such as that of Fig. 4-31, with each phase 
displaced in position by a distance 8/3 and with each phase excited by bal- 
anced three-phase currents of angular frequency w 


i, = Im cos wt (4-88) 
i, = I„ cos (wt — 120°) (4-89) 
i, = Im cos (wt + 120°) (4-90) 


Following the development of Eqs. 4-27 through 4-39, we can see that 
there will be a single positive-traveling mmf which can be written directly 
from Eq. 4-39 simply by replacing 0 by 27z/B as 


4-8 Linear Machines {QO 


F*(0,t) = $F nax COS (72 E or) (4-91) 
where Fmax is given by 
(4-92) 


From Eq. 4-91 we see that the result is an mmf which travels in the z 
direction with a linear velocity 


v= == fp (4-93) 


where f is the exciting frequency in hertz. 


EXAMPLE 4-3 


A three-phase linear ac motor has a winding with a wavelength of 8 = 0.5 m 
and a winding factor k,, = 0.92. The air gap is 1.0 cm long, and a total of 
45 turns are distributed over a total winding length of 38 = 1.5 m. Assume 
the windings to be excited with balanced three-phase currents of ampli- 
tude 700 A and frequency 25 Hz. Calculate (a) the amplitude of the resul- 
tant mmf wave, (b) the corresponding peak air-gap flux density, and (c) the 
velocity of this traveling mmf wave. 


Solution 


(a) From Kq. 4-91, the amplitude of the resultant mmf wave is 


_ 34, Non 
Freak = 2 = 2m 
_ 3(4) (0.92) (45) (700) 


2(2) (7) (3) 
= 8.81 x 10° A/m 


(b) The peak air-gap flux density can be found from the result of part (a) 
by dividing by the air-gap length and multiplying by po: 


Mo F peak 
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(4m x 1077) (8.81 x 10°) 
0.01 
LUT 


(c) Finally, the velocity of the traveling wave can be determined from 
Eq. 4-93: 


v = fB = 25(0.5) = 12.5 m/s 


Linear machines are not discussed specifically in this book. Rather, 
the reader is urged to recognize that the fundamentals of their perfor- 
mance and analysis correspond directly to those of their rotary counter- 
parts. One major difference between these two machine types is that linear 
machines have “end effects.” These effects are beyond the scope of this 
book and have been treated in detail in the published literature.’ 


4-9 MAGNETIC SATURATION 


The characteristics of electric machines depend heavily upon the use of 
magnetic materials. These materials are required to form the magnetic cir- 
cuit and are used by the machine designer to obtain specific machine char- 
acteristics. As we have seen in Chap. 1, magnetic materials are less than 
ideal. As their magnetic flux is increased, they begin to saturate, with the 
result that their magnetic permeabilities begin to decrease, along with their 
effectiveness in contributing to the overall flux density in the machine. 
Both electromagnetic torque and generated voltage in all machines de- 
pend on the winding flux linkages. For specific mmf’s in the windings, the 
fluxes depend on the reluctances of the iron portions of the magnetic cir- 
cuits and on those of the air gaps. Saturation may therefore appreciably in- 
fluence the characteristics of the machines. Another aspect of saturation, 
more subtle and more difficult to evaluate without experimental and theo- 
retical comparisons, concerns its influence on the basic premises from 
which the analytic approach to machinery is developed. Specifically, rela- 
tions for mmf are typically based on the assumption of negligible reluc- 
tance in the iron. When these relations are applied to practical machines 
with varying degrees of saturation in the iron, the actual machine can be, 
in effect, replaced for these considerations by an equivalent machine, one 
whose iron has negligible reluctance but whose air-gap length is increased 
by an amount sufficient to absorb the magnetic-potential drop in the iron 
of the actual machine. Incidentally, the effects of air-gap nonuniformities 


‘See, for example, S. Yamamura, Theory of Linear Induction Motors, 2d ed., Halsted 
Press, 1978. 
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such as slots and ventilating ducts are also incorporated through the me- 
dium of an equivalent smooth gap, a replacement which, in contrast to 
that above, is made explicitly during magnetic circuit computations for the 
machine structure. Thus, serious efforts must be made to reproduce the 
magnetic conditions at the air gap correctly, and the computed performance 
of machines is based largely on those conditions. Final assurance of the le- 
gitimacy of the approach must, of course, be the pragmatic one given by 
close experimental checks. Alternatively, detailed analyses such as those 
employing finite-element or other numerical techniques can be used in 
those situations where conventional techniques appear to be inadequate. 

Magnetic circuit data essential to handling saturation are given by 
the open-circuit characteristic, also called the magnetization curve or satu- 
ration curve. An example is shown in Fig. 4-37. Basically, this characteris- 
tic is the magnetization curve for the particular iron and air geometry of 
the machine under consideration. Frequently, the abscissa is plotted in 
terms of the field current or magnetizing current instead of the mmf in 
ampere-turns. Also the generated voltage with zero armature current is di- 
rectly proportional to the flux when the speed is constant. For convenience 
in use, then, the open-circuit terminal voltage is plotted on the ordinate 
scale rather than the air-gap flux per pole, and the entire curve is drawn 
for a stated fixed speed, usually the rated speed. The straight line tangent 
to the lower portion of the curve is the air-gap line, indicating very closely 
the mmf required to overcome the reluctance of the air gap. If it were not 
for the effects of saturation, the air-gap line and open-circuit characteristic 
would coincide, so that the departure of the curve from the air-gap line is 
an indication of the degree of saturation present. In typical machines the 
ratio at rated voltage of the total mmf to that required by the air gap alone 
usually is between 1.1 and 1.25. 


Air-gap line 


Open-circuit 
characteristic 


Open-circuit voltage 


Field excitation in ampere-turns 
or in field amperes 


Fig. 4-37. Typical open-circuit characteristic and air-gap line. 
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The open-circuit characteristic can be calculated from design data by 
computer-implemented magnetic field solutions based on techniques of 
finite-element or finite-difference analysis. These techniques can be used 
to obtain solutions for magnetic fields, including the effects of finite per- 
meability. A typical finite-element solution for the flux distribution 
around the pole of a salient-pole machine is shown in Fig. 4-38. The distri- 
bution of the air-gap flux found from this solution, together with the fun- 
damental and third-harmonic components, is shown in Fig. 4-39. 

In addition to saturation effects, Fig. 4-39 clearly illustrates the effect 
of a nonuniform air gap. As expected, the flux density over the pole face, 
where the air gap is small, is much higher than that away from the pole. 
This type of detailed analysis is of great use to a designer in obtaining spe- 
cific machine properties. 

If the machine is an existing one, the magnetization curve is usually 
determined by operating the machine as an unloaded generator and mea- 
suring the values of terminal voltage corresponding to a series of values of 
field current. For an induction motor the machine is operated at or close to 
synchronous speed, and values of the magnetizing current are obtained for 
a series of values of impressed stator voltage. It should be emphasized, 
however, that saturation in a fully loaded machine occurs as a result of the 
total mmf acting on the magnetic circuit. Since the flux distribution under 
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air gap flux 
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Fig. 4-38. Finite-element solution for the flux distribution around a salient pole. (General 
Electric Company.) 
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Fig. 4-39. Flux-density wave corresponding ta Fig. 4-38 with its fundamental and third har- 
monic components. 


load generally differs from that of no-load conditions, the details of the ma- 
chine saturation characteristics may vary from the open-circuit curve of 
Fig. 4-37. 


4-10 LEAKAGE FLUXES 


In Art. 2-4 we showed that in a two-winding transformer the flux created 
by each winding can be separated into two components. One component 
consists of flux which links both windings, and the other consists of flux 
which links only the winding creating the flux. The first component, called 
mutual flux, is responsible for coupling between the two coils. The second, 
known as leakage flux, contributes only to the self-inductance of each coil. 

Note that the concept of mutual and leakage flux is meaningful only 
in the context of a multiwinding system. For systems of three or more 
windings, the bookkeeping must be done very carefully. Consider, for ex- 
ample, the three-winding system of Fig. 4-40. Shown schematically are the 
various components of flux created by a current in winding 1. Here ¢,,, is 
clearly mutual flux that links all three windings, and ø; is clearly leakage 
flux since it links only winding 1. However, p, is mutual flux with respect to 
winding 2 yet is leakage flux with respect to winding 3, while ¢,, is mutual 
flux with respect to winding 3 and leakage flux with respect to winding 2. 

Electric machinery often contains systems of multiple windings, re- 
quiring careful bookkeeping to account for the flux contributions of the 
various windings. Although the details of such analysis are beyond the 
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Fig. 4-40. Three-coil system showing components of mutual and leakage flux produced by 
current in coil 1. 


scope of this book, it is useful to discuss these effects in a qualitative fash- 
ion and to describe how they affect the basic machine inductances. 


Air-Gap Space-Harmonic Fluxes. In this chapter we have seen that al- 
though single distributed coils create air-gap flux with a significant 
amount of space-harmonic content, it is possible to distribute these wind- 
ings so that the space-fundamental component is emphasized while the 
harmonic effects are greatly reduced. As a result, we can neglect harmonic 
effects and consider only space-fundamental fluxes in calculating the self- 
and mutual-inductance expressions of Eqs. B-27 and B-28. 

Though often small, the space-harmonic components of air-gap flux do 
exist. In dec machines they are useful torque-producing fluxes and therefore 
can be counted as mutual flux between the rotor and stator windings. In ac 
machines, however, they may generate time-harmonic voltages or asyn- 
chronously rotating flux waves. These effects generally cannot be rigorously 
accounted for in most standard analyses. Nevertheless, it is consistent with 
the assumptions basic to these analyses to recognize that these fluxes form 
a part of the leakage flux of the individual windings which produce them. 


Slot-Leakage Flux. Figure 4-41 shows the flux created by a single coil 
side in a slot. Notice that in addition to flux which crosses the air gap, con- 
tributing to the air-gap flux, there are flux components which cross the 
slot. Since this flux links only the coil that is producing it, it also forms a 
component of the leakage inductance of the winding producing it. 


End-Turn Fluxes. Figure 4-42 shows the stator end windings on an ac 
machine. The magnetic field distribution created by end turns is extremely 
complex. In general these fluxes do not contribute to useful rotor-to-stator 
mutual flux, and thus they, too, contribute to leakage inductance. 


From this discussion we see that the self-inductance expression of 
Eq. B-27 must, in general, be modified by an additional term L,, which 
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Fig. 4-41. Flux created by a single coil side in a slot. 


represents the winding leakage inductance. Although the leakage induc- 
tance is usually difficult to calculate analytically and must be determined 


by approximate or empirical techniques, it plays an important role in ma- 
chine performance. 
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Fig. 4-42. End view of the stator of a 26-kV 908-MVA 3600 r/min turbine generator with 


water-cooled windings. Hydraulic connections for coolant flow are provided for each winding 
end turn. (General Electric Company.) 
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4-11 SUMMARY 


In this chapter we have presented a brief and elementary description of 
three basic types of rotating machines: synchronous, induction, and de ma- 
chines. In all of them the basic principles are essentially the same. 
Voltages are generated by relative motion of a magnetic field with respect 
to a winding, and torques are produced by the interaction of the magnetic 
fields of the stator and rotor windings. The characteristics of the various 
machine types are determined by the methods of connection and excitation 
of the windings, but the basic principles are essentially similar. 

The basic analytical tools for studying rotating machines are expres- 
sions for the generated voltages and for the electromagnetic torque. Taken 
together, they express the coupling between the electric and mechanical 
systems. To develop a reasonably quantitative theory without the confusion 
arising from too much detail, we have made several simplifying approxi- 
mations. In the study of ac machines we have assumed sinusoidal time 
variations of voltages and currents and sinusoidal space waves of air-gap 
flux density and mmf. On examination of the mmf of distributed ac wind- 
ings we found that the space-fundamental component is the most impor- 
tant, but that the mmf of dec machine armature windings is more nearly a 
sawtooth wave. For our preliminary study in this chapter, however, we 
have assumed sinusoidal mmf distributions for both ac and de machines. 
We examine this assumption more thoroughly for de machines in Chap. 9. 
Faraday’s law results in Eq. 4-55 for the rms voltage generated in an ac 
machine winding or Eq. 4-58 for the average voltage generated between 
brushes in a de machine. 

On examination of the mmf wave of a three-phase winding, we found 
that balanced three-phase currents produce a constant-amplitude magnetic 
field rotating in the air gap at synchronous speed, as shown in Fig. 4-31 
and Eq. 4-40. The importance of this fact cannot be overestimated, for it 
means that the double-frequency time-varying torque inherently associ- 
ated with the double-frequency component of the instantaneous power in a 
single-phase system is eliminated in balanced three-phase machines, as 
shown in Appendix A. Imagine a multimegawatt 60-Hz generator or a 
multihorsepower motor subjected to a multimegawatt instantaneous power 
pulsation at 120 Hz! The discovery of rotating fields led to the invention of 
the simple, rugged, reliable, self-starting polyphase induction motor, which 
is analyzed in Chap. 7. (A single-phase induction motor will not start; it 
needs an auxiliary starting winding, as shown in Chap. 11.) It also made 
possible the construction of multimegawatt synchronous generators. The 
most significant reason for the almost universal use of three-phase genera- 
tion, transmission, and utilization (for loads above a few kilowatts) is the 
rotating field in the generators and motors. 

Having assumed sinusoidally distributed magnetic fields in the air gap, 
we then derived expressions for the magnetic torque. The simple physical 
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picture is like that of two magnets, one on the stator and one pivoted on 
the rotor, as shown schematically in Fig. 4-35a. The torque acts in the di- 
rection to align the magnets. To get a reasonably close quantitative analy- 
sis without being hindered by details, we assumed a smooth air gap and 
neglected the reluctance of the magnetic paths in the iron parts, with a 
mental note to look into these assumptions in later chapters. 

In Art. 4-7 we derived expressions for the magnetic torque from two 
viewpoints, both based on the fundamental principles of Chap. 3. The first 
viewpoint regards the machine as a group of magnetically coupled circuits 
with inductances which depend on the angular position of the rotor, as in 
Art. 4-7a. The second regards the machine from the viewpoint of the mag- 
netic fields in the air gap, as in Art. 4-70. It is shown that the torque can 
be expressed as the product of the stator field, the rotor field, and the sine 
of the angle between their magnetic axes, as in Eq. 4-77 or any of the 
forms derived from Eq. 4-77. The two viewpoints are supplementary, and 
ability to reason in terms of both is helpful in reaching an understanding 
of how machines work. 

This chapter has been concerned with basic principles underlying 
rotating-machine theory. By itself it is obviously incomplete. Many ques- 
tions remain unanswered. How do we apply these principles to the deter- 
mination of the characteristics of synchronous, induction, and de machines? 
What are some of the practical problems that arise from the use of iron, 
copper, and insulation in physical machines? What are some of the eco- 
nomic and engineering considerations affecting rotating-machine applica- 
tions? What are the physical factors limiting the conditions under which a 
machine can operate successfully? Appendix C discusses some of these 
problems. Taken together, Chap. 4 and Appendix C serve as an introduc- 
tion to the more detailed treatments of rotating machines in Chaps. 5 to 11. 


PROBLEMS 


4-1. The rotor of a six-pole synchronous generator is rotating at a me- 
chanical speed of 1200 r/min. 


(a) Express this mechanical speed in radians per second. 

(b) What is the frequency of the generated voltage in hertz and in ra- 
dians per second? 

(c) What mechanical speed in revolutions per minute would be re- 
quired to generate voltage at a frequency of 50 Hz? 


4-2. The voltage generated in one phase of an unloaded three-phase syn- 
chronous generator is of the form v(t) = V, cos wt. Write expressions for 
the voltage in the remaining two phases. 
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4-3. A three-phase motor is used to drive a pump. It is observed (by the use 
of a stroboscope) that the motor speed decreases from 998 r/min at no load 
to 950 r/min at full load. 


(a) Is this a synchronous or induction motor? 
(6) Estimate the frequency of the applied armature voltage in hertz. 
(c) How many poles does this motor have? 


4-4, The object of this problem is to illustrate how the armature windings 
of certain machines, i.e., de machines, can be approximately represented 
by uniform current sheets, the degree of correspondence growing better as 
the winding is distributed in a greater number of slots around the arma- 
ture periphery. For this purpose, consider an armature with eight slots 
uniformly distributed over 360 electrical degrees or one pair of poles. The 
air gap is of uniform length, the slot openings are very small, and the re- 
luctance of the iron is negligible. 

Lay out 360 electrical degrees of the armature with its slots in devel- 
oped form in the manner of Fig. 4-23a, and number the slots 1 to 8 from 
left to right. The winding consists of eight single-turn coils, each carrying 
a direct current of 10 A. Coil sides which can be placed in slots 1 to 4 carry 
current directed into the paper; those which can be placed in slots 5 to 8 
carry current out of the paper. 


(a) Consider that all eight coils are placed with one side in slot 1 and 
the other in slot 5. The remaining slots are empty. Draw the rect- 
angular mmf wave produced by these coils. 

(b) Next consider that four coils have one side in slot 1 and the other 
in slot 5, while the remaining four have one side in slot 3 and the 
other in slot 7. Draw the component rectangular mmf waves pro- 
duced by each group of coils, and superimpose the components to 
give the resultant mmf wave. 

(c) Now consider that two coils are placed in slots 1 and 5, two in 2 and 
6, two in 3 and 7, and two in 4 and 8. Again superimpose the com- 
ponent rectangular waves to produce the resultant wave. Note that 
the task can be systematized and simplified by recognizing that 
the mmf wave is symmetric about its axis and takes a step at each 
slot which is definitely related to the number of ampere-conductors 
in the slot. 

(d) Let the armature now consist of 16 slots per 360 electrical degrees 
with one coil side in each slot. Draw the resultant mmf wave. 

(e) Approximate each of the resultant waves of parts (a) to (d) by isos- 
celes triangles, noting that the representation grows better as the 
winding is more finely distributed. 


4-5. This problem investigates the advantages of short-pitching the stator 
coils of an ac machine. Figure 4-43a shows a single full-pitch coil in a two- 
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Fig. 4-43. Problem 4-5: (a) full-pitch coil and (b) fractional-pitch coil. 


pole machine. Figure 4-43b shows a fractional-pitch coil; the coil sides are 
8 rad apart rather than 7 rad (180°), as in the full-pitch case. 
For an air-gap radial flux distribution of the form 


B, = > B,„ cos nô 


nodd 


where n = 1 corresponds to the fundamental space harmonic, n = 3 the 
third harmonic, etc., the flux linkage of each coil is the integral of B, over 
the surface spanned by that coil. Thus for the nth space harmonic, the ra- 
tio of the fractional-pitch coil flux linkage to that of the full-pitch coil is 


pi2 pl2 
B,, cos nô dé | cos nô dé 
—p/2 _ +-p/2 
mi2 mi2 
B,, cos nô dé | cos n0 dé 
—7/2 —1/2 


It is common to fractional-pitch the coils of an ac machine by 30° 
(B = 57/6 = 150°). For n = 1,3,5 calculate the fractional reduction in 
flux linkage due to short-pitching. 


4-6. A six-pole 60-Hz synchronous machine has a rotor winding with a total 
of 110 series turns and a winding factor k, = 0.92. The rotor length is 
1.82 m, the rotor radius is 55 cm, and the air-gap length is 3.2 cm. 


(a) What is the rated operating speed in revolutions per minute? 

(b) Calculate the rotor winding current required to achieve a peak 
fundamental air-gap flux density of 1.3 T. 

(c) Calculate the corresponding flux per pole. 
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4-7. The synchronous machine of Prob. 4-6 has a three-phase armature 
winding with 44 series turns per phase and a winding factor k,, = 0.94. For 
the flux condition and operating speed of Prob. 4-6, calculate the rms- 
generated voltage per phase. 


4-8. The three-phase synchronous machine of Prob. 4-6 is to be moved to 
an application which requires that its operating frequency be reduced from 
60 to 50 Hz. This application requires that the rms-generated voltage per 
phase equal 6 kV. As a result, the machine armature will be rewound with 
a differing number of turns (while maintaining a winding factor k,, = 
0.94). Calculate the required number of series turns per phase, assuming 
that the flux per pole remains as given in Prob. 4-6. 


4-9. A three-phase Y-connected ac machine is initially operating under 
balanced three-phase conditions when one of the phase windings becomes 
open-circuited. Because there is no neutral connection on the winding, this 
requires that the currents in the remaining two windings become equal 
and opposite. Under this condition, calculate the relative magnitudes of 
the resultant positive- and negative-traveling mmf waves. 


4-10. What is the effect on the rotating mmf wave of a three-phase wind- 
ing carrying balanced three-phase currents if two of the phase connections 
are interchanged? 


4-11. In a balanced two-phase machine, the two windings are displaced 
90 electrical degrees in space, and the currents in the two windings are 
phase-displaced 90 electrical degrees in time. For such a machine, carry 
out the process leading to an equation for the rotating mmf wave corre- 
sponding to Eq. 4-40 (which is derived for a three-phase machine). 


4-12. The following statements are made in Art. 4-5 just after we derived 
and discussed Eq. 4-42: In general, a rotating field of constant amplitude 
will be produced by a q-phase winding excited by balanced q-phase cur- 
rents of frequency f when the respective phase axes are located 27/q elec- 
trical radians apart in space. The constant amplitude will be q/2 times the 
maximum contribution of any one phase, and the speed will be w = 2xf 
electrical radians per second. 

Prove these statements. 


4-13. Figure 4-44 shows a two-pole rotor revolving inside a smooth stator 
which carries a coil of 100 turns. The rotor produces a sinusoidal space dis- 
tribution of flux at the stator surface; the peak value of the flux-density 
wave being 0.80 T when the current in the rotor is 10 A. The magnetic cir- 
cuit is linear. The inside diameter of the stator is 0.10 m, and its axial 
length is 0.10 m. The rotor is driven at a speed of 60 r/s. 
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Fig. 4-44. Elementary generator for Prob. 4-13. 


(a) The rotor is excited by a direct current of 10 A. Taking zero time as 
the instant when the axis of the rotor is vertical, find the expres- 
sion for the instantaneous voltage generated in the open-circuited 
stator coil. 

(b) The rotor is now excited by a 60-Hz sinusoidal alternating current 
whose rms value is 7.07 A. Consequently, the rotor current reverses 
every half revolution; it is timed to go through zero when the axis 
of the rotor is vertical. Taking zero time as the instant when the 
axis of the rotor is vertical, find the expression for the instantaneous 
voltage generated in the open-circuited stator coil. This scheme is 
sometimes suggested as a de generator without a commutator; the 
thought being that if alternate half cycles of the alternating volt- 
age generated in part (a) are reversed by reversal of the polarity of 
the field (rotor) winding, then a pulsating direct voltage will be 
generated in the stator. Explain whether this invention will work 
as described. 


4-14. A three-phase two-pole winding is excited by balanced three-phase 
60-Hz currents as described by Eqs. 4-24 to 4-26. Although the winding 
distribution has been designed to minimize harmonics, there remains some 
third and fifth spatial harmonics. Thus the phase-a mmf can be written as 


F, = (A, cos 6 + A; cos 30 + A; cos 50)i, 


Similar expressions can be written for phases b (replace 0 by 0 — 120°) and c 
(replace 0 by 6 + 120°). Calculate the total three-phase mmf. What are the 
angular velocity and the rotational direction of each component of the mmf? 


4-15. The nameplate of a de generator indicates that it will produce an 
output voltage of 24 V dc when operated at a speed of 1200 r/min. By what 
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factor must the number of armature turns be changed if the generator is 
modified to produce an output voltage of 12 V at a speed of 1500 r/min? 


4-16. The design of a four-pole three-phase 480-V 60-Hz induction motor is 
to be based on a stator core length of 10.5 in and a stator inner diameter of 
8.5 in. The stator winding distribution which has been chosen has a wind- 
ing factor k,, = 0.91. The armature is to be Y-connected, and thus the 
rated voltage of each phase is 480/V3 V. 


(a) The designer must pick the number of armature turns so that the 
flux density in the machine is large enough to make efficient use of 
the magnetic material without being so large that it results in exces- 
sive saturation. In this case, the optimal performance is achieved 
with a peak fundamental air-gap flux density of 1.1 T. Calculate 
the number of turns per phase. 

(b) For an air-gap length of 0.011 in, calculate the self-inductance of 
an armature phase based on the results of part (a), using the induc- 
tance formulas of Appendix B. Neglect the reluctance of the rotor 
and stator iron and the armature leakage inductance. 


4-17. A two-pole 60-Hz three-phase laboratory-size synchronous generator 
has a rotor radius of 2.25 in, an air-gap length of 0.010 in, and a rotor 
length of 7.1 in. The rotor field winding has 248 turns and a winding factor 
of 0.95. The armature winding consists of 60 turns per phase with a wind- 
ing factor of 0.93. 


(a) Calculate the flux per pole and peak fundamental air-gap flux den- 
sity for an armature voltage of 120 V rms/phase. 

(b) Calculate the de field current in amperes required to achieve the 
conditions of part (a). 


4-18. A four-pole 60-Hz synchronous generator has a rotor length of 3.9 m, 
diameter of 1.12 m, and air-gap length of 6.2 cm. The rotor winding consists 
of 55 turns per pole with a winding factor of k, = 0.89. The peak value of 
fundamental air-gap flux density is limited to 1.0 T and the rotor winding 
current to 2900 A. Calculate the maximum torque in newton-meters and 
power output in megawatts which can be supplied by the machine under 
these conditions. 


4-19. Figure 4-45 shows in cross section a machine having a rotor winding 
f and two identical stator windings a and b. The self-inductance of each 
stator winding is L,,, and of the rotor winding is Ly. The air gap is uniform. 
The stator windings are in quadrature. The mutual inductance between a 
stator winding and the rotor winding depends on the angular position 6) of 
the rotor and may be assumed to be 
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Fig. 4-45. Elementary cylindrical-rotor two-phase synchronous machine for Prob. 4-19. 


M, = M cos 6 M = M sin bo 


where M is the maximum value of the mutual inductance. The resistance 
of each stator winding is R,. 


(a) Derive a general expression for the torque T in terms of the angle 0y, 


the inductance constants, and the instantaneous currents i, ip, 
and i,. Does this expression apply at standstill? When the rotor is 
revolving? 


(6) Suppose the rotor is stationary and constant direct currents J, = 


(c) 


5 A, I, = 5 A, and J; = 10 A are supplied to the windings in the di- 
rections indicated by the dots and crosses in Fig. 4-45. If the rotor 
is allowed to move, will it rotate continuously or will it tend to 
come to rest? If the latter, at what value is 0)? 

The rotor winding is now excited by a constant direct current J,, 
and the stator windings carry balanced two-phase currents 


i, = V2I, cos wt i, = V21, sin wt 


The rotor is revolving at synchronous speed so that its instanta- 
neous angular position 4) is given by 0. = wt — 6, where ô is a phase 
angle describing the position of the rotor at t = 0. The machine is 
an elementary two-phase synchronous machine. Derive an expres- 
sion for the torque under these conditions. Describe its nature. 


(d) Under the conditions of part (c), derive an expression for the in- 


stantaneous terminal voltages of stator phases a and b. 


4-20. Consider the two-phase synchronous machine of Prob. 4-19. Derive 
an expression for the torque acting on the rotor if the rotor is rotating at 
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constant angular velocity (0 = wt + ô) and the phase currents become un- 
balanced such that 


i, = V2I,coswt i, = V2(I, + T') sin ot 
What is the instantaneous and time-averaged torque under this condition? 


4-21. Figure 4-46 shows in cross section a machine having two identical 
stator windings a and b arranged in quadrature on a laminated steel core. 
The salient-pole rotor is made of steel and carries a winding f connected to 
slip rings. The machine is an elementary two-phase salient-pole synchro- 
nous machine. 

Because of the nonuniform air gap, the self- and mutual inductances of 
the stator windings are functions of the angular position 6, of the rotor, as 
follows: 


Laa = Lo + Le cos 265 Lip = Lo — L cos 20, M = Lz sin 26) 


where Lọ and L, are positive constants. The mutual inductances between 
the rotor and the stator windings are functions of 4, 


M.; = M cos 6) M, = Msin bo 


where M is a positive constant. The self-inductance Ly of the rotor winding 
is constant, independent of 6. 

The rotor (or field) winding fis excited with direct current J;, and the 
stator windings are connected to a balanced two-phase voltage source. The 
currents in the stator windings are 


i, = V21, cos wt i, = V2I, sin wt 


The rotor is revolving at synchronous speed so that its instantaneous an- 
gular position is given by 


4 = wt — 6 


where ô is a phase angle describing the position of the rotor at t = 0. 


(a) Derive an expression for the electromagnetic torque acting on the 
rotor. Describe its nature. 

(b) Can the machine be operated as a motor? As a generator? Explain. 

(c) Will the machine continue to run if the field current J; is reduced 
to zero? If so, give an expression for the torque and a physical 
explanation. 


4-22. A three-phase linear ac motor has an armature winding of wave- 
length 0.7 m. A three-phase balanced set of currents at a frequency of 
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Fig. 4-46. Elementary salient-pole two-phase synchronous machine for Prob. 4-21. 


60 Hz is applied to the armature. Calculate the velocity of the resultant 
traveling mmf wave. 


4-23. The linear motor of Prob. 4-22 has a total length of 5 wavelengths, a 
total of 180 turns per phase, and a winding factor of k,, = 0.89. For an air- 
gap length of 0.75 cm, calculate the magnitude of the balanced three-phase 
currents which must be applied to the armature to achieve a peak fun- 
damental air-gap flux density of 1.65 T. 


Synchronous Machines: 
Steady State 


A synchronous machine is an ac machine whose speed under steady-state 
conditions is proportional to the frequency of the current in its armature. 
The magnetic field created by the armature currents rotates at the same 
speed as that created by field current on the rotor (which is rotating at 
synchronous speed), and a steady torque results. An elementary picture of 
how a synchronous machine works is given in Art. 4-2a with emphasis on 
torque production in terms of the interactions between its magnetic fields. 

Analytical methods of examining the steady-state performance of 
polyphase synchronous machines will be developed in this chapter. Initial 
consideration will be given to cylindrical-rotor machines; the effects of sa- 
lient poles are taken up in Arts. 5-6 and 5-7. 
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5-1 INTRODUCTION TO POLYPHASE SYNCHRONOUS MACHINES 


As indicated in Art. 4-2a, a synchronous machine is one in which alternat- 
ing current flows in the armature winding and dc excitation is supplied to 
the field winding. The armature winding is almost invariably on the stator 
and is usually a three-phase winding, as described in Chap. 4. The field 
winding is on the rotor. The cylindrical-rotor construction shown in Figs. 4-10 
and 4-11 is used for two- and four-pole turbine generators. The salient-pole 
construction shown in Fig. 4-9 is best adapted to multipolar slow-speed hy- 
droelectric generators and to most synchronous motors. The de power re- 
quired for excitation — approximately one to a few percent of the rating of 
the synchronous machine — usually is supplied through slip rings from a 
de generator called an exciter, which is often mounted on the same shaft as 
the synchronous machine. Various excitation systems using ac exciters and 
solid-state rectifiers are used with large turbine generators. One of these 
systems is described in Appendix C. 

A single synchronous generator supplying power to an impedance load 
acts as a voltage source whose frequency is determined by its prime-mover 
speed, as in Eq. 4-2. The current and power factor are then determined by 
the generator field excitation and the impedance of the generator and load. 

Synchronous generators can be readily operated in parallel, and, in 
fact, the electricity supply systems of industrialized countries may have 
scores or even hundreds of them operating in parallel, interconnected by 
thousands of miles of transmission lines, and supplying electric energy to 
loads scattered over areas of hundreds of thousands of square miles. These 
huge systems have grown in spite of the necessity for designing the system 
so that synchronism will be maintained following disturbances and the 
problems, both technical and administrative, which must be solved to coor- 
dinate the operation of such a complex system of machines and personnel. 
The principal reasons for these interconnected systems are continuity of 
service and economies in plant investment and operating costs. 

When a synchronous generator is connected to a large interconnected 
system containing many other synchronous generators, the voltage and 
frequency at its armature terminals are substantially fixed by the system. 
As a result, armature currents will produce a component of the air-gap 
magnetic field which rotates at synchronous speed (Eq. 4-41 or 4-42) as 
determined by the system frequency. For the production of a steady unidi- 
rectional electromagnetic torque, the fields of the stator and rotor must ro- 
tate at the same speed, and therefore the rotor must turn at precisely 
synchronous speed. Because any individual generator is a small fraction of 
the total system generation, it cannot significantly affect the system volt- 
age or frequency. It is often useful for the purposes of analysis to represent 
the system as a constant-frequency, constant-voltage source known as an 
infinite bus. Many important features of synchronous-machine behavior 
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can be understood from analysis of a single machine connected to an infi- 
nite bus. 

The steady-state behavior of a synchronous machine can be visualized 
in terms of the torque equation. From Eq. 4-85, with changes in notation 
appropriate to synchronous-machine theory, 


2 
T = (poe PrF, sin Spr (5-1) 


where ®, = resultant air-gap flux per pole 
F, = mmf of de field winding 
rr = phase angle between magnetic axes of ®, and F; 


The minus sign of Eq. 4-85 has been omitted with the understanding that 
the electromagnetic torque acts in the direction to bring the interacting 
fields into alignment. In normal steady-state operation, the electromag- 
netic torque balances the mechanical torque applied to the shaft. In a gen- 
erator, the prime-mover torque acts in the direction of rotation of the rotor, 
pushing the rotor mmf wave ahead of the resultant air-gap flux. The elec- 
tromagnetic torque then opposes rotation. The opposite situation exists in 
a synchronous motor, where the electromagnetic torque is in the direction 
of rotation, in opposition to the retarding torque of the mechanical load on 
the shaft. 

Variations in the electromagnetic torque result in corresponding varia- 
tions in the torque angle d5p,, as seen from Eq. 5-1. The relationship is 
shown in the form of a torque-angle curve in Fig. 5-1, where the field cur- 
rent (rotor mmf) and resultant air-gap flux are assumed constant. Positive 
values of torque represent generator action, and positive values of 5p, rep- 
resent angles of lead of the rotor mmf wave with respect to the resultant 
air-gap flux. 

As the prime-mover torque is increased, the magnitude of 5p, must in- 
crease until the electromagnetic torque balances the shaft torque. The 


| 
| Generator 
—180° -90° | 


Fig. 5-1. Torque-angle characteristic. 
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readjustment process is actually a dynamic one, accompanied by a tempo- 
rary change in the instantaneous mechanical speed of the rotor and a 
damped mechanical oscillation, called hunting, of the rotor about its new 
steady-state torque angle. In a practical machine, some changes in the am- 
plitudes of the resultant flux-density and mmf waves may also occur be- 
cause of factors, e.g., saturation and leakage impedance, neglected in the 
present argument. The adjustment of the rotor to its new angular position 
following a load change can be observed experimentally in the laboratory 
by viewing the machine rotor with stroboscopic light having a flashing fre- 
quency which causes the rotor to appear stationary when it is turning at 
its normal synchronous speed. Synchronous-machine transient behavior is 
discussed in Chap. 6. 

As the prime-mover torque is further increased, 5p, increases. When 
Spr becomes 90°, the electromagnetic torque reaches its maximum value, 
known as the pull-out torque. Any further increase in prime-mover torque 
cannot be balanced by a corresponding increase in synchronous electro- 
magnetic torque, with the result that the rotor will speed up and synchro- 
nous operation will not be maintained. This phenomenon is known as 
losing synchronism or pulling out of step. Under these conditions, the gen- 
erator is usually disconnected from the line by the automatic operation of 
circuit breakers, and the prime mover is quickly shut down to prevent dan- 
gerous overspeed. Note from Eq. 5-1 that the value of the pull-out torque 
can be increased by increasing either the field current or the resultant air- 
gap flux. 

As seen from Fig. 5-1, a similar situation occurs in a synchronous mo- 
tor for which an increase in the shaft load beyond the pull-out torque will 
cause the rotor to lose synchronism and thus to slow down. 

Since a synchronous motor per se has no net starting torque, means 
must be provided for bringing it up to synchronous speed by induction- 
motor action, as described briefly at the end of Art. 7-1. 


5-2 SYNCHRONOUS-MACHINE INDUCTANCES; 
EQUIVALENT CIRCUITS 


In Art. 5-1, we described synchronous-machine torque-angle characteris- 
tics in terms of the interacting air-gap flux and mmf waves. Our purpose 
now is to derive an equivalent circuit which represents the steady-state 
terminal volt-ampere characteristics. 

A cross-sectional sketch of a three-phase cylindrical-rotor synchronous 
machine is shown schematically in Fig. 5-2. The figure shows a two-pole 
machine; alternatively, this can be considered as two poles of a P-pole ma- 
chine. The three-phase armature winding on the stator is of the same type 
used in the discussion of rotating magnetic fields in Art. 4-5. Coils aa’, 
bb', and cc’ represent distributed windings producing sinusoidal mmf and 
flux-density waves in the air gap. The reference directions for the currents 
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0=wt +4, 


Magnetic axis 
of phase a 


Fig. 5-2. Schematic diagram of a three-phase cylindrical-rotor synchronous machine. 


are shown by dots and crosses. The field winding ff’ on the rotor also rep- 
resents a distributed winding which produces a sinusoidal mmf and flux- 
density wave centered on its magnetic axis and rotating with the rotor. 

When the flux linkages with armature phases a, b, c and field winding 
f are expressed in terms of the inductances and currents as follows, 


M = Zyl, + Dah + 2.5, + Lgl (5-2) 
hy = Liai + Eui + Lyi, + Logis (5-3) 
A, = Zoi, + Laks + Luis + Eh (5-4) 
hy Loi, + Luis + Lyi, + Lyi; (5-5) 


the induced voltages can be found from Faraday’s law. Here two like sub- 
scripts denote a self-inductance and two unlike subscripts denote a mutual 
inductance between the two windings. The script £ is used for inductance 
to conform with the notation in Chap. 6, where the effects of salient poles 
and transients are analyzed. 

Before we proceed, it is useful to investigate the nature of the various 
inductances. Each of these inductances can be expressed in terms of con- 
stants which can be computed from design data or measured by tests on an 
existing machine. 


a. Rotor Self-inductance 


With a cylindrical stator, the self-inductance of the field winding is inde- 
pendent of the rotor position 0 when the harmonic effects of stator slot 
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openings are neglected. Hence 


where the italic L is used for an inductance which is independent of 0. The 
component Lj) takes into account the space-fundamental component of air- 
gap flux. This component can be computed from air-gap dimensions and 
winding data, as shown in Appendix B. The additional component Lp ac- 
counts for the field-winding leakage flux. 

Under transient or unbalanced conditions, the flux linkages with the 
field winding, Eq. 5-5, vary with time, and the voltages induced in the ro- 
tor circuits have an important effect on machine performance, as shown 
in Chap. 6. With balanced three-phase armature currents, however, the 
constant-amplitude magnetic field of the armature currents rotates in 
synchronism with the rotor. Thus the field-winding flux linkages produced 
by the armature currents do not vary with time, and the voltage induced 
in the field winding is therefore zero. With constant dc voltage V; applied 
to the field-winding terminals, the field direct current J; is given by Ohm’s 
law, I; = V;/R;. 


b. Stator-to-Rotor Mutual Inductances 


The stator-to-rotor mutual inductances vary periodically with the angle 0 
between the magnetic axes of the field winding and the armature phase a 
(Fig. 5-2). With the space-mmf and air-gap flux distribution assumed sinu- 
soidal, the mutual inductance between the field winding f and phase a 
varies as cos 9; thus 


Lat = La = Laf cos 6 (5-7) 
Similar expressions apply to phases b and c, with 0 replaced by 0 — 120° 
and @ + 120°, respectively. Attention will be focused on phase a. The induc- 


tance L, can be calculated as indicated in Appendix B. 
With the rotor rotating at synchronous speed w 


0=wt+ 0 (5-8) 


where 0, is the angle of the rotor at time ¢ = 0. With dc excitation J; in the 
field winding, the resultant flux linkage A, of phase a is 


Nap = Larl; cos (wt + Oo) (5-9) 


c. Stator Inductances; Synchronous Inductance 


With a cylindrical rotor, the air gap is independent of @ if the effects of ro- 
tor slots are neglected. The stator self-inductances then are constant; thus 
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Ses = Lir = Lac = | 2m = Liu + La (5-10) 


where Laa is the component of self-inductance due to space-fundamental 
air-gap flux (Appendix B) and L,, is the additional component due to arma- 
ture leakage flux (Art. 4-9). 

The armature phase-to-phase mutual inductances can be found on the 
assumption that the mutual inductance is due solely to space-fundamental 
air-gap flux. Because the armature phases are displaced by 120° and cos 
(+120°) = —3, the mutual inductances between armature phases are 


Laos m Lia wa La a Log = Lie z Leb ia =W (5-11) 
The phase-a flux linkages (Eq. 5-2) can be written as 
Aa oe (L aao r La)ia T 5D aaolis + i.) + Naf (5-12) 


where À, is given by Eq. 5-9. 
With balanced three-phase armature currents (see Fig. 4-30 and Eqs. 4-24 
to 4-26) 


i titi=0 or i, +i, = —i, (5-13) 
Substitution of Eq. 5-13 in Eq. 5-12 gives 
Na = (Laao + Laria + $Laaola + Naf = GLa + La)ia + Naf (5-14) 
It is useful to define the synchronous inductance L, as 


L, = $L aao T La (5-15) 
and thus Ma = Lyig + Nag (5-16) 


The synchronous inductance L, is the effective inductance seen by 
phase a under the balanced three-phase conditions of normal machine opera- 
tion. It is made up of three components. The first, Laao, is due to the space- 
fundamental air-gap component of phase-a self-flux linkages. The second, 
La, is due to the leakage component of phase-a flux linkages. The third 
component, $L,,., is due to the phase-a flux linkages from the space- 
fundamental component of air-gap flux produced by currents in phases b 
and c. Under balanced three-phase conditions, the phase-b and -c currents 
are related to the current in phase a by Eq. 5-13; thus the synchronous in- 
ductance is an apparent inductance which accounts for the flux linkages of 
phase a in terms of the current in phase a, even though this is not truly 
the self-inductance of phase a alone. 

The significance of the synchronous inductance can be further appreci- 
ated with reference to the discussion of rotating magnetic fields in Art. 4-5, 
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where it was shown that under balanced three-phase conditions, the arma- 
ture currents create a rotating magnetic flux wave in the air gap 3 times 
the magnitude of that due to phase a alone, the additional component be- 
ing due to the phase-b and -c currents. This corresponds directly to the 
ŽL aao component of the synchronous inductance in Eq. 5-15; this component 
of the synchronous inductance accounts for the total space-fundamental 
air-gap component of phase-a flux linkages produced by the three arma- 
ture currents under balanced three-phase conditions. 

The phase-a terminal voltage is the sum of the armature-resistance 
voltage drop R,i, and the induced voltages. From the derivative of Eq. 5-16 


d Na di, d Naf 


= r of = r -H — + - 
Va = Rala as Rt, + Li, i E7 (5-17) 
From Eq. 5-9 the corresponding voltage e,r is 
da . 
ty= = -wL,,I; sin (wt + 6) (5-18) 


Here e,; is the voltage generated by the flux produced by the rotating field 
winding and is defined as the excitation voltage. From the trigonometric 
identity | 


i T 
sin a = —cos (« + z) 


Caf = +oL al; cos (or + Oo + z) (5-19) 


The excitation voltage e,; leads the flux linkage \,, by 90°. Its rms value 
Eis 


w 
Ey = (5-20) 


The equation for the rms voltage generated in the armature phases by a 
rotating flux wave (Eq. 4-55) is repeated here for convenience; thus 


Eup = V2 afk, N Pay (5-21) 


where ®,, is the flux per pole produced by the field winding and the other 
symbols are defined in Chap. 4. It can be shown that Eqs. 5-20 and 5-21 
are identical. 

In the analysis of steady-state sinusoids, it is convenient to use phasor 
symbolism. Thus Eq. 5-19 describes a voltage whose rms value is given by 
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Eq. 5-20 and which leads the flux linkages kg by 7/2 = 90°. Similarly the 
phase-a terminal voltage v,, and armature current i, can be represented by 
phasors. The complex impedance equivalent of Eq. 5-17 then is 


a= Rif, + jX,f, + By (5-22) 


where X, = wL, is the synchronous reactance. An equivalent circuit in com- 
plex form is shown in Fig. 5-3a. The reader should note that Eq. 5-22 and 
Fig. 5-3a assume the motor reference direction for f a with id defined as 
positive into the + terminals of the machine. Alternatively, the generator 
reference direction (Î, positive out of the + armature terminals) can be cho- 
sen; for this choice Eq. 5-22 becomes 


Vi = -R,I, - jX,f, + By (5-23) 


and the equivalent circuit is that of Fig. 5-36. Although these two repre- 
sentations are equivalent, the generator reference direction is more com- 
mon and is generally used from this point on in the text. 

Figure 5-4 shows an alternative form of the equivalent circuit in 
which the synchronous reactance is shown in terms of its components. 
From Eq. 5-15 


X, = aL, = oLa + olL) = Xa + Xa (5-24) 


where X„ = wL,, is the armature leakage reactance and X, = w(3L,,0) is re- 
actance corresponding to the rotating space-fundamental air-gap flux pro- 
duced by the three armature currents. The reactance X, is defined as the 
reactance of armature reaction. The voltage Ep is the internal voltage gen- 
erated by the resultant air-gap flux and is usually referred to as the air- 
gap voltage or the voltage “behind” leakage reactance. Its rms value Ep is 
related to the resultant air-gap flux ®,, as in Eq. 4-55. As a phasor, E, 
leads the resultant flux Pp by 90°. 

It is helpful to have a rough idea of the order of magnitude of the im- 
pedance components. For machines with ratings above a few hundred kilo- 


L A X% R l 
+ + + + 
E af Via E af Via 


(a) (b) 


Fig. 5-3. Synchronous-machine equivalent circuits: (a) motor reference direction and 
(b) generator reference direction. 
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Fig. 5-4. Synchronous-machine equivalent circuit showing air-gap and leakage components 
of synchronous reactance and air-gap voltage. 


voltamperes, the armature-resistance voltage drop at rated current usually 
is less than 0.01 times rated voltage; i.e., the armature resistance usually 
is less than 0.01 per unit on the machine rating as a base. (The per unit 
system is described in Art. 2-8.) The armature leakage reactance usually is 
in the range of 0.1 to 0.2 per unit, and the synchronous reactance is typi- 
cally in the range of 1.0 to 2.0 per unit. In general, the per unit armature 
resistance increases and the per unit synchronous reactance decreases 
with decreasing size of the machine. In small machines, such as those in 
educational laboratories, the armature resistance may be in the vicinity of 
0.05 per unit and the synchronous reactance in the vicinity of 0.5 per unit. 
In all but small machines, the armature resistance usually is neglected ex- 
cept insofar as its effect on losses and heating is concerned. 


5-3 OPEN- AND SHORT-CIRCUIT CHARACTERISTICS 


Two basic sets of characteristic curves for a synchronous machine are in- 
volved in the inclusion of saturation effects and in the determination of the 
appropriate machine constants. These sets are discussed here. Except for a 
few remarks on the degree of validity of certain assumptions, the discus- 
sions apply to both cylindrical-rotor and salient-pole machines. 


a. Open-Circuit Characteristic and No-Load Rotational Losses 


Like the magnetization curve for a de machine, the open-circuit character- 
istic of a synchronous machine is a curve of the armature terminal voltage 
on open circuit as a function of the field excitation when the machine is 
running at synchronous speed, as shown by curve occ in Fig. 5-5a. The 
curve is often plotted in per unit terms, as in Fig. 5-56, where unity voltage 
is the rated voltage and unity field current is the excitation corresponding 
to the rated voltage on the air-gap line. Essentially, the open-circuit char- 
acteristic represents the relation between the space-fundamental compo- 
nent of the air-gap flux and the mmf acting on the magnetic circuit when 
the field winding constitutes the only mmf source. When the machine is an 
existing one, the open-circuit characteristic is usually determined experi- 
mentally by driving the machine mechanically at synchronous speed with 
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Fig. 5-5. Open-circuit characteristic (a) in terms of volts and field amperes and (b) in per 
unit. 


its armature terminals on open circuit and by reading the terminal voltage 
corresponding to a series of values of field current. If the mechanical power 
required to drive the synchronous machine during the open-circuit test is 
measured, the no-load rotational losses can be obtained. These losses com- 
prise friction, windage, and core loss corresponding to the flux in the ma- 
chine at no load. The friction and windage losses at synchronous speed are 
constant, while the open-circuit core loss is a function of the flux, which in 
turn is proportional to the open-circuit voltage. 

The mechanical power required to drive the machine at synchronous 
speed and unexcited is its friction and windage loss. When the field is ex- 
cited, the mechanical power equals the sum of the friction, windage, and 
open-circuit core loss. The open-circuit core loss therefore can be found 
from the difference between these two values of mechanical power. A curve 
of open-circuit core loss as a function of open-circuit voltage is shown in 
Fig. 5-6. 


Open-circuit core loss 


Open-circuit voltage 


Fig. 5-6. Open-circuit core-loss curve. 
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b. Short-Circuit Characteristic and Load Loss 


If the armature terminals of a synchronous machine which is being driven 
as a generator at synchronous speed are short-circuited through suitable 
ammeters, as shown in Fig. 5-7a, and if the field current is gradually in- 
creased until the armature current has reached a maximum safe value, 
then data can be obtained from which the short-circuit armature current 
can be plotted against the field current. This relation is known as the 
short-circuit characteristic. An open-circuit characteristic occ and a short- 
circuit characteristic scc are shown in Fig. 5-7). 

The phasor relation between the excitation voltage Ey and the steady- 
state armature current Î , under polyphase short-circuit conditions is 


Êy = Î (R, + jX.) (5-25) 


The corresponding phasor diagram is shown in Fig. 5-8. Because the resis- 
tance is much smaller than the synchronous reactance, the armature 
current lags the excitation voltage by very nearly 90°. Consequently the 
armature-reaction-mmf wave is very nearly in line with the axis of the field 
poles and in opposition to the field mmf, as shown by phasors A and Ê rep- 
resenting the space waves of armature reaction and field mmf, respectively. 

The resultant mmf creates the resultant air-gap flux wave which gen- 
erates the air-gap voltage i. equal to the voltage consumed in armature 
resistance R, and leakage reactance X,,; as an equation, 


Êr = 1,(R, + jXa) (5-26) 
In many synchronous machines the armature resistance is negligible, and 


the leakage reactance is between 0.10 and 0.20 per unit; a representative 
value is about 0.15 per unit. That is, at rated armature current the leakage- 


Open-circuit voltage 
(ordinates for occ) 


Short-circuit armature current 
(ordinates for sec) 


Field Armature 


(a) Field excitation 
(b) 


Fig. 5-7. (a) Connections for short-circuit test; (b) open- and short-circuit characteristics. 
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Fig. 5-8. Phasor diagram for short-circuit conditions. 


reactance voltage drop is about 0.15 per unit. From Eq. 5-26, therefore, the 
air-gap voltage at rated armature current on short circuit is about 0.15 per 
unit; i.e., the resultant air-gap flux is only about 0.15 times its normal 
voltage value. Consequently, the machine is operating in an unsaturated 
condition. The short-circuit armature current therefore is directly propor- 
tional to the field current over the range from zero to well above rated ar- 
mature current. 

The unsaturated synchronous reactance (corresponding to unsaturated 
operating conditions within the machine) can be found from the open- 
and short-circuit data. At any convenient field excitation, such as Of in 
Fig. 5-76, the armature current on short circuit is O'b, and the excitation 
voltage for the same field current corresponds to Oa read from the air-gap 
line. Note that the voltage on the air-gap line should be used because the 
machine is assumed to be operating in an unsaturated condition. If the 
voltage per phase corresponding to Oa is E,,;,, and the armature current 
per phase corresponding to O'b is I.s» then from Eq. 5-25, with armature 
resistance neglected, the unsaturated value X, a of the synchronous reac- 
tance is 


X= tu (5-27) 


Tes 
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where the subscripts “ag” indicate air-gap line conditions and “sc” short- 
circuit conditions. If E,,,, and I, s are expressed in per unit, the synchro- 
nous reactance will be in per unit. If E,,;,, and I, s: are expressed in rms 
volts per phase and rms amperes per phase, respectively, the synchronous 
reactance will be ohms per phase. 

Note that the synchronous reactance in ohms is calculated by using 
the phase or line-neutral voltage. Often the open-circuit saturation curve 
is given in terms of the line-line voltage, in which case the voltage must be 
converted to the line-neutral value by dividing by V3. 

For operation at or near the rated terminal voltage, it is sometimes as- 
sumed that the machine is equivalent to an unsaturated one whose magne- 
tization curve is a straight line through the origin and the rated-voltage 
point on the open-circuit characteristic, as shown by the dashed line Op in 
Fig. 5-9. According to this approximation, the saturated value of the syn- 
chronous reactance at rated voltage V,, is 


Via 
Tose 


X, = (5-28) 


where I; ,. is the armature current O'c read from the short-circuit charac- 
teristic at the field current Of’ corresponding to V,, on the open-circuit 
characteristic, as shown in Fig. 5-9. This method of handling the effects 
of saturation usually gives satisfactory results when great accuracy is not 
required. 

The short-circuit ratio (SCR) is defined as the ratio of the field current 
required for rated voltage on open circuit to the field current required for 
rated armature current on short circuit. That is, in Fig. 5-9 


Of’ 
Of" 


SCR = (5-29) 


Open-circuit voltage 


Short-circuit 
armature current 


O f' f " O I 
Field excitation 


Fig. 5-9. Open- and short-circuit characteristics. 
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It can be shown that the SCR is the reciprocal of the per unit value of 
the saturated synchronous reactance given by Eq. 5-28. 


EXAMPLE 5-1 


The following data are taken from the open- and short-circuit characteristics 
of a 45-kVA three-phase Y-connected 220-V (line-to-line) six-pole 60-Hz 
synchronous machine. From the open-circuit characteristic 


Line-to-line voltage = 220 V Field current = 2.84 A 
From the short-circuit characteristic 


Armature current, A 118 152 
Field current, A 2.20 2.84 


From the air-gap line 
Field current = 2.20 A Line-to-line voltage = 202 V 


Compute the unsaturated value of the synchronous reactance, its saturated 
value at rated voltage in accordance with Eq. 5-28, and the short-circuit 
ratio. Express the synchronous reactance in ohms per phase and in per 
unit on the machine rating as a base. 


Solution 


At a field current of 2.20 A the voltage to neutral on the air-gap line is 


202 
Ea = —= = 116.7 V 
"E a/g 
and for the same field current the armature current on short circuit is 
Ias = 118 A 
From Eq. 5-27 
116.7 
Xaa = = 0.987 0/phase 


Note that rated armature current is 45,000/[V/3 (220)] = 118 A. Therefore, 
I, s = 1.00 per unit. The corresponding air-gap-line voltage is 


a 
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202 _ 


Euteg = 220 0.92 per unit 
From Eq. 5-27 in per unit 
0.92 , 
Ai” 100 0.92 per unit 


From the open- and short-circuit characteristics and Eq. 5-28 


220 


p AE = T fio 
s = 3152) ipana 


In per unit J; ,. = 73 = 1.29, and from Eq. 5-28 


_ 1.00 


a, = 1.29 


= 0.775 per unit 


From the open- and short-circuit characteristics and Eq. 5-29 


If the mechanical power required to drive the machine is measured 
while the short-circuit test is being made, information can be obtained re- 
garding the losses caused by the armature current. The mechanical power 
required to drive the synchronous machine during the short-circuit test 
equals the sum of friction and windage plus losses caused by the armature 
current. The losses caused by the armature current can then be found by 
subtracting friction and windage from the driving power. The losses caused 
by the short-circuit armature current are known collectively as the short- 
circuit load loss. A curve of short-circuit load loss plotted against armature 
current is shown in Fig. 5-10. Typically, it is approximately parabolic. 

The short-circuit load loss comprises JR loss in the armature winding, 
local core losses caused by the armature leakage flux, and a very small 
core loss caused by the resultant flux. The de resistance loss can be com- 
puted if the de resistance is measured and corrected, when necessary, for 
the temperature of the windings during the short-circuit test. For copper 
conductors 


Rr  2345+T 
R, 2845+¢t (5-30) 
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Fig. 5-10. Short-circuit load-loss and stray load-loss curves. 


where Rp and R, are the resistances at Celsius temperatures T and t, re- 
spectively. If this de resistance loss is subtracted from the short-circuit load 
loss, the difference will be the loss due to skin effect and eddy currents in 
the armature conductors plus the local core losses caused by the armature 
leakage flux. (The core loss caused by the resultant flux on short circuit is 
customarily neglected.) This difference between the short-circuit load loss 
and the dc resistance loss is the additional loss caused by the alternating 
current in the armature. It is the stray load loss described in Appendix C, 
commonly considered to have the same value under normal load conditions 
as on short circuit. It is a function of the armature current, as shown by 
the curve in Fig. 5-10. 

As with any ac device, the effective resistance of the armature is the 
power loss attributable to the armature current divided by the square of 
the current. On the assumption that the stray load loss is a function of 
only the armature current, the effective resistance R, et of the armature 
can be determined from the short-circuit load loss: 


short-circuit load loss 


(eharbeireult amature currents’ 5-31 
(short-circuit armature current)” (5-81) 


Ra ett m 


If the short-circuit load loss and armature current are in per unit, the ef- 
fective resistance will be in per unit. If they are in watts per phase and 
amperes per phase, respectively, the effective resistance will be in ohms 
per phase. Usually it is sufficiently accurate to find the value of R, ef at 
rated current and then to assume it to be constant. 


EXAMPLE 5-2 


For the 45-kVA three-phase Y-connected synchronous machine of Ex- 
ample 5-1, at rated armature current (118 A) the short-circuit load loss 
(total for three phases) is 1.80 kW at a temperature of 25°C. The dec resis- 
tance of the armature at this temperature is 0.0335 0./phase. Compute the 
effective armature resistance in per unit and in ohms per phase at 25°C. 
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Solution 


In per unit the short-circuit load loss is 


1.80 
5 0.040 


at I, = 1.00 per unit. Therefore, 


0.040 


Raett i (1.00)? 


= 0.040 per unit 


On a per phase basis the short-circuit load loss is 


a W/phase 


and consequently the effective resistance is 


1800 
act = 30187 = 0.043 Q/phase 
The ratio of ac-to-de resistance is 


Rest _ 0.043 
Raa 0.0335 


= 1.28 


Because this is a small machine, its per unit resistance is relatively 
high. The armature resistance of machines with ratings above a few hun- 
dred kilovoltamperes usually is less than 0.01 per unit. 


5-4 STEADY-STATE POWER-ANGLE CHARACTERISTICS 


The maximum power a synchronous machine can deliver is determined by 
the maximum torque which can be applied without loss of synchronism 
with the external system to which it is connected. The purpose of this ar- 
ticle is to derive expressions for the steady-state power limits of simple 
situations in which the external system can be represented as an imped- 
ance in series with a voltage source. 

Since the machine itself can be represented by a simple impedance in 
series with a voltage source, the study of power limits becomes merely a 
special case of the more general problem of the limitations on power flow 
through a series impedance. The impedance can include that of a line and 
transformer bank as well as the synchronous impedance of the machine. 
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Consider the simple circuit of Fig. 5-1la, comprising two ac voltages 
Ê, and Ê, connected by an impedance Z through which the current is Î. The 
phasor diagram is shown in Fig. 5-11b. The power P, delivered through the 
impedance to the load end E, is 


P, = E,I cos ¢, (5-32) 
where @, is the phase angle of Î with respect to Ê,. The phasor current is 


Ê, - Ê, 
f= -z (5-33) 


If the phasor voltages and the impedance are expressed in polar form, 


_£,/8- Eio Bona r n 
Jae T7 =j Q: Z| Q: (5-34) 


where E,,E, = magnitudes of voltages È and R, 
ô = phase angle by which Ê, leads BR, 

|Z| = magnitude of impedance 
b, = angle of impedance in polar form 


The real part of the phasor equation 5-34 is the component of fin phase in 
Ê,, whence 


I cos $2 = 4 cos (ô — ¢,) — A cos (—¢,) (5-35) 


Noting that 


R 
cos (—¢,) = cos ġ, = Zi 


Fig. 5-11. (a) Impedance interconnecting two voltages; (b) phasor diagram. 
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we see that substitution of Eq. 5-35 in Eq. 5-32 gives 


E2R 
P, = Na cos (ô — ¢,) - => (5-36) 
Z| Z| 
E? 
and P, = “er sin (6 + a,) — oF (5-37) 
where a, = 90° — ¢, = tan” £ (5-38) 


usually is a small angle. 
Similarly power P, at source end Ê , of the impedance can be ex- 
pressed as 


2 
P, = oy sin (ô — a,) + EF (5-39) 


If, as is frequently the case, the resistance is negligible, then a, ~ 0 and 


P, = P = Ar sin ô (5-40) 


Equation 5-40 is commonly referred to as the power-angle characteris- 
tic for a synchronous machine, and the angle ô is known as the power 
angle. If the resistance is negligible and the voltages are constant, the 
maximum power 


' a PON = Poua = (5-41) 


occurs when ô = 90°. 

Equation 5-40 is valid for any voltage sources Ê, and R, separated by a 
reactive impedance jX. Thus for a synchronous machine connected to a sys- 
tem whose Thevenin equivalent is a voltage source Ves in series with a 
reactive impedance jXxq, as shown in Fig. 5-12, the power-angle character- 
istic can be written 


Eat V 
= af VEQ .: 3 
= x Ki sin ô (5-42) 


where P is the power transferred from the synchronous machine to the sys- 
tem and ô is the phase angle of By with respect to Veo 

In a similar fashion it is possible to write a power-angle characteristic 
in terms of X,, E,;, the terminal voltage V,,, and the relative angle between 
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Generator Thevenin equivalent 
for the external system 


Fig. 5-12. Representation of a synchronous machine connected to an external system. 


them, or alternatively Xeo, Va, and Veggo. Although both expressions are 
equally valid, they are not equally useful. For example, while E,, and Vyg 
remain constant as P is varied, V,, will not. Thus, while Eq. 5-42 gives an 
easily solved relation between P and 6, a power-angle characteristic based 
upon V,, cannot be solved without an additional expression relating V,, to P. 

It should be emphasized that the derivation of Eqs. 5-32 to 5-42 is 
based on a single-phase ac circuit. For a balanced three-phase system, if E, 
and EF, are the line-neutral voltages, the results must be multiplied by 3 to 
get the total three-phase power; alternatively E, and E, can be expressed 
in terms of the line-to-line voltage (equal to V3 times the line-neutral 
voltage), in which case the equations give three-phase power directly. 

When Eq. 5-40 is compared with Eq. 5-1 for torque in terms of inter- 
acting flux and mmf waves, they are seen to be of the same form. This is 
no coincidence. Remember that torque and power are proportional when, as 
here, speed is constant. What we are really saying is that Eq. 5-1 applied 
specifically to the idealized cylindrical-rotor machine and translated to 
circuit terms becomes Eq. 5-40. A quick mental review of the background 
of each relation should show that they stem from the same fundamental 
considerations. 

From Eq. 5-42 we see that the maximum power transfer associated 
with synchronous-machine operation is proportional to the magnitude of 
the system voltage, corresponding to Vga, and the generator internal volt- 
age E.,. Thus for constant system voltage, the maximum power transfer 
can be increased by increasing the synchronous-machine field current and 
thus the internal voltage. Of course, this cannot be done without limit; nei- 
ther the field current nor the machine fluxes can be raised past the point 
where cooling requirements fail to be met. 

In general, stability considerations dictate that a synchronous ma- 
chine achieve steady-state operation for a power angle considerably less 
than 90°. Thus, for a given system configuration it is necessary to ensure 
that the machine will be able to achieve its rated operation and that this 
operating condition will be within acceptable operating limits for both the 
machine and the system. 
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rare a ge R E A S E a 
EXAMPLE 5-3 i 
A 2000-hp 1.0-power-factor three-phase Y-connected 2300-V 30-pole 60-Hz 


synchronous motor has a synchronous reactance of 1.95 Q/phase. For this 
problem all losses may be neglected. 


(a) Compute the maximum torque in pound-feet which this motor can 
deliver if it is supplied with power from a constant-frequency, constant- 
voltage, three-phase source, commonly called an infinite bus (in this case 
60 Hz and 2300 V line-line), and if its field excitation is constant at the 
value which would result in 1.00 power factor at rated load. 

(b) Instead of the infinite bus of part (a), suppose that the motor is sup- 
plied with power from a three-phase Y-connected 2300-V 1750-kVA two- 
pole 3600 r/min turbine generator whose synchronous reactance is 2.65 Q/ 
phase. The generator is driven at rated speed, and the field excitations of 
generator and motor are adjusted so that the motor runs at 1.00 power fac- 
tor and rated terminal voltage at full load. The field excitations of both 
machines are then held constant, and the mechanical load on the synchro- 
nous motor is gradually increased. Compute the maximum motor torque 
under these conditions and the terminal voltage when the motor is deliver- 
ing its maximum torque. 


Solution 


Although this machine is undoubtedly of the salient-pole type, we solve 
the problem by simple cylindrical-rotor theory. The solution accordingly 
neglects reluctance torque. The machine actually would develop a maxi- 
mum torque somewhat greater than our computed value, as discussed in 
Art. 5-7. 


(a) The equivalent circuit is shown in Fig. 5-13a and the phasor dia- 
gram at full load in Fig. 5-136, where Fe is the excitation voltage of the 
motor and X,,, is its synchronous reactance. From the motor rating with 
losses neglected, 


Rated kVA = 2000(0.746) = 1492 kVA, three-phase 
= 497 kVA/phase 


Rated voltage = A = 1330 V to neutral 


497,000 


Rated current = 1330 


= 374 A/phase Y 


The synchronous-reactance voltage drop in the motor is 
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Fig. 5-13. Equivalent circuits and phasor diagrams for Example 5-3. 


I,Xem = 374(1.95) = 730 V/phase 
From the phasor diagram at full load 
Eam = VVi, + (Mua Xım)? = 1515 V 


When the power source is an infinite bus and the field excitation is con- 
stant, V,, and E,,,, are constant. Substitution of V,, for E1, Eafm for Ep, and 
X,» for X in Eq. 5-41 then gives 


— VtaE afm _ 1830(1515) _ 
| — =—Ton. 1030 kW/phase 


= 3090 kW for three phases 


(In per unit, Pmax = 3090/1492 = 2.07.) With 30 poles at 60 Hz and syn- 
chronous speed = 4 r/s, 


Prax _ 3090 x 10° _ 
T max = E i 123,000 N : m 


= 0.738(123,000) = 90,800 lb - ft 


(b) When the power source is the turbine generator, the equivalent cir- 
cuit becomes that shown in Fig. 5-13c, where E, is the excitation voltage 
of the generator and X,, is its synchronous reactance. The phasor diagram 
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at full motor load, 1.00 power factor, is shown in Fig. 5-13d. As before, 
Va = 1330 V at full load Eam = 1515 V 
The synchronous-reactance voltage drop in the generator is 
I, X. = 374(2.65) = 991 V 
and from the phasor diagram 
Ey = VV3, + (lX) = 1655 V 

Since the field excitations and speeds of both machines are constant, E „fg 
and E,m are constant. Substitution of E,,, for Ey, Eaim for Ez, and X,, + Xem 


for X in Eq. 5-41 then gives 


p_ = EoeEam_ _ 1655(1515) 
E hg t Aa 4.60 


= 1635 kW for three phases 


= 545 kW/phase 


(In per unit, Pmax = 1635/1492 = 1.095.) 


Pax _ 1635 X 10° 


Tmax = W, 27r(4) 


= 65,000 N - m = 48,000 lb - ft 


Synchronism would be lost if a load torque greater than this value were 
applied to the motor shaft. The motor would stall, the generator would 
tend to overspeed, and the circuit would be opened by protective relays and 
circuit-breaker action. 

With fixed excitations, maximum power occurs when Ba leads Bain by 
90°, as shown in Fig. 5-13e. From this phasor diagram 


I,(Xug + Xm) = VEZ; + EZ = 2240 V 


afg afm 
2240 
I, = 460 > 488 A 
I, Xm = 488(1.95) = 951 V 
B Eatm _ 1515 | 
cos a = T,X, + Xm) = 3240 > 0.676 
sin a = Eor 6 oe 980 


1,(Xw + Xom) 2240 


The phasor equation for the terminal voltage is 
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Vin sa ra + Sl Kay = Ew ~ Lado cos a + Tatum sin a 
1515 — 643 + 7703 = 872 + 7703 


The magnitude of Vin is 
V.. = 1120 V to neutral = 1940 V line to line 


When the source is the turbine generator, as in part (b), the effect of 
its impedance causes the terminal voltage to decrease with increasing 
load, thereby reducing the maximum power from 3090 kW in part (a) to 
1635 kW in part (b). 


5-5 STEADY-STATE OPERATING CHARACTERISTICS 


The principal steady-state operating characteristics are the interrelations 
between terminal voltage, field current, armature current, power factor, 
and efficiency. A selection of performance curves of importance in practical 
application of the machines are presented here. Each of them can be com- 
puted for application studies by the methods presented in this chapter. 
Consider a synchronous generator delivering power at constant fre- 
quency to a load whose power factor is constant. The curve showing the 
field current required to maintain rated terminal voltage as the constant- 
power-factor load is varied is known as a compounding curve. Three com- 
pounding curves at various constant power factors are shown in Fig. 5-14. 
Synchronous generators are usually rated in terms of the maximum 
apparent power (kVA or MVA) load at a specific voltage and power factor 
(often 80, 85, or 90 percent lagging) which they can carry continuously 
without overheating. The active power output of the generator is usually 
limited to a value within the apparent power rating by the capability of its 
prime mover. By virtue of its voltage-regulating system, the machine nor- 
mally operates at a constant voltage whose value is within +5 percent 
of rated voltage. When the real power loading and voltage are fixed, the 
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Fig. 5-14. Synchronous-generator compounding curves. 
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allowable reactive-power loading is limited by either armature or field- 
winding heating. A typical set of capability curves for a large turbine gen- 
erator is shown in Fig. 5-15. They give the maximum reactive-power 
loadings corresponding to various power loadings with operation at rated 
voltage. Armature heating is the limiting factor in the region from unity 
to rated power factor (0.85 lagging power factor in Fig. 5-15). For lower 
power factors, field heating is the limiting factor. Such a set of curves forms 
a valuable guide in planning and operating the system of which the gen- 
erator is a part. Also shown in Fig. 5-15 is the effect of increased hydrogen 
pressure (resulting in increased cooling) on allowable machine loadings. 
The derivation of Fig. 5-15 can be seen as follows. Operation under 
conditions of constant terminal voltage and armature current (at the maxi- 
mum value permitted by heating limitations) corresponds to a constant 
value of apparent output power determined by the product of terminal 
voltage and current. Since the per unit apparent power is given by 


Apparent power = VP? + Q? = VaI, (5-43) 


where P represents the per unit real power and Q represents the per unit 
reactive power, we see that a constant apparent power corresponds to a 


Per-unit reactive power (lagging) 


Armature heating — 
limited 


0 
O 01 02 03 04 05 06 07 08 09 10 11 12 13 


Per-unit power 


Fig. 5-15. Capability curves of an 0.85 power factor, 0.80 short-circuit ratio hydrogen-cooled 
turbine generator. Base kVA is rated kVA at 0.5 lb/in? hydrogen. 
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circle centered on the origin on a plot of reactive power versus real power. 
This is shown in Fig. 5-16. 

Similarly, consider operation when terminal voltage is constant and 
field current (and hence E,,) is limited to a maximum value as determined 
by heating limitations. In per unit, 

P -jR = Val, (5-44) 
From Eq. 5-25 (with R, = 0) 
E> V, tR (5-45) 


Equations 5-44 and 5-45 can be solved to yield 


Vo ViaEaf\” 
2 ta = a a f 
P* + le + e) ( X. ) (5-46) 
This equation corresponds to a circle centered on Q = —(V;,/X;,) in 


Fig. 5-16 and determines the field heating limitation on machine operation 
shown in Fig. 5-15. It is common to specify the rating (apparent power and 
power factor) of the machine as the point of intersection of these two 
curves. 


Field heating limit 


Machine rating 


Armature 
heating limit 


Fig. 5-16. Construction used for the derivation of a synchronous generator capability curve. 
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The power factor at which a synchronous machine operates, and hence 
its armature current, can be controlled by adjusting its field excitation. 
The curve showing the relation between armature current and field cur- 
rent at a constant terminal voltage and with a constant real power is 
known as a V curve because of its characteristic shape. A family of V 
curves for a synchronous generator is shown in Fig. 5-17. For constant 
power output, the armature current is, of course, a minimum at unity 
power factor and increases as the power factor decreases. The dashed lines 
are loci of constant power factor. They are the synchronous-generator com- 
pounding curves (see Fig. 5-14) showing how the field current must be 
varied as the load is changed to maintain constant power factor. Points to 
the right of the unity-power-factor compounding curve correspond to 
overexcitation and leading power factor; points to the left correspond to un- 
derexcitation and lagging power factor. Synchronous-motor V curves and 
compounding curves are very similar to those of synchronous generators. 
In fact, if it were not for the small effects of armature resistance, motor 
and generator compounding curves would be identical except that the lag- 
ging- and leading-power-factor curves would be interchanged. 

As in all electromagnetic machines, the losses in synchronous ma- 
chines consist of I?R losses in the windings, core losses, and mechanical 
losses. The conventional efficiency is computed in accordance with a set of 
rules agreed upon by ANSI. The general principles upon which these rules 
are based are described in Appendix C. The following example shows how 
these rules are applied specifically to synchronous machines. 
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Fig. 5-17. Synchronous-generator V curves. 
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EXAMPLE 5-4 


Data are given in Fig. 5-18 with respect to the losses of the 45-kVA syn- 
chronous machine of Examples 5-1 and 5-2. Compute its efficiency when it 
is running as a synchronous motor at a terminal voltage of 230 V and with 
a power input to its armature of 45 kW at 0.80 leading power factor. The 
field current measured in a load test taken under these conditions is I; 
(test) = 5.50 A. 


Solution 


For the specified operating conditions, the armature current is 


45,000 


L = 75 (930)(0.80) 4! Â 


280 


So 


nm 
D 
O 
Xe 
N 


ò 


| 


200 


Ss D 
D 
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Short-circuit armature current, A 


© 
oOo 


ERR 


Open-circuit voltage, volts between line terminals 


> 
oO 


Losses, kW 
Friction and windage loss=0.91 kW 
Armature dc resistance at 25°C=0.0335 Q per phase 
Field-winding resistance at 25°C =29.8 Q 


Fig. 5-18. Losses in a three-phase, 45-kVA, Y-connected, 220-V, 60-Hz, six-pole synchro- 
nous machine (Example 5-4). 
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The I’R losses are to be computed on the basis of the de resistances 
of the windings at 75°C. Correcting the winding resistances by means of 
Eq. 5-30 gives 


Field-winding resistance R; at 75°C = 35.5 Q 
Armature dc resistance R, at 75°C = 0.0399 Q/phase 


The field J?R loss is 
I?R, = (5.50?) (35.5) = 1.07 kW 


According to ANSI standards, field-rheostat and exciter losses are not 
charged against the machine. The armature /’R loss is 


3I7R, = 3(1412) (0.0399) = 2.38 kW 


and from Fig. 5-18 at J, = 141 A the stray load loss = 0.56 kW. According 
to ANSI standards, no temperature correction is to be applied to the stray 
load loss. 

The core loss is read from the open-circuit core-loss curve at a voltage 
equal to the internal voltage behind the resistance of the machine. The 
stray load loss is considered to account for the losses caused by the arma- 
ture leakage flux. For motor action this internal voltage is, as a phasor, 


Va- ÎR, = = — 141(0.80 + j0.60) (0.0399) = 128.4 — j3.4 


The magnitude is 128.4 V/phase, or 222 V between line terminals. From 
Fig. 5-18 open-circuit core loss is 1.20 kW. Also the friction and windage 
loss is 0.91 kW. All losses have now been found: 


Total losses = 1.07 + 2.38 + 0.56 + 1.20 + 0.91 = 6.12 kW 


The power input is the sum of the ac input to the armature and the dc in- 
put to the field, or 


Input = 46.07 kW 
Therefore 


losses _ 


Effici =l1- 
iclency yot 


6.12 
ET 0.867 = 86.7% 
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5-6 EFFECTS OF SALIENT POLES; INTRODUCTION TO 
DIRECT- AND QUADRATURE-AXIS THEORY 


The essential features of salient-pole machines are developed in this ar- 
ticle based on physical reasoning. A mathematical treatment, based on an 
inductance formulation like that presented in Art. 5-2, is given in Arts. 6-2 
and 6-3, where the dq0 transformation is developed. 


a. Flux and MMF Waves 


The flux produced by an mmf wave in a uniform-air-gap machine is inde- 
pendent of the spatial alignment of the wave with respect to the field 
poles. The salient-pole machine, however, has a preferred direction of mag- 
netization determined by the protruding field poles. The permeance along 
the polar axis, commonly referred to as the rotor direct axis, is appreciably 
greater than that along the interpolar axis, commonly referred to as the 
rotor quadrature axis. 

In the derivations that follow note that the field winding produces flux 
which is oriented along the rotor direct axis. Thus, when phasor diagrams 
are drawn, the field-winding mmf and its resultant flux ¢; are found along 
the rotor direct axis. The excitation voltage is the time derivative of the 
field-winding flux, and thus its phasor Ey leads the flux ¢; by 90°. Since by 
convention the quadrature axis leads the direct axis by 90°, we see that the 
excitation voltage phasor Éy lies along the quadrature axis. Thus a key 
point in the analysis of synchronous-machine phasor diagrams is that by 
locating the phasor j the location of both the quadrature axis and the di- 
rect axis is immediately determined; as a result, all machine voltages and 
currents can be resolved into their direct- and quadrature-axis components. 

We have seen that the armature-reaction flux wave ®,, lags the field 
flux wave by a space angle of 90° + iag where iag is the time-phase angle 
by which the armature current in the direction of the excitation emf lags 
the excitation emf. If the armature current f, lags the excitation emf Ee by 
90°, the armature-reaction flux wave is directly opposite the field poles 
and in the opposite direction to the field flux ®;, as shown in the phasor 
diagram of Fig. 5-19a. The corresponding component flux-density waves at 
the armature surface produced by the field current and by the syn- 
chronously rotating space-fundamental component of armature-reaction 
mmf are shown in Fig. 5-19b, in which the effects of slots are neglected. 
The waves consist of a space fundamental and a family of odd-harmonic 
components. In a well-designed machine the harmonic effects usually are 
small. Accordingly only the space-fundamental components will be consid- 
ered. It is the fundamental components which are represented by the flux 
per pole phasors ®, and P, in Fig. 5-19a. 

Conditions are quite different when the armature current is in phase 
with the excitation emf, as shown in the phasor diagram of Fig. 5-20a. The 
axis of the armature-reaction wave then is opposite an interpolar space, as 
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Fig. 5-19. Direct-axis air-gap fluxes in a salient-pole synchronous machine. 


shown in Fig. 5-20b. The armature-reaction flux wave is badly distorted, 
comprising principally a fundamental and a prominent third space har- 
monic. The third-harmonic flux wave generates third-harmonic emf’s in 
the armature phases, but these voltages do not appear between the line 
terminals. 

Because of the high reluctance of the air gap between poles, the space- 
fundamental armature-reaction flux when the armature reaction is 
in quadrature with the field poles (Fig. 5-20) is less than the space- 
fundamental armature-reaction flux which would be created by the same 
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Fig. 5-20. Quadrature-axis air-gap fluxes in a salient-pole synchronous machine. 
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armature current if the armature flux wave were directly opposite the field 
poles (Fig. 5-19). Hence, the magnetizing reactance is less when the arma- 
ture current is in time phase with the excitation emf (Fig. 5-20) than when 
it is in time quadrature with respect to the excitation emf (Fig. 5-19). 

The effects of salient poles can be taken into account by resolving the 
armature current f , into two components, one in time quadrature with, and 
the other in time phase with, the excitation voltage Ea as shown in the 
phasor diagram of Fig. 5-21. This diagram is drawn for an unsaturated 
salient-pole generator operating at a lagging power factor. The direct-axis 
component Î q of the armature current, in time quadrature with the excita- 
tion voltage, produces a component fundamental armature-reaction flux 
®,, along the axis of the field poles (the direct axis), as in Fig. 5-19. The 
quadrature-axis component Î q» in phase with the excitation voltage, pro- 
duces a component fundamental armature-reaction flux ®,, in space 
quadrature with the field poles, as in Fig. 5-20. The subscripts d (“direct”) 
and q (“quadrature”) refer to the space phase of the armature-reaction 
fluxes, and not to the time phase of the component currents producing 
them. Thus a direct-axis quantity is one whose magnetic effect is centered 
on the axes of the field poles. Direct-axis mmf’s act on the main magnetic 
circuit. A quadrature-axis quantity is one whose magnetic effect is cen- 
tered on the interpolar space. For an unsaturated machine, the armature- 
reaction flux ĝi is the sum of the components Day and Du . The resultant 
flux ®, is the sum of Ê, and the main-field flux ,. 


b. Phasor Diagrams for Salient-Pole Machines 


With each of the component currents fa and A there is ponn a com- 
ponent synchronous-reactance voltage drop, jÊ, X, and jl, X,, respectively. 


A 
®, A 
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È Quadrature- 
af axis 


Direct- 
axis 


Fig. 5-21. Phasor diagram of a salient-pole synchronous generator. 
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The reactances X, and X, are, respectively, the direct- and quadrature-axis 
synchronous reactances; they account for the inductive effects of all the 
fundamental-frequency-generating fluxes created by the armature cur- 
rents, along the direct and quadrature axes, including both armature- 
leakage and armature-reaction fluxes. Thus, the inductive effects of the 
direct- and quadrature-axis armature-reaction flux waves can be ac- 
counted for by direct- and quadrature-axis magnetizing reactances X,, and 
X, respectively, similar to the magnetizing reactance X, of cylindrical- 
rotor theory. The direct- and quadrature-axis synchronous reactances 
then are 


Xa = Xa + X oa (5-47) 
X, = Xa+ X, (5-48) 


where X,, is the armature leakage reactance, assumed to be the same for 
direct- and quadrature-axis currents. Compare Eqs. 5-47 and 5-48 with 
Eq. 5-24 for the non-salient-pole case. As shown in the generator phasor 
diagram (Fig. 5-22), the excitation voltage Eo equals the phasor sum of 
the terminal voltage V,, plus the armature-resistance drop LR, and the 
component synchronous-reactance drops jf aKa t jt aigi 

The reactance X, is less than the reactance X, because of the greater 
reluctance of the air gap in the quadrature axis. Usually X, is between 
0.6X, and 0.7X,. Typical values are given in Table 6-1. Note that a small 
salient-pole effect is also present in turboalternators, even though they are 
cylindrical-rotor machines, because of the effect of the rotor slots on the 
quadrature-axis reluctance. 

In using the phasor diagram of Fig. 5-22, the armature current must 
be resolved into its direct- and quadrature-axis components. This resolu- 
tion assumes that the phase angle p + 6 of the armature current with re- 
spect to the excitation voltage is known. Often, however, the power factor 
angle œ at the machine terminals is explicitly known, rather than the in- 
ternal power factor angle p + 6. The phasor diagram of Fig. 5-22 is re- 
peated by the solid-line phasors in Fig. 5-23. Study of this phasor diagram 
shows that the dashed phasor o’a’, perpendicular to Î,, equals jÊ, X,. This 
result follows geometrically from the fact that triangles o'a'b' and oab are 


Fig. 5-22. Phasor diagram for a synchronous generator. 
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Pas i 
o'a'=j1,X, o'b"= jI,X, 
b'a'=b'e=if,X, a’e= jly(Xq—Xq) 
o'b' =jÎ3X, o'a"= ix 


Fig. 5-23. Relations between component voltages in a phasor diagram. 


similar, because their corresponding sides are perpendicular. Thus 


oe = b'a' (5-49) 
oa ba 
ns eo. Adee _, 
or o'a' = = oa = 7 Î, =i, (5-50) 


q 


The phasor sum V,, + Î, Re + jl aX, then locates the angular position of the 
excitation voltage Ey (which in turn lies along the quadrature axis) and 
therefore the direct and quadrature axes. Physically this must be so, be- 
cause all the field excitation in a normal machine is in the direct axis. One 
use of these relations in determining the excitation requirements for speci- 
fied operating conditions at the terminals of a salient-pole machine is il- 
lustrated in Example 5-5. 


EXAMPLE 5-5 


The reactances X, and X, of a salient-pole synchronous generator are 1.00 
and 0.60 per unit, respectively. The armature resistance is negligible. Com- 
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pute the excitation voltage when the generator delivers rated kilovolt- 
amperes at 0.80 power factor, lagging current, and rated terminal valtage. 


Solution 
First, the phase of È must be found so that Î , can be resolved into its direct- 
and quadrature-axis components. The phasor diagram is shown in Fig. 5-24. 
Î, = 0.80 — j0.60 = 1.00/ —36.9° 
IX, = j(0.80 — j0.60) (0.60) = 0.36 + 70.48 
A = reference phasor = 1.00 + j0 
Phasor sum = Ê’ = 1.36 + j0.48 = 1.44/19.4° 
The angle ô = 19.4°, and the phase angle between Ra and L is 36.9° + 
19.4° = 56.3°. 


The armature current can now be resolved into its direct- and quadra- 
ture-axis components. Their magnitudes are 


I, = 1.00 sin 56.3° = 0.832 J, = 1.00 cos 56.3° = 0.555 


As phasors, 
f, = 0.832/ —90° + 19.4° = 0.832/ —70.6° 
and Î, = 0.555/19.4° 


We can now find E,, by adding the length 
a'c = 1,(Xq — X,) 


numerically to the magnitude of Ê'; thus, the magnitude of the excitation 
voltage is the algebraic sum 


ae ify XK 
o'a"=jÎ, Xa 


Fig. 5-24. Generator phase diagram for Example 5-5. 
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Ey = E' + I4(Xq- X,) = 1.44 + 0.832(0.40) = 1.77 per unit 


As a phasor, Ey = 1.77/19.4°. 


In the simplified theory of Art. 5-2, the synchronous machine is 
assumed to be representable by a single reactance, the synchronous 
reactance of Eq. 5-24. The question naturally arises: How serious an ap- 
proximation is involved if a salient-pole machine is treated in this simple 
fashion? Suppose the salient-pole machine of Figs. 5-23 and 5-24 were 
treated by cylindrical-rotor theory as if it had a single synchronous reac- 
tance equal to its direct-axis value X,. For the same conditions at its ter- 
minals, the synchronous-reactance drop jf, X, would be the phasor o'a", 
and the equivalent excitation voltage would be Ê if as shown in these fig- 
ures. Because ca” is perpendicular to Es, there is little difference in mag- 
nitude between the correct value By and the approximate value Ê af for a 
normally excited machine. Recomputation of the excitation voltage on this 
basis for Example 5-5 gives a value of 1.79/ 26.6°. 

Insofar as the interrelations between terminal voltage, armature cur- 
rent, power, and excitation over the normal operating range are concerned, 
the effects of salient poles usually are of minor importance, and such char- 
acteristics of a salient-pole machine usually can be computed with satis- 
factory accuracy by the simple cylindrical-rotor theory. Only at small 
excitations will the differences between cylindrical-rotor and salient-pole 
theory become important. 

There is, however, considerable difference in the phase angles of Ea 
and Ê ain Figs. 5-23 and 5-24. This difference is caused by the reluctance 
torque in a salient-pole machine. Its effect is investigated now. 


5-7 POWER-ANGLE CHARACTERISTICS OF 
SALIENT-POLE MACHINES 


We limit the discussion to the simple system shown in the schematic dia- 
gram of Fig. 5-25a, comprising a salient-pole synchronous machine SM 
connected to an infinite bus of voltage Ê, through a series impedance of re- 
actance X, per phase. Resistance will be neglected because usually it is 
small. Consider that the synchronous machine is acting as a generator. 
The phasor diagram is shown by the solid-line phasors in Fig. 5-25b. The 
dashed phasors show the external reactance drop resolved into components 
due to Î aand Î q- The effect of the external impedance is merely to add its re- 
actance to the reactances of the machine; i.e., the total values of reactance 
interposed between the excitation voltage R and the bus voltage É, are 


Xar = Xa + X, (5-51) 
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Ly Eat 


Fig. 5-25. Salient-pole synchronous machine and series impedance: (a) single-line diagram 
and (b) phasor diagram. 


Xr =X, +X, (5-52) 


If the bus voltage Ê, is resolved into components £, sin 6 and E, cos 6 
in phase with Î a and Î a respectively, the power P delivered to the bus per 
phase is 


P = IE, sin ô + I,E. cos ô (5-53) 
Also, from Fig. 5-25b, 
_ Ea — E, cos ô 
I, = Xn (5-54) 
and i = E, sin 6 (5-55) 
Xor 


Substitution of Eqs. 5-54 and 5-55 in Eq. 5-53 gives 


EE, . Xar — Xqr . 
P = —— sin ô + E? ——— sin 28 (5-56) 
Xar 2X ar Xor 


As discussed in Art. 5-4, Eq. 5-56 gives the power per phase when E,, 
and E, are expressed as line-neutral voltages. The result must be multi- 
plied by 3 to get three-phase power; alternatively, expressing E,, and E, as 
line-to-line voltages will result in three-phase power directly. 

This power-angle characteristic is shown in Fig. 5-26. The first term is 
the same as the expression obtained for a cylindrical-rotor machine. This 
term is merely an extension of the basic concepts of Arts. 4-7 and 5-4 to in- 
clude the effects of series reactance. The second term introduces the effect 
of salient poles. It represents the fact that the air-gap flux wave creates 
torque, tending to align the field poles in the position of minimum reluc- 


2 54 Synchronous Machine: Steady State 


Resultant =P 


Fig. 5-26. Power-angle characteristic of a salient-pole synchronous machine showing fun- 
damental component due to field excitation and second-harmonic component due to reluc- 
tance torque. 


tance. This term is the power corresponding to the reluctance torque and is 
of the same general nature as the reluctance torque discussed in Art. 3-5. 
Note that the reluctance torque is independent of field excitation. Note, also, 
that if Xar = X,r, as in a uniform-air-gap machine, there is no preferential 
direction of magnetization, the reluctance torque is zero, and Eq. 5-56 re- 
duces to the power-angle equation for a cylindrical-rotor machine whose 
synchronous reactance is X;r (see Eq. 5-40). 

Notice that the characteristic for negative values of ô is the same except 
for a reversal in the sign of P. That is, the generator and motor regions are 
alike if the effects of resistance are negligible. For generator action E, 
leads Ê,: for motor action E, lags E.. Steady-state operation is stable over 
the range where the slope of the power-angle characteristic is positive. Be- 
cause of the reluctance torque, a salient-pole machine is “stiffer” than one 
with a cylindrical rotor; i.e., for equal voltages and equal values of Xr, a 
salient-pole machine develops a given torque at a smaller value of ô, and 
the maximum torque which can be developed is somewhat greater. 


EXAMPLE 5-6 


The 2000-hp 1.0-power-factor three-phase Y-connected 2300-V synchronous 
motor of Example 5-3 has reactances of X, = 1.95 and X, = 1.40 Q/phase. 
Neglecting all losses, compute the maximum mechanical power in kilo- 
watts which this motor can deliver if it is supplied with electric power from 
an infinite bus (Fig. 5-27a) at rated voltage and frequency and if its field 
excitation is constant at the value which would result in 1.00 power factor 
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Fig. 5-27. (a) Single-line diagram and (b) phasor diagram for motor of Example 5-6. 
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at rated load. The shaft load is assumed to be increased gradually so that 
transient swings are negligible and the steady-state power limit applies. 
Include the effects of salient poles. 


Solution 


The first step is to compute the synchronous motor excitation at rated volt- 
age, full load, and unity power factor. As in Example 5-4, the full-load ter- 
minal voltage and current are 1330 V to neutral and 374 A/phase Y, 
respectively. The phasor diagram for the specified full-load conditions is 
shown in Fig. 5-27b. The only essential difference between this phasor dia- 
gram and the generator phasor diagram of Fig. 5-24 is that Î, in Fig. 5-27 
represents motor input current; i.e., we have switched to the motor refer- 
ence direction for Î,. The phasor voltage equation then becomes 


Bu = Wa = Jha jia, 
In Fig. 5-27b, 
E' = V,, — jf,X, = 1330 + j0 — j374(1.40) = 1429/ —21.5° 
That is, the angle ô is 21.5°, with É; lagging Va. The magnitude of Î a İS 
I, = I, sin 6 = 374(0.367) = 137 A 


The magnitude of Ê, can now be found by adding the length a'c = 1,(X, — 
X,) numerically to the magnitude of E£ '; thus 


Ey = E' + Ia(Xa — X,) = 1429 + 137(0.55) = 1504 V to neutral 


From Eq. 5-56 the power-angle characteristic for this motor is 


EwE, . othe ~ deg 
= + PZLA 
P X, sin ô + E; 2X,X, sin 26 


= 1030 sin ô + 178 sin 28 kW/phase 
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The maximum power occurs when dP/dé = 0 


L = 1030 cos 6 + 356 cos 26 


Setting this equal to zero and using the trigonometric identity 
cos 2a = 2 cos’ a — 1 
permit us to solve for the angle ô at which the maximum power occurs: 
ô = 73.2° 
Therefore the maximum power is 
Panax = 1080 kW/phase = 3240 kW for three phases 
Compare with Pmax = 3090 kW found in Example 5-3, where the effects of 


salient poles were neglected. The error caused by neglecting saliency is 
slightly less than 5 percent in this case. 


The effect of salient poles on the power limit increases as the excita- 
tion voltage is decreased, as can be seen from Eq. 5-56. For a normally ex- 
cited machine the effect of salient poles usually amounts to a few percent 
at most. Only at small excitations does the reluctance torque become im- 
portant. Thus, except at small excitations or when very accurate results 
are required, a salient-pole machine usually can be adequately treated by 
simple cylindrical-rotor theory. 


5-8 INTERCONNECTED SYNCHRONOUS GENERATORS 


As discussed in Art. 5-1, electric power systems consist of the interconnec- 
tion of large numbers of synchronous generators operating in parallel, in- 
terconnected by transmission lines, and supplying large numbers of widely 
distributed loads. To illustrate the basic features of parallel operation on a 
very simplified scale, consider an elementary system comprising two iden- 
tical three-phase generators G, and G, with their prime movers PM, and 
PM, supplying power to a load L, as shown in the single-line diagram of 
Fig. 5-28. Suppose generator G, is supplying the load at rated voltage and 
frequency, with generator G, disconnected. Generator G, can be paralleled 
with G, by driving it at synchronous speed and adjusting its field excitation 
so that its terminal voltage equals that of the bus. If the frequency of the 
incoming machine is not exactly equal to that of the bus, the phase rela- 
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Fig. 5-28. Parallel operation of two synchronous generators. 


tion between its voltage and that of the bus will vary at a frequency equal 
to the difference between the frequencies of the two voltages — perhaps a 
fraction of a cycle per second. Switch S, should be closed when the two 
voltages are momentarily in phase and the voltage across the switch is 
zero. A device for indicating the appropriate moment is known as a syn- 
chroscope. After G, has been synchronized in this manner, each machine 
can be made to take its share of the active- and reactive-power load by ap- 
propriate adjustments of the prime-mover throttles and field excitations. 
In contrast with de generators, paralleled synchronous generators 
must run at exactly the same steady-state speed (for the same number of 
poles). Consequently, how the active power divides between them depends 
almost wholly on the speed-power characteristics of their prime movers. In 
Fig. 5-29 the sloping solid lines PM, and PM, represent the speed-power 
characteristics of the two prime movers for constant throttle openings. All 
practical prime movers have drooping speed-power characteristics. The to- 
tal load P, is shown by the solid horizontal line AB, and the generator 
power outputs are P, and P, (losses being neglected). Now suppose the 
throttle opening of PM, is increased, translating its speed-power curve up- 
ward to the dashed line PM. The dashed line A'B’ now represents the 
load power. Note that the power output of generator 2 has now increased 
from P, to P, while that of generator 1 has decreased from P, to Pi. At the 
same time, the system frequency has increased. The frequency can be re- 
stored to normal with a further load shift from generator 1 to generator 2 
by closing the throttle on generator 1, lowering its speed-power curve to 
the dashed line PM. The load power is now represented by A”B", and the 
power outputs of the generators are P| and P}. Thus, the system frequency 


<— Power output PM, Power output PM, —> 


Fig. 5-29. Prime-mover speed-power characteristics. 
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and the division of active power between the generators can be controlled 
by the prime-mover throttles. 

Changes in excitation affect the terminal voltage and reactive-power 
distribution. For example, let the two identical generators of Fig. 5-28 be ad- 
justed to share the active and reactive loads equally. The phasor diagram 
is shown by the solid lines in Fig. 5-30, where Vin is the terminal voltage, 
f z is the load current, Í , is the armature current in each generator, and EY 
is the excitation voltage. The synchronous-reactance voltage drop in each 
generator is jl,X,, and the resistance drops are neglected. Now suppose 
the excitation of generator 1 is increased. The bus voltage A will increase. 
It can then be restored to normal by decreasing the excitation of generator 2. 
The final condition is shown by the dashed phasors in Fig. 5-30. The termi- 
nal voltage, load current, and load power factor have been unchanged. Since 
the prime-mover throttles have not been touched, the power output and in- 
phase components of the generator armature currents have not been 
changed. The excitation voltages Pa and jo have shifted in phase so that 

af Sin ô remains constant. The generator with the increased excitation has 
now taken on more of the lagging reactive-KVA load. For the condition 
shown by the dashed phasors in Fig. 5-30, generator 1 is supplying all the 
reactive kilovoltamperes, and generator 2 is operating at unity power fac- 
tor. Thus the terminal voltage and reactive-power distribution between the 
generators can be controlled by means of the field excitation. 

Usually the prime-mover throttles are controlled by governors and au- 
tomatic frequency regulators so that the system frequency is maintained 
very nearly constant and power is divided properly among the generators. 
Voltage and reactive-power flow often are automatically regulated by volt- 
age regulators acting on the field circuits of the generators and by trans- 
formers with automatic tap-changing devices. 


5-9 SUMMARY 


The physical picture of the internal workings of a synchronous machine in 
terms of rotating magnetic fields is rather simple. It is that of Art. 4-7: in- 
teraction of component fields of rotor and stator when the two are station- 
ary with respect to each other. For both round-rotor and salient-pole 
machines, the component fields and mmf’s, together with the associated 
voltages and currents, can be represented on phasor diagrams such as that 
of Fig. 5-21. The phasor diagrams in turn lead to the concept of the syn- 
chronous reactances X,, X,, and X,. 

The unsaturated synchronous reactance X, or X, can be found from the 
results of an open-circuit and a short-circuit test. These test methods are a 
variation of a testing technique applicable not only to synchronous ma- 
chines but also to anything whose behavior can be approximated by a lin- 
ear equivalent circuit to which Thevenin’s theorem applies. From the 
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Fig. 5-30. Effects of changing excitations of two paralleled synchronous generators. 


Thevenin theorem viewpoint, an open-circuit test gives the internal volt- 
age, and a short-circuit test gives information regarding the internal im- 
pedance. From the more specific viewpoint of electromagnetic machinery, 
an open-circuit test gives information regarding excitation requirements, 
core losses, and (for rotating machines) friction and windage losses; a 
short-circuit test gives information regarding the magnetic reactions of the 
load current, leakage impedances, and losses associated with the load cur- 
rent such as J°R and stray load losses. The only real complication arises 
from the effects of magnetic nonlinearity, effects which can be taken into 
account approximately by considering the machine to be equivalent to an 
unsaturated one whose magnetization curve is the straight line Op of 
Fig. 5-9 and whose synchronous reactance is empirically adjusted for satu- 
ration as in Eq. 5-28. 

Prediction of the steady-state synchronous-machine characteristics 
then becomes merely a study of power flow through a simple impedance 
with constant or easily determinable voltages at its ends. Study of the 
maximum power limits for short-time overloads is simply a special case of 
the limitations on power flow through an inductive impedance. The power 
flow through such an impedance can be expressed conveniently in terms of 
the voltages at its sending and receiving ends and the phase angles associ- 
ated with these voltages, as in Eq. 5-40 for a cylindrical-rotor machine and 
5-56 for a salient-pole machine. These analyses show that saliency has 
relatively little effect on the interrelations between field excitation, termi- 
nal voltage, armature current, and power; but the power-angle characteris- 
tics are affected by the presence of a reluctance-torque component. Because 
of the reluctance torque, a salient-pole machine is stiffer than one with a 
cylindrical rotor. 

In the next chapter we extend our analysis of synchronous machines to 
include transient conditions. This includes both the transient behavior of 
the currents and fluxes in the machine and the transient interactions of 
the machine with the system with which it is connected. 
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5-1. The full-load torque angle 5,; of a synchronous motor at rated voltage 
and frequency is 30 electrical degrees. Neglect the effects of armature resis- 
tance and leakage reactance. If the field current is constant, how would the 
torque angle be affected by the following changes in operating conditions? 


(a) Frequency reduced 10 percent, load torque constant 

(b) Frequency reduced 10 percent, load power constant 

(c) Both frequency and applied voltage reduced 10 percent, load torque 
constant 

(d) Both frequency and applied voltage reduced 10 percent, load power 
constant 


5-2. The armature phase windings of a two-phase synchronous machine 
are displaced by 90 electrical degrees in space. 


(a) What is the mutual inductance between these two windings? 

(b) Repeat the derivation leading to Eq. 5-15, and show that for a two- 
phase machine the synchronous inductance is simply equal to the 
armature phase inductance, that is, L, = Lag + La, where Laag is 
the component of armature phase inductance due to space-fun- 
damental air-gap flux and L, is the armature leakage inductance. 


5-3. Design calculations show the following parameters for a round-rotor 
synchronous generator. 


Phase-a self-inductance L,, = 2.87 mH 


Armature leakage inductance L,, = 0.260 mH 


Calculate the phase-phase mutual inductance and the machine synchro- 
nous inductance. 


5-4. The manufacturer’s data sheet for a 26-kV, 720-MVA, 60-Hz three- 
phase synchronous generator indicates that it has a synchronous reactance 
X, = 1.92 and a leakage reactance X„ = 0.19, both in per unit on the gen- 
erator base. Calculate (a) the synchronous inductance in millihenrys, 
(b) the armature leakage inductance in millihenrys, and (c) the armature 
phase inductance L,,, in millihenrys and in per unit. 


5-5. The phase-a terminal voltage of a three-phase, 60-Hz synchronous 
generator is measured to be 15.5 kV rms when the field current is 370 A. 


(a) Calculate the stator-to-rotor mutual inductance Lp. 

(b) Calculate the terminal voltage if the field current is held constant 
while the generator speed is reduced so that the frequency of the 
generated voltage is 50 Hz. 
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5-6. The following readings are taken from the results of an open- and a 
short-circuit test on a 900-MVA three-phase Y-connected 26-kV (line-to- 
line) two-pole 60-Hz turbine generator driven at synchronous speed: 


Field current, A 1710 3290 


Armature current, short-circuit test, kA 10.4 20.0 
Line voltage, open-circuit characteristic, kV 26.0 (31.8) 
Line voltage, air-gap line, V 29.6 (56.9) 


The numbers in parentheses are extrapolations based on the measured 
data. Find (a) the unsaturated value of the synchronous reactance in ohms 
per phase and per unit, (b) the short-circuit ratio, and (c) the saturated 
synchronous reactance in per unit and in ohms per phase. 


5-7. The following readings are taken from the results of an open- and a 


short-circuit test on a 9375-kVA three-phase Y-connected 13,800-V (line- 
to-line) two-pole 60-Hz turbine generator driven at synchronous speed: 


Field current, A 169 192 


Armature current, short-circuit test, A 392 446 
Line voltage, open-circuit characteristic, V 13,000 13,800 
Line voltage, air-gap line, V 15,400 17,500 


The armature resistance is 0.064 0/phase. The armature leakage reac- 
tance is 0.10 per unit on the generator rating as a base. Find (a) the un- 
saturated value of the synchronous reactance in ohms per phase and per 
unit, (6) the short-circuit ratio, and (c) the saturated synchronous reac- 
tance in per unit and ohms per phase. 


5-8. (a) Compute the field current required in the generator of Prob. 5-7 at 
rated voltage, rated-kVA load, 0.80 power factor lagging. Account 
for saturation under load by the method described in the paragraph 
relating to Eq. 5-28. 

(b) In addition to the data given in Prob. 5-7, more points on the open- 
circuit characteristic are given below: 


Field current, A 200 250 300 350 
Line voltage, V 14,100 15,200 16,000 16,600 


Find the voltage regulation for the load of part (a). Voltage regula- 
tion is defined as the rise in voltage when load is removed, the 
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speed and field excitation being held constant. It is usually ex- 
pressed as a percentage of the voltage under load. 


5-9. Loss data for the generator of Prob. 5-7 are as follows: 


Open-circuit core loss at 13,800 V = 68 kW 
Short-circuit load loss at 392 A, 75°C = 50 kW 
Friction and windage = 87 kW 

Field-winding resistance at 75°C = 0.285 Q 


Compute the efficiency at rated load, 0.80 power factor lagging. 


5-10. The following data are obtained from tests on a 158-MVA 13.8-kV 
three-phase 60-Hz 72-pole hydroelectric generator. 


Open-circuit characteristic: 
I, A 100 200 300 400 500 600 700 775 800 
Voltage, kV (line-line) 2.21 442 649 842 101 116 131 13.8 14.1 


Short-circuit test: 
I,= 710 A a = 6610 A 


(a)Draw the open-circuit saturation curve, the air-gap line, and the 
short-circuit characteristic. Then find (b) the unsaturated value of the syn- 
chronous reactance in ohms per phase and per unit (generator base), (c) the 
short-circuit ratio, and (d) the saturated synchronous reactance in per unit 
and ohms per phase. 


5-11. What is the maximum per unit reactive power that can be supplied 
by a synchronous machine operating at its rated terminal voltage whose 
synchronous reactance is 1.5 per unit and whose maximum field current is 
limited to 2.3 times that required to achieve rated terminal voltage under 
open-circuit conditions? 


5-12. A 20-MVA 11.5-kV synchronous machine is operating as a synchro- 
nous condenser, as discussed in Appendix C-4a. The generator short-circuit 
ratio is 0.54, and the field current at rated voltage and no load is 275 A. 
Assume the generator to be connected directly to an 11.5-kV source. 


(a) What is the saturated synchronous reactance of the generator in 
per unit and in ohms per phase? 


The generator field current is adjusted to 225 A. 
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(b) Draw a phasor diagram, indicating the terminal voltage, excitation 
voltage, and armature current. 

(c) Calculate the armature current magnitude (per unit and amperes) 
and its phase angle with respect to the terminal voltage. 

(d) Under these conditions, does the synchronous condenser appear in- 
ductive or capacitive to the 11.5-kV system? 

(e) Repeat parts (b) through (d) for a field current of 325 A. 


5-13. A synchronous generator with synchronous reactance of 1.47 per 
unit is operating at a real power loading of 0.5 per unit connected to a sys- 
tem with a series impedance of j0.08 per unit. An increase in its field cur- 
rent is observed to cause a decrease in armature current. 


(a) Before the increase, was the generator supplying or absorbing reac- 
tive power from the power system? 

(b) As a result of this increase in excitation, does the generator termi- 
nal voltage decrease or increase? 

(c) Repeat parts (a) and (b) if the synchronous generator is replaced by 
a synchronous motor. 


5-14. Consider the synchronous machine of Prob. 5-12 to be operating on a 
power system which can be represented by an 11.5-kV voltage source in se- 
ries with a reactive impedance of 70.12 per unit (generator base). 


(a) Find the maximum power output (in per unit and in megawatts) 
that can be delivered to the system if the field current is main- 
tained at 275 A. 

(b) Find (i) the generator terminal voltage under the operating condi- 
tion of part (a), (ii) the magnitude (in per unit and amperes) and 
phase (with respect to the terminal voltage) of the armature current, 
and (iii) the corresponding power factor. It is leading or lagging? 

(c) The field current is increased until the generator terminal voltage 
is 11.5 kV while the generator output power is held constant at the 
value found in part (a). Find (i) the magnitude (per unit and am- 
peres) and phase (with respect to the terminal voltage) of the arma- 
ture current, (ii) the corresponding value of field current, and 
(iii) the corresponding power factor. Is it leading or lagging? 


5-15. Superconducting synchronous generators are designed with super- 
conducting field windings which can carry large current densities and cre- 
ate large magnetic flux densities. Since typical operating magnetic flux 
densities exceed the saturation flux densities of iron, these machines are 
designed without iron in the magnetic circuit; as a result, these machines 
exhibit no saturation effects. 

A two-pole 60-Hz 13.8-kV 10-MVA superconducting generator achieves 
rated open-circuit armature voltage at a field current of 842 A. It achieves 
rated armature current into a terminal three-phase short circuit with a field 
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current of 226 A. Consider this generator to be connected to a 13.8-kV dis- 
tribution feeder of negligible impedance with an output power of 8.5 MW 
at 0.85 power factor lagging. Calculate (a) the per unit synchronous induc- 
tance; (b) the field current in amperes and the rotor angle for this loading; 
and (c) the resultant rotor angle and reactive-power output in megavolt- 
amperes if the field current is reduced to 842 A while the prime-mover 
torque is held constant. 


5-16. For a synchronous machine with constant synchronous reactance X, 
operating at constant terminal voltage V,, and constant excitation voltage 
Ep, show that the locus of the tip of the armature-current phasor is a circle. 
On a phasor diagram with terminal voltage chosen as the reference phasor, 
indicate the position of the center of this circle and its radius. Express the 
coordinates of the center and the radius of the circle in terms of Va, E,,, 
and X,. 


5-17. A four-pole 60-Hz 24-kV 600-MVA synchronous generator with a syn- 
chronous reactance of 1.67 per unit is operating on a power system which 
can be represented by a 24-kV infinite bus in series with a reactance imped- 
ance of 70.24 Q. The generator is equipped with a voltage regulator that 
adjusts the field excitation such that the generator terminal voltage re- 
mains at 24 kV independent of the generator loading. 


(a) The generator output power is adjusted to 300 MW. 
(i) Draw a phasor diagram for this operating condition. 
(ii) Find the magnitude (in kiloamperes) and phase (with respect 
to the generator terminal voltage) of the armature current. 
What is the generator power factor at this operating condition? 
(iii) Find the magnitude (in kilovolts) of the generator excitation 
voltage Er. 
(6) Repeat part (a) if the generator output power is increased to 
600 MVA. 


5-18. The 158-MVA hydroelectric generator of Prob. 5-10 is to be operating 
on a 13.8-kV power system. Normally the generator is to be operated with 
its automatic voltage regulator maintaining the terminal voltage at 1.0 per 
unit. However, the operating utility wishes to investigate the possible con- 
sequences should the operator forget to switch over to the automatic volt- 
age regulator and instead leave the excitation constant at a field current of 
775 A (corresponding to rated open-circuit voltage). For the purposes of 
this problem, neglect the effects of saliency and assume that the generator 
can be represented by the saturated synchronous reactance found in 
Prob. 5-10. 


(a) If the power system is represented simply by a 13.8-kV infinite bus 
with no series impedance, can the generator be loaded to an output 
power of 158 MW without losing synchronism? 
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(b) If the power system actually must be represented by a 13.8-kV infi- 
nite bus in series with a reactive impedance of j0.14 Q, what is the 
maximum generator loading that can be achieved before synchro- 
nism is lost? 


5-19. Repeat Example 5-5, assuming the generator is operating at one-half 
of its rated kilovoltamperes at 0.8 power factor (lagging) and rated termi- 
nal voltage. 


5-20. Repeat Prob. 5-18, assuming that the saturated reactance X, is equal 
to that found in Prob. 5-10 and that X, is equal to 75 percent of this value. 
Compare the values found here to those found in Prob. 5-18. 


5-21. Draw the steady-state direct-quadrature phasor diagram for an over- 
excited synchronous motor, i.e., one whose field current is high enough for 
lagging reactive kVA to be delivered to the supply system. From this 
phasor diagram show that the torque angle ô between the excitation and 
terminal voltage phasors is given by 


B Ia X; cos ġ + laRa sin ġo 
ie eh TrA NT 


Consider ¢ to be negative when A lags V,,- 


5-22. What percentage of its rated output will a salient-pole synchronous 
machine deliver without loss of synchronism when operating as a motor 
with rated applied voltage and with the field excitation zero if X, = 0.85 
per unit and X, = 0.60 per unit? Compute the per unit armature current 
for this operating condition. 


5-23. If the synchronous machine of Prob. 5-22 is operated as a synchro- 
nous generator connected to an infinite bus of rated voltage, find the mini- 
mum per-unit excitation for which the machine will stay in synchronism 


at (a) half load and (b) full load. 


5-24. A salient-pole synchronous generator with saturated synchronous re- 
actances X, = 1.80 per unit and X, = 1.65 per unit is connected to an infi- 
nite bus (of voltage V„ = 1.0 per unit) through an external reactance 
X, = 0.12 per unit. The generator is supplying its rated voltamperes at 
0.95 power factor lagging, as measured at the generator terminals. 


(a) Draw a phasor diagram, indicating the infinite bus voltage, arma- 
ture current, generator terminal voltage, excitation voltage, and 
rotor angle. 

(b) Calculate the rotor angle in degrees. 

(c) Calculate the per unit terminal and excitation voltages. 


Synchronous Machines: 
Transient Performance 


In Chap. 5 the steady-state performance of synchronous machines was de- 
scribed. This steady-state behavior is based on the interaction between the 
armature flux wave, which rotates at synchronous speed, and the syn- 
chronously rotating rotor flux wave. The steady-state torque level and the 
magnitude of the flux waves determine the constant angular separation 
between these flux waves. 

During transient conditions, various disturbances can cause these 
fluxes to change magnitude and angular displacement as the rotor devi- 
ates from synchronous speed. Since electrical windings and solid-iron 
structures tend to oppose changes in flux linkages, these disturbances in- 
duce transient currents in the rotor and stator windings as well as in the 
rotor body of solid-rotor machines. The transient analysis of synchronous 
machines is thus concerned with determining transient fluxes and cur- 
rents and their influence upon the electrical and electromechanical behav- 
ior of the machine. 
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In Art. 5-6 the concept of direct- and quadrature-axis analysis was in- 
troduced. This technique, based on viewing the machine from a reference 
frame attached to the rotor, is extremely valuable in transient analysis of 
synchronous machines and is developed further in this chapter. 


6-1 SYNCHRONOUS-MACHINE TRANSIENTS 


The inherent complexity of synchronous-machine transient phenomena 
can be appreciated by inspecting the main structure details of the machine 
with the object of discussing the significant circuits when transient condi- 
tions prevail. A salient-pole structure is shown in the schematic diagram 
of Fig. 6-1. Damper bars are used in such machines to provide induction- 
motor-type torques, which aid in damping electromechanical rotor oscilla- 
tions following transient disturbances; the damper bars and field collar are 
all short-circuited together at the end of the rotor, forming a structure 
which appears much like the squirrel cage in an induction motor and 
whose function is quite similar. 

Although solid cylindrical-rotor machines are generally not con- 
structed with damper windings, currents which are induced directly in the 
rotor body following transients play the same role as damper currents in a 
salient-pole machine. The rotors of salient-pole machines are normally 
made of stacks of thin insulated laminations, and hence rotor body cur- 
rents are not induced in these machines. In fact, in the analysis of solid- 
rotor machines these rotor body currents are often referred to as damper 
currents. The salient-pole structure also emphasizes the difference be- 
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Fig. 6-1. Schematic diagram for synchronous machine showing significant circuits for tran- 
sient conditions. 
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tween the polar, or direct, axis and the interpolar, or quadrature, axis; 
similar differences exist between the two axes of cylindrical-rotor ma- 
chines in transient analysis, so that the two types of machines are treated 
in similar fashion in most transient analyses. 

Under balanced steady-state conditions, the mmf wave of the stator 
winding and its associated flux wave revolve at the same speed as the ro- 
tor and are of essentially fixed waveform. As a result, the flux linkages 
with the rotor circuits do not change with time, and no voltages are in- 
duced in these circuits. Thus the main-field winding is the only rotor cir- 
cuit which carries current, and its excitation is determined by the voltage 
applied to the field terminals. 

Under transient conditions the magnitudes of the rotor and stator 
fluxes change, and often the rotor speed changes, causing the rotor to 
change its alignment with respect to the synchronously rotating stator 
flux. As a consequence, the flux linkages with all the rotor circuits change 
with time, and currents are induced in each—in the damper windings, in 
the rotor body, and in the field winding. Since the net rotor mmf is pro- 
duced by all the windings, the resultant electrical and electromechanical 
behavior of the machine is determined by the transient behavior of each of 
these currents. Transient analysis is most often accomplished by represent- 
ing the machine as a set of mutually coupled circuits. 

In Fig. 6-1 there is a stator circuit for each of the three phases, a, b, 
and c, and there are rotor circuits corresponding to the field winding and 
to the damper bars 2-2’ and 3-3’ and the conducting field collars 1-1’. An 
additional rotor circuit may be formed by the bolts and iron of the rotor 
structure. Currents induced in the rotors of cylindrical-rotor machines can 
also be represented in terms of current induced in equivalent rotor circuits 
although the exact current paths are not easily identifiable. 

Each of these circuits has its own resistance, self-inductance, and mu- 
tual inductances with respect to every other circuit. Basic analysis of 
synchronous-machine transient behavior can thus be accomplished by the 
solution of a set of simultaneous coupled-circuit differential equations. 
This analysis is often assumed linear in the sense that saturation effects 
are often ignored or at best represented by changing the magnetizing in- 
ductance as a function of the net flux. Nevertheless, the solution of these 
equations can be a formidable task. The solution is expedited appreciably by 
a linear transformation of variables (known as the dq0 transformation) in 
which the stator currents, voltages, and fluxes are replaced by equivalent 
quantities rotating at rotor speed. For example, the three stator-phase cur- 
rents i,, i,, and i, are replaced by three transformed quantities: the direct- 
axis component i,, the quadrature-axis component i, and the zero-sequence 
component i, which is zero under balanced terminal conditions of the sort 
considered in this chapter. 

The mathematical formalization of this transformation (Art. 6-2) per- 
mits machine analysis to be performed in a reference frame fixed with re- 
spect to the rotor; the transformed variables are the equivalent armature 
quantities as seen by an observer in this reference frame. The physical sig- 
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nificance of the direct- and quadrature-axis quantities is that given in 
Art. 5-6; direct-axis quantities lie along the axis of the field winding, 
whereas quadrature-axis quantities lie along an axis perpendicular to the 
field winding. The idea of making this transformation arose from an exten- 
sion of the physical picture corresponding to the steady-state analysis. 

This change of variables permits the simultaneous equations to be sepa- 
rated into two sets of equations (one for each axis) based on inductances 
which are constant in time. This can easily be seen by recognizing that the 
actual mutual inductances between the stator-phase windings and the ro- 
tor circuits change with rotor position (and hence with time), whereas the 
transformed stator variables remain fixed in the rotor frame and thus the 
mutual inductances remain unchanged with time. Furthermore, this type 
of analysis quickly leads to the identification of various reactances and 
time constants which have proven quite useful in the analysis and charac- 
terization of synchronous machines and which are discussed at various 
points throughout this chapter. 

The most common situation in which synchronous-machine transient 
analysis is required occurs when a synchronous machine is interconnected 
into a system consisting of many machines, loads, and a large transmission 
network. For some sorts of analyses it is sufficient to represent the system 
by a Thevenin-equivalent series impedance and voltage source (infinite 
bus), as discussed in Art. 5-1. In these cases, the emphasis is on the behav- 
ior of the single machine under the assumption that the transient distur- 
bance can be considered localized to that particular unit. 

In most cases, however, the disturbance is not so localized, and the 
analysis must involve a number of machines (perhaps even up to a few 
hundred units). In addition, the dynamics of turbine-governor and excita- 
tion systems may play an important role in the transient behavior and 
must be modeled. Although it is, in theory, possible to represent each ma- 
chine by a complex model with a large number of differential equations to 
be solved, as a practical matter such a procedure often leads to formula- 
tions which are at best very slow and at worst too large to be implemented 
in any form. Thus, many levels of representation are used, ranging from a 
complex, multiwinding model down to a model in which the machine is 
represented as a constant voltage in series with a transient reactance. 

This chapter cannot begin to cover the range of issues involved in the 
transient analysis of synchronous machines. It is intended rather to pro- 
vide a basic understanding of the transient phenomena and to introduce 
the various models and analytical tools which are available. 


6-2 TRANSFORMATION TO DIRECT- AND 
QUADRATURE-AXIS VARIABLES 


In Art. 5-6 the concept of resolving armature quantities into two rotating 
components — one aligned with the field-winding axis, the direct-axis com- 
ponent, and one in quadrature with the field-winding axis, the quadrature- 
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axis component — was introduced as a means of facilitating analysis of 
salient-pole machines. The usefulness of this concept stems from the fact 
that although each of the stator phases sees a time-varying inductance due 
to the saliency of the rotor, the transformed quantities rotate with the rotor 
and hence see constant magnetic paths. Additional saliency effects are pres- 
ent under transient conditions, due to the different conducting paths in the 
rotor, rendering the concept of this transformation all the more useful. 
The idea behind the transformation is an old one, stemming from the 
work of André Blondel in France, and the technique is sometimes referred 
to as the Blondel two-reaction method. Much of the development in the 
form used here was carried out by R.E. Doherty, C. A. Nickle, R. H. Park, 
and their associates in the United States. The transformation itself, known 
as the dq0 transformation, can be represented in a straightforward fashion 
in terms of the electrical angle 0 (equal to poles/2 times the spatial angle) 
between the rotor direct axis and the stator phase-a axis, as shown in 
Fig. 6-2. Letting S represent the stator quantity to be transformed (cur- 
rent, voltage, or flux), we can write the transformation’ in matrix form as 


Sa 9 cos 0 cos (0 — 120°) cos (6 + 120°) || S, 
S,| = —|-—sin 0 —sin (0 — 120°) —sin (0 + 120°) || S, (6-1) 
So 2 2 2 S, 


in 


‘Although the dq0 transformation is often written in the form of Eqs. 6-1 and 6-2, an 
equally valid form is 


Sa 5 cos 6 cos (0 — 120°) cos (9 + 120°) || S, 
= 4 l — | —sin 0 —sin (0 — 120°) —sin (0 + 120°) || S, 
1 i 


ok: 
So v2 v2 v2 S. 


Sa 7 cos 0 —sin 6 me Sa 
S,| = ,/—| cos (0 — 120°) -sin (0 - 120°) =|] S, 
nthe 


S, cos (0 + 120°) —sin (0 + 120°) Vi So 


This form of the transformation has the advantage of being unitary (i.e., the transfor- 
mation matrix and its inverse matrix are the transpose of each other), and it is power- 
invariant in the sense that using this transformation, Eq. 6-30 becomes simply the sum 
of the vi products 


Ps = Vala + Uglg + Volo 


and Eq. 6-31 becomes 
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Fig. 6-2. Idealized synchronous machine. 
and the inverse transformation as 


S, cos 0 —sin 0 1|] S3 
S,| = | cos (0 — 120°) -sin (0 — 120°) 1||S, (6-2) 
S. cos (0 + 120°) —sin (0 + 120°) 1]|S, 


Here the letter S refers to the quantity to be transformed and the subscripts 
d and q represent the direct and quadrature axes, respectively. A third 
component, the zero-sequence component, indicated by the subscript 0, is 
also included. This component is required to yield a unique transformation 
of the three stator-phase quantities; it corresponds to components of arma- 
ture current which produce no net air-gap flux and hence no net flux linking 
the rotor circuits. As can be seen from Eq. 6-1, under balanced three-phase 
conditions, there are no zero-sequence components. Only balanced three- 
phase conditions are considered in this book, and hence zero-sequence com- 
ponents are not discussed in any detail. 


EXAMPLE 6-1 


A two-pole synchronous machine is carrying balanced three-phase arma- 
ture currents 


i, =I, coswt i, =I, cos (wt — 120°) i, = I, cos (wt + 120°) 


The rotor is rotating at synchronous speed w, and the rotor direct axis is 
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aligned with the stator phase-a axis at t = 0. Find the direct- and quadra- 
ture-axis current components. 


Solution 


The angle between the rotor direct axis and the stator phase-a axis can be 
expressed as 


0 = wt 
From Eq. 6-1 


ig = 3[i, cos wt + i, cos (wt — 120°) + i, cos (wt + 120°)] 
= 2],[cos* wt + cos” (wt — 120°) + cos” (wt + 120°)] 


Using the trigonometric identity cos? a = 5(1 + cos 2a) gives 
la = I, 
Similarly, 


= —2[i, sin wt + i, sin (wt — 120°) + i, sin (wt + 120°)] 
= —2] [cos wt sin wt + cos (wt — 120°) sin (wt — 120°) 


+ cos (wt + 120°) sin (wt + 120°)] 


lq 


and using the trigonometric identity cos a sin a = į sin 2a gives 


This result corresponds directly to our physical picture of the dq0 
transformation. From the discussion of Art. 4-5 we recognize that the bal- 
anced three-phase currents correspond to a synchronously rotating current 
(or mmf) wave which is aligned with the stator phase-a axis at t = 0. This 
stator-current wave is thus aligned with the rotor direct axis at t = 0 and 
remains so since the rotor is rotating at the same speed. Hence the stator 
current consists only of a direct-axis component. 


6-3 BASIC MACHINE RELATIONS IN dq0 VARIABLES 


Equation 5-9 gives the flux-current relationships for a synchronous ma- 
chine consisting of a field winding and three stator-phase windings. This 
simple machine is sufficient to demonstrate the basic features of the ma- 
chine representation in dq0 variables; the effects of additional rotor cir- 
cuits can be introduced in a straightforward fashion. 
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The flux-current relationships in terms of phase variables (Eqs. 5-2 to 
5-5) are repeated here for convenience 


= | (6-3) 


where the negative signs have been added consistent with a choice of gen- 
erator reference for the armature currents. Unlike the analysis of Art. 5-2, 
this analysis will include the effects of saliency, which cause the stator 
self- and mutual inductances to vary with rotor position. 

For the purposes of this analysis the idealized synchronous machine of 
Fig. 6-2 is assumed to satisfy two conditions: (1) the air-gap permeance has 
a constant component as well as a smaller component which varies cosinu- 
soidally with rotor angle as measured from the direct axis, and (2) the effects 
of space harmonics in the air-gap flux can be ignored. Although these ap- 
proximations may appear somewhat restrictive, they form the basis of clas- 
sical dq0 machine analysis and give excellent results in a wide variety of 
applications. Essentially they involve neglecting effects which result in time- 
harmonic stator voltages and currents and are thus consistent with our 
previous assumptions neglecting harmonics produced by discrete windings. 

The various machine inductances can then be written in terms of the 
electrical rotor angle 0 (between the rotor direct axis and the stator phase-a 
axis), using the notation of Art. 5-2, as follows. For the stator self-inductances 


Loa = Lea + Ly + Lz cos 20 (6-4) 
Lop = Lea + Lar + Lge cos (26 + 120°) (6-5) 
Lee = Laay + La + Ly cos (20 — 120°) (6-6) 


For the stator-to-stator mutual inductances 


Pap = Lra = —ZLaao + Lpa cos (20 — 120°) (6-7) 
Loe = Ley = —FLoao + Lya cos 20 (6-8) 
Loe = Log = iLa + L, cos (20 + 120°) (6-9) 


For the field-winding self-inductance 
Le = Ly (6-10) 
and for the stator-to-rotor mutual inductances 


Lap = Ly = Lap cos 0 (6-11) 
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Lop = Lr = Lo cos (0 = 120°) (6-12) 
Ly = Ly = Ly cos (6 + 120°) (6-13) 


Comparison with Art. 5-2 shows that the effects of saliency appear 
only in the stator self- and mutual-inductance terms as an inductance term 
which varies with 20. This twice-angle variation can be understood with 
reference to Fig. 6-2, where it can be seen that rotation of the rotor 
through 180° reproduces the original geometry of the magnetic circuit. No- 
tice that the self-inductance of each stator phase is a maximum when the 
rotor direct axis is aligned with the axis of that phase and that the phase- 
phase mutual inductance is maximum when the rotor direct axis is aligned 
midway between the two phases. This is the expected result since the rotor 
direct axis is the path of lowest reluctance (maximum permeance) for air- 
gap flux. 

The flux-linkage expressions of Eq. 6-3 become much simpler when 
they are expressed in terms of dq0 variables. This can be done by applica- 
tion of the transformation of Eq. 6-1 to both the flux linkages and the cur- 
rents of Eq. 6-3. The manipulations are somewhat laborious and are 
omitted here because they are simply algebraic. The results are 


hg = -Laia + Losi, (6-14) 
M = -L;i (6-15) 
hp = —ẸLapia + Lyi, (6-16) 
ho = —Loip (6-17) 


In these equations, new inductance terms appear: 


La _ La + [Liew T L 2) (6-18) 
L, = La + (Laa e Lgo) (6-19) 
Ly = La (6-20) 


The quantities L, and L, are the direct-axis and quadrature-axis synchro- 
nous inductances, respectively, as discussed in Art. 5-6. The inductance Lo 
is the zero-sequence inductance. Notice that the transformed flux-current 
relationship expressed in Eqs. 6-14 to 6-17 no longer contains inductances 
which are functions of rotor position. This feature is responsible for the 
usefulness of the dq0 transformation. 

Transformation of the voltage equations (where p = d/dt) 


-Ri + pi, (6-21) 
=i ts i DA, (6-22) 


Ua 


Up 
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0 = -Rh t pA (6-23) 
results in 
Ug == =R tg + Pa = WA, (6-25) 
U, = —R,i, + pr, + wg (6-26) 
us = Ryle + phy (6-27) 
Up = -Raio + Pro (6-28) 


(algebraic details are again omitted), where w = p@ = d6/dt is the rotor 
electrical angular velocity. 

In Eqs. 6-25 and 6-26 the terms wà, and wd, are speed-voltage terms 
which come as a result of the fact that we have chosen to define our vari- 
ables in a reference frame rotating at angular velocity w. These speed- 
voltage terms are directly analogous to the speed-voltage terms found in 
the dc machine analysis of Chap. 9. In the de machine the commutator- 
brush system performs the transformation of transferring armature (rotor) 
voltages to the field-winding (stator) reference frame. 

We now have the basic relations for analysis of our simple synchro- 
nous machine. They consist of the flux-current equations 6-14 to 6-17, the 
voltage equations 6-25 to 6-28, and the transformation equations 6-1 and 
6-2. When the machine speed w is constant, the differential equations are 
linear with constant coefficients. In addition, the transformer terms pA, 
and pà, in Eqs. 6-25 and 6-26 are often negligible with respect to the 
speed-voltage terms wà, and wA,, providing further simplification. As il- 
lustrated later, omission of these terms corresponds to neglecting the har- 
monics and de component in the transient solution for stator voltages and 
currents. In any case, the transformed equations are generally much easier 
to solve, both analytically and by computer simulation, than the equations 
expressed directly in terms of phase variables. 

In using these equations and the corresponding equations in the ma- 
chinery literature, careful note should be made of the sign convention and 
units employed. Here we have chosen the generator convention for arma- 
ture currents, with positive armature current flowing out of the machine. 
Also, SI units (volts, amperes, ohms, henrys, etc.) are used here; often in 
the literature one of several per unit systems is used to provide numerical 
simplifications.’ 

To complete the basic array, relations for power and torque are needed. 
The instantaneous power output from the three-phase stator is 


‘See A.W. Rankin, “Per-Unit Impedances of Synchronous Machines,” Trans. AIEE, 
64:569—573, 839-841 (1945). 
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Ps = Vala + Usl, T Ule (6-29) 


Phase quantities can be eliminated from Eq. 6-29 by using Eq. 6-2 written 
for voltages and currents. The result is’ 


P, = 3(Vgig + Ugig + Wwoio) (6-30) 


The electromagnetic torque developed, which acts to decelerate the shaft, 
is readily obtained by using the techniques of Chap. 3 as the power output 
corresponding to the speed voltages divided by the shaft speed (in mechani- 
cal radians per second). From Eq. 6-30 with the speed-voltage terms from 
6-25 and 6-26, by recognizing w as the speed in electrical radians per sec- 
ond, we get 


_ 3 poles 


an a 


(ai — Agia) (6-31) 


The torque of Eq. 6-31 is positive for generator action. This result is in 
general conformity with torque production from interacting magnetic 
fields as expressed in Eq. 4-85. In Eq. 6-31 we are superimposing the inter- 
action of components: direct-axis magnetic field with quadrature-axis mmf 
and quadrature-axis magnetic field with direct-axis mmf. For both interac- 
tions the sine of the space-displacement angle has unity magnitude. Again 
the use of the dq0 transformation leads to a compact result which can be 
related to our earlier work. 


6-4 ANALYSIS OF A SUDDEN THREE-PHASE SHORT CIRCUIT 


To demonstrate the application of the dq0 transformation and to begin to 
develop an understanding of the transient behavior of synchronous ma- 
chines, it is useful to analyze the transient following a sudden three-phase 
short circuit at the armature terminals. The machine is assumed to be ini- 
tially unloaded and to continue operating at synchronous speed w after the 
short circuit occurs. Since the short circuit is balanced, zero-sequence 
quantities do not appear. For the purposes of this analysis, the only rotor 
circuit to be considered is a field winding, and hence the machine can be 
described by Eqs. 6-14 to 6-16 and 6-25 to 6-27. 


a. Physical Description of the Transient 


Before we investigate the analytical solution to this problem, it is useful to 
start with a physical description of the transient. Since the machine is ini- 


"See footnote on page 270. 
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tially unloaded, the only predisturbance current flowing in the machine is 
the field current. Each armature phase sees a resultant time-varying flux 
linkage as the rotor rotates. 

The situation changes radically upon application of the three-phase 
short circuit. Currents now flow in the armature windings in such a fash- 
ion as to maintain the armature winding flux linkages at the value they had 
at the time of the short circuit. There are two components of these currents. 
One is an ac component, corresponding to the armature current required to 
oppose the time-varying flux produced by the field winding as it rotates. 
The other is a dc component, corresponding to the initial flux linkage which 
existed at the time of the short circuit. The net result of these currents is 
an armature flux linkage which is fixed in space, each armature phase 
holding constant its own portion of the initial armature flux linkage. 

A similar situation occurs on the field winding. It is now rotating in a 
stationary trapped armature-flux wave and hence must respond with an 
alternating component of field current to oppose the tendency of this 
trapped armature flux to change the field-winding flux linkages. In addi- 
tion, there must be an induced de component of field current to oppose the 
synchronously rotating component of flux created by the ac components of 
armature current, which, to oppose the tendency of the rotating-field flux 
to change the armature flux linkages, in turn create a rotating flux which 
attempts to demagnetize (reduce) the flux created by the field winding. 

Quite clearly, all these things happen simultaneously, and it is diffi- 
cult to give a description in terms of cause and effect. However, it is pos- 
sible to recognize that during this transient, alternating currents in the 
stator correspond to direct currents on the rotor and vice versa. It should 
also be clear that these conditions do not remain indefinitely. Resistance in 
the armature and field windings means that the transient direct currents 
tend to decay since there is no source to drive them. As a result, the direct 
armature current and the corresponding alternating field current decay 
with a time constant determined by the armature resistance R,. Similarly, 
the transient direct field current and corresponding transient ac compo- 
nent of armature current decay with a time constant determined by the 
field resistance R,. 

Figure 6-3 shows the waveforms of the three phase currents and the 
field current following a sudden three-phase short circuit. In the armature 
current waveform, the amount of direct current offset in each phase is de- 
termined by the flux in that phase at the time of the short circuit. The ar- 
mature currents are balanced, and thus, like the ac components, the de 
components sum to zero at any given instant. The ac component of field 
current is due to the dc component of armature current and decays at the 
same rate, determined by the armature resistance. The transient de com- 
ponent of field current and the corresponding transient ac component of ar- 
mature current decay together at a rate determined by the field-winding 
resistance. 
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Fig. 6-3. Armature and field currents following a sudden short circuit on an initially unloaded 
synchronous machine. 


b. Armature and Field Resistances Neglected 


An analysis based on the assumption that the armature and field resis- 
tances are negligibly small will result in a transient similar to that dis- 
cussed above. However, the dc components of armature and field current 
will not decay with time. The basic machine equations under these condi- 
tions become 


Ap amat L piş = = Latha (6-32) 
Aa = Lapis = Lata (6-33) 
hy = Lii, (6-34) 
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Ua = Pda = A,@ (6-35) 
U, = Pry + MO (6-36) 


Currents i, and i, are initially zero, and i; is initially Ij. 

It is now necessary to represent the short circuit in mathematical 
form. This can be done by noting its effect on the machine voltages. Both 
before and after the short circuit 


v, = 0 (6-38) 


Hence the short circuit has no effect on v4. The voltage v,, however, is 
wL lp before the short circuit and zero afterward. Since the short circuit 
causes v, to vanish suddenly, its effect can be found by suddenly impress- 
ing on the machine the voltage 


Vg = —wLayl (6-39) 
The transient currents found in this way must be added to the initial val- 
ues of the currents existing before the short circuit to obtain the resultant 
currents after the short circuit. 

The response to the voltage of Eq. 6-39 must be the response for this 
voltage alone, not for the combined effect of this voltage and the initial ex- 
citation. Accordingly, the response must be evaluated with the field wind- 
ing considered closed and initially unexcited, i.e., with 


v, = 0 (6-40) 


The subscript ¢ (for transient) will be added to the symbols ip, Ay, Ay, and A, 
to denote the values under these conditions. Then the true initial yalues 
are added, as in 


to find the resultant quantities after the short circuit, thereby superimpos- 
ing the effect of the true initial excitation. No added subscripts are neces- 
sary for i, and i, because their initial values are obviously zero for an 
unloaded machine. 

From Eqs. 6-37 and 6-40 we see that the field-winding linkages Ay 
must be zero. In other words, with R; neglected, the field-winding flux 
linkages à; cannot change. This is a specific case of what is sometimes 
called the principle of constant flux linkages, which simply states that the 
flux linkages of a closed circuit having zero resistance and no voltage 
source cannot change. To maintain field linkages constant, a current must 


2 80 Synchronous Machines: Transient Performance 


be induced in the field winding to counteract the magnetic effects of i,. 
From Eq. 6-32, with A; = 0, this current is 


‘ 3 Laf. 
lft = + 9 in" (6-42) 
Upon substitution of Eq. 6-42 in 6-33, 
3 Laf. 

at = -(t. ai p =) la (6-43) 
= -Lju (6-44) 

3 Li 
where LiqnL= = L, (6-45) 


is the direct-axis transient inductance. As we shall see, it is an important 
constant in machine-transient theory. 

The transient inductance of the armature winding can be interpreted 
in a physical fashion which offers further insight into the behavior of cou- 
pled magnetic circuits and electric machinery. Specifically, the armature 
winding and field windings share a common flux linkage (due to mutual 
flux). As a result, under conditions where the field winding is trapping 
flux, a certain fraction of the armature flux linkages are also trapped and 
held fixed by the field winding. This means that a change in armature cur- 
rent will result in a smaller change in armature flux linkage than would 
normally be the case under slowly varying conditions. Hence, since the ap- 
parent armature inductance is equal to the ratio of the change in armature 
flux linkage to the corresponding change in armature current, we see that 
the apparent inductance of the armature L; is smaller than the steady- 
state value Ly. 

The specific values of voltages v, and v, are now introduced. From 
Eqs. 6-34 and 6-35, with v, = 0, 


0 = Pphu + wLyi, (6-46) 
or, after Eq. 6-44 is used to obtain Pa, 
0 = -Lipia + wL,i, (6-47) 
Similarly, from Eqs. 6-36 and 6-39 
—wL al py = Pry + daw (6-48) 
which, with Eqs. 6-34 and 6-44, becomes 


wL afl yo = Lj Pl, + wL ia (6-49) 
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Equations 6-47 and 6-49 are two simultaneous equations in i4 and i. 
With i, eliminated and the resulting equation written in differential equa- 
tion form, we have 


di  & 

The solution of Eq. 6-50 is 
. _ Lerl po 
iy Li 


(1 — cos wt) (6-51) 


From Eq. 6-47 


2 Li di4 Lalo Š 
eee a E -52 
l aL, di L, sin wt (6-52) 


From Eqs. 6-41 and 6-42 


Lapli 
La 


. 3 Laf 
= + i — a 


The waveforms of i4, i, and i; as given by these results are sketched in 
Fig. 6-4. 

Upon substitution in the dq0 transformation (Eq. 6-2), with 0 taken as 
wt + 0, the phase current is 


(b) 


27 wt + Oo 


(c) 


Fig. 6-4. Waveforms of (a) ia, (b) iq, and (c) i, following short circuit. Machine resistances are 
ignored. 
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— Lathe _ Lelm(l , 1 
la L; cos (wt + 0o) 2 \L + L, cos bo 
Lafløof 1 1 
2 (5 2) cos (2wt — 0) (6-54) 


From Eqs. 6-3 and 6-21 the peak value of the prefault armature-volt- 
age magnitude is VE = wL lj. Thus Eq. 6-54 can be rewritten 


. V2 Eo V2 Earo 1 1 
= —— + 0) — = +> 
k xX; cos (wt + 8o) 9 (¥ +) cos Oy 
V2 Efo (1 
y a ee + -55 
5 x, X, cos (2wt + 4) (6-55) 
where X; = oL; (6-56) 


is the direct-axis transient reactance. 

The phase current is seen to consist of a fundamental-frequency term, 
a dc component, and a second-harmonic term. The fundamental component 
is the most important. Its magnitude depends on the prefault excitation 
and the transient reactance. The dc term depends on @, and hence on the 
instant when the short circuit appears. The rotor position 6) at the time of 
the short circuit determines the initial flux linkages of each armature 
phase; the direct currents flow to maintain these flux linkages. If, for ex- 
ample, the fault occurs at the instant when the direct axis is 90° from the 
axis of phase a and hence when the phase-a flux linkages are initially zero, 
no dec component appears in the phase-a current. Even then, de components 
do appear in the phase-b and phase-c currents because of the 120° displace- 
ment between phases. The second-harmonic term depends on transient 
saliency, or the differences in transient circuitry in the two rotor axes as 
represented by the quantity 1/X{, — 1/X,. The second-harmonic amplitude 
is usually small and often neglected. 

Notice that as a result of the transformation from dq0 to phase vari- 
ables, the de component of i, corresponds to the ac component of i, and the 
ac components of i, and i, correspond to the dc and second-harmonic com- 
ponents of i,. This is the expected result of a transformation from rotating 
to fixed-frame variables. 

Because the field and armature resistances were neglected, none of 
the terms in Eqs. 6-51 to 6-55 dies away with time. Actually, exponential 
decays are encountered, as they are in any inductive circuit when resis- 
tance is present. This fact is illustrated in Fig. 6-3, which shows the phase 
currents with their dc components after a short circuit. Before investigat- 
ing the rates of decay, however, we wish to simplify our basic relations 
somewhat. This will be done by showing that neglecting the transformer 
voltage terms ph, and pà, in Eqs. 6-35 and 6-36 corresponds to eliminating 
the dc and second-harmonic terms from the above solutions. 
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c. Resistances and Transformer Voltages Neglected 


When the pd, and pà, terms are omitted from Eqs. 6-35 and 6-36, very 
simple expressions for the machine currents are obtained: 


Lat Lifo 
m 6-57 
=i; (6-57) 
i, = 0 (6-58) 
Lg Legh 
p= Ip + by = Tq + Iori (6-59) 


Substitution in the dq0 transformation (Eq. 6-2) and use of Eq. 6-56 give 


i,= V2 Eero cos (wt + 0o) (6-60) 
Xa 


The dc and second-harmonic terms have now dropped out of the phase 
current, as have the fundamental-frequency terms in i4, i}, and ip. Cur- 
rents i; and i; now follow the dashed lines in Fig. 6-4a and c; they have a 
sudden step at ¢ = 0. 

Neglect of the second-harmonic and de components in the phase cur- 
rents is very common in machine analysis. The former is usually quite 
small, and the latter dies away very rapidly. Neither has a significant in- 
fluence on the average torque of the machine for an appreciable time, so 
that their influence on dynamic performance is relatively small. Accord- 
ingly, many machine analyses are carried out with the pA, and pA, terms 
omitted. The advantage is that the resulting equations are much simpler. 


d. Field Resistance Included, Transformer Voltages Neglected 


We now wish to investigate the decay of currents i, and i, of Eqs. 6-57 and 
6-59. To do so, we follow substantially the approach of part b of this article 
except that the pA, and pà, terms are omitted but the R;i; term is retained 
in Eq. 6-27. Again, 


i, = 0 (6-61) 
The equation followed by the induced field current ip becomes 


te(s,- 22 


La 


or, by using Eq. 6-45 and dividing through by R,, 


Ly La dip 
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Now the fraction 


is the open-circuit time constant of the field winding. (The symbol T is used 
for time constant in this chapter to conform with standard notation. Else- 
where the symbol 7 is used; however, there is practically no possibility of 
confusion with torque here.) It is called the direct-axis open-circuit tran- 
sient time constant. It characterizes the decay of transients with the arma- 
ture open-circuited.* With the armature short-circuited, however, the 
apparent field inductance is lower because of coupling to the armature 
Winding. From Eq. 6-63 the time constant is then 


j tog , Xa 
Ta= Tos = Toz (6-65) 
d do Ls d0 x. 


and is called the direct-axis short-circuit transient time constant. Both T% 
and T} are important constants of the synchronous machine. Typical val- 
ues for large machines are about 5 s for Tw and 1 to 2 s for T}. 

Equation 6-63 can then be written 


1 dip ; 
Ta dt ag lft = 0 (6-66) 
Similarly, for current i, 
, di4 é Laf Lfo 
Ta dt la Le ( ) 


Currents i, and i, become, subject to their being given by Eqs. 6-57 and 6-59 
immediately prior to the application of the short circuit at time t = 0, 


Lalo ‘Phe 
ne l aie: ime ions 6-68 
e= * Lalal ts weet 
' 3 Lo Lafl _yr' 
= E ai Gres a d 6-69) 
etu E ; 


‘The formal definition of the direct-axis open-circuit transient time constant T% is the 
longest time constant associated with rotor transients when the armature is open- 
circuited. In practical machines with additional conducting paths in the rotor, this time 
constant will be somewhat modified from that determined simply by the inductance-to- 
resistance ratio of the field winding given in Eq. 6-64. A similar comment applies for the 
short-circuit transient time constant of Eq. 6-65. This is discussed further in Art. 6-6. 
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Finally, the phase current is 


cos (wt + 0o) + Vio — ze cos (wt + 0) (6-70) 
d d 


"a V2 Eo 
a Ka 


The first term on the right in Eq. 6-70 is the steady-state short-circuit 
current. The second is the transient term. The phase current is a damped 
sinusoid. Its initial amplitude is limited by the transient reactance X4 and 
its final amplitude by the synchronous reactance X,. It passes from one to 
the other exponentially as determined by the time constant T}. 

The machine-current solutions obtained in this article can be readily 
adapted to include the external reactance X, between the machine termi- 
nals and the short circuit. Such external reactance merely plays the same 
role as the armature leakage reactance wL., which is a component of X4, 
Xa and X,. All that need be done is to add X, to X,, X4, and X, wherever 
they appear (or the corresponding inductance L, to La, Lh, and L,). The re- 
sults are thus made more widely applicable. 

To summarize the results of this article, note first that we avoid a 
frontal attack on the basic machine equations with all terms retained. We 
do so to avoid complex and cumbersome analysis in which it would be diffi- 
cult to distinguish between the important and the unimportant. By com- 
parison of the results of parts b and c of the article, we find the neglect of 
the pA, and pA, terms to be an admissible approximation in most cases. In 
part d we adopt this approximation and investigate how the transients die 
away. The results are quite simple, and we have established valuable 
guides to the conduct of other machine-transient analyses. Due to the pres- 
ence of additional rotor circuits (see Art. 6-6) the transient behavior of 
actual machines is more complex than the single time-constant behav- 
ior described by Eqs. 6-68 to 6-70. However, in many cases a single-time- 
constant representation will constitute a useful approximation. 


6-5 TRANSIENT POWER-ANGLE CHARACTERISTICS 


It can be seen from Art. 6-4 that in the first instant following a transient 
disturbance in the armature circuit of a synchronous machine, the total 
field linkage à; remains constant at its value before the disturbance. 
Thereafter, in the absence of voltage regulator action, àp decays to a new 
steady-state value. The time constant of the decay is an appropriately ad- 
justed value of the direct-axis open-circuit transient time constant T %. For 
periods of time which are short compared with this time constant, the dec- 
rement in field linkages may be neglected. This approximation leads to a 
simplified representation of the machine which is especially useful in in- 
vestigating dynamic problems. 
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The field and direct-axis armature linkages are, from Eqs. 6-14 and 6-16, 


Ay ia Lis = SLi (6-71) 
Aa = Lari = Laia (6-72) 


Solving Eq. 6-72 for i; and substituting in 6-71 give 


_ Løg 


Mr = Tha + Laia) — aL (6-73) 
Laf 3 LY x 
—j,= +} = —_ “ 
or Le f ha (r. 9 zen la (6 74) 
Ds fe 
TONE M + Laia (6-75) 
ff 


where Eq. 6-45 is used for the transient inductance L4. When both sides of 
Eq. 6-75 are multiplied by w, we have 


win = why + Xaia (6-76) 
Lig 
In terms of rms values 
E, = V,+ X aia (6-77) 
, Laf Àf 
where E’ = w— —= (6-78 
t "Lya i 


and V, is written by virtue of Eq. 6-26 with the resistance omitted and the 
pà, term ignored. 

The voltage E, being directly proportional to àp, is constant whenever 
field flux linkages can be considered constant. It is shown on a phasor dia- 
gram in Fig. 6-5. If now the analysis in Art. 5-7 leading to Eq. 5-56 is re- 
peated with E, and X jr replacing E,; and Xyr, the result is 


xi — X, 


BR .. T . 
P = —— sin ô + E°?———* sin 28 (6-79) 
Xar 2X ar X gr 
where Xm =Xat+X, (6-80) 
and Xr = X, + X, (6-81) 


We now have in Eq. 6-79 a power-angle expression which is useful in the 
analysis of sudden disturbances or of sudden load application. It is appli- 
cable only over a period of time short compared with the time constant Tj, 
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Fig. 6-5. Phasor diagram showing Ê, 


but this covers the critical period in many dynamic analyses. However, 
the steady-state power-angle expression (Eq. 5-56) is applicable during 
changes which are sufficiently slow for the machine to be always in the 
steady state. Note that the coefficient of the second term on the right of 
Eq. 6-79 often is numerically negative because X, for a normal machine is 
greater than X; (and hence X,r > Xar). 

The transient power-angle curve will have an amplitude significantly 
greater than that of the steady-state curve. The relative amplitudes in a 
specific instance can be seen in Fig. 6-6. The suddenly induced component 
of field current following a disturbance is the physical reason for the 
greater transient amplitude. The practical consequence is that the ma- 
chine is a stiffer system element in the transient state; e.g., it can with- 
stand a large, suddenly applied power or torque overload if the duration of 
the overload is relatively short. 


P vs ô Transient l 
constant Ear | ! TAr] 


Steady-state 
characteristic 
[Eq. (5-56)] 


Power P, per unit 


20 40 60 80 100 120 140 160 nrn 
Angle ô, electrical degrees 


Fig. 6-6. Transient and steady-state power-angle curves. 
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The assumption of constant field-winding flux linkages’ results in the 
transient power-angle characteristic of Fig. 6-6. In fact, as discussed in 
Arts. 6-6 and 6-7, there are additional current-carrying elements in the ro- 
tor. In the case of salient-pole machines with laminated rotor construction, 
these elements consist of bar or cage windings connected together at their 
ends. In the case of solid-rotor machines, current paths exist naturally in 
the rotor body. 

Much as does the field winding, under transient conditions these 
windings also trap flux for a time following the onset of the transient. 
Thus in addition to transient flux trapped in the direct axis by the field 
winding, there will be flux trapping by current-carrying elements in the 
quadrature axis. The time constant associated with the decay of the 
quadrature-axis transient flux typically is significantly shorter than that 
of the field winding because these quadrature-axis circuits have a shorter 
time constant than that of the field winding. 

As a result, a detailed analysis of the transient behavior of these ma- 
chines is more complex than for the trapped-field-winding-flux model pre- 
sented here which results in the transient power-angle characteristic of 
Fig. 6-6. Such an analysis is best performed by using the more detailed 
models discussed briefly in Art. 6-7 in which additional rotor circuits are 
explicitly represented. Although such models are difficult to solve analyti- 
cally, they can be readily solved numerically in digital computer simula- 
tions and thus are commonly used in the analysis of synchronous-machine 
transient behavior. 

The recognition that both the direct and quadrature axes trap flux can 
be used to motivate a transient representation which is even simpler than 
the trapped-field-winding-flux model. This representation is based on the 
net rotor flux remaining trapped, with each axis trapping its own fraction 
of the flux. To simplify matters, it is assumed that transient saliency can 
be neglected and that under these conditions a single transient reactance 
(equal to the direct-axis transient reactance X{) can be associated with 
each axis. 

Neglecting transient saliency permits this representation to use the 
cylindrical-rotor theory of Art. 5-4. In this case, the transient model be- 
comes that of a constant voltage source E; in series with the direct-axis 
transient reactance X. This model, known as the constant-voltage-behind- 
transient-reactance model, is shown in Fig. 6-7. Note that the voltage Ê! 
can be found from a knowledge of the pretransient terminal voltage and 
current: 


R'=V,,+jXi1, (6-82) 
This voltage is shown in the phasor diagram of Fig. 6-5. Note that it is lo- 


‘During the period when the flux linkages of a winding remain essentially constant, it is 
customary to say that the winding is trapping flux. 
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Fig. 6-7. Approximate transient equivalent circuit for a synchronous machine. 


cated at an angle 6’ (known as the transient power angle) with respect to 
the terminal voltage and that this angle is smaller than the angle 6. 

The transient power-angle characteristic of this model can be written 
by direct analogy with Eq. 5-42 (using the notation of Eq. 6-79) as 


P= Pik —— sin 6’ (6-83) 


Corresponding to Eq. 6-79, this equation has been written to include the 
effects of an external system; Æ, is its voltage magnitude, Xi is given by 
Eq. 6-80, and 8’ now is the angle between £, and E;. Note that this equa- 
tion is simpler than Eq. 6-79. However, there is not a direct correspondence 
between these equations because Eq. 6-79 is expressed in terms of the 
power angle 6 and Eq. 6-83 is expressed in terms of the transient power 
angle 8’. 

The validity of this model is severely limited by the approximations 
upon which it is based, including the assumption that transient saliency is 
negligible and the corresponding assumption that the time constants asso- 
ciated with the decay of transient flux are of similar magnitudes in both 
axes. As a result, it no longer sees widespread use in detailed analyses of 
complex multimachine systems performed on digital computers where 
more detailed models can be readily implemented. However, it may still be 
used in such studies to represent machines whose dynamics play only a mi- 
nor role in the problem under study. In addition, it remains an invaluable 
tool to the engineer for use in “back-of-the-envelope” calculations. 


6-6 EFFECTS OF ADDITIONAL ROTOR CIRCUITS 


Up to this point we have considered that the only current-carrying element 
on the rotor is the field winding on the direct axis. As a result, we have 


‘Note that the assumption of trapped flux means that E! is fixed both in magnitude and 
in angular position with respect to the rotor. As a result, the angle between 6 and 8’ re- 
mains constant, and it is thus a relatively simple matter to calculate the transient be- 
havior of ô based on a transient analysis in terms of ô’. 
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been able to concentrate on the most important aspects of machine perfor- 
mance without distracting algebraic complications. This permitted us to 
derive relatively simple expressions for the machine transient currents in 
Art. 6-5. 

In most synchronous machines, there are a number of additional paths 
in the rotor in which induced currents can flow. In salient-pole machines 
with laminated rotor construction, which does not permit current to flow 
in the rotor body, these additional paths are formed by bar or cage wind- 
ings embedded in the pole faces and connected at their ends by short-cir- 
cuiting end rings. These are commonly called damper, or amortisseur 
circuits. They are specifically included by the machine designer to produce 
damping torques following electromechanical transients and starting 
torques for synchronous motors. Still, additional conducting paths may be 
formed by the bolts and iron of the rotor structure. 

In cylindrical-rotor machines which are formed from solid-steel forg- 
ings, transient rotor currents can be induced in the solid-rotor body. Al- 
though the current paths are not as well defined as in the damper circuits 
of salient-pole machines, their effects are quite similar and can be repre- 
sented in a similar fashion. In fact, induced currents in cylindrical-rotor 
machines are commonly referred to as damper currents in keeping with the 
nomenclature developed for salient-pole machines. 

In this section, the effects of induced rotor currents are discussed in a 
qualitative fashion. Article 6-7 discusses techniques for modeling these 
currents. 


a. Effects on Current-Voltage Relations 


In Art. 6-4, the principle of constant flux linkages is described as stating 
that a closed conducting circuit with zero resistance and no applied voltage 
must maintain constant flux linkage. If an externally applied magnetic 
flux distribution attempts to change the flux linkage of this circuit, a cur- 
rent will be induced of sufficient magnitude to oppose this change. 

With the exception of closed loops of superconducting wire, normal 
conducting paths do not have zero resistance and hence cannot maintain 
their flux linkages indefinitely. However, the principle of constant flux 
linkages can be applied to these situations with the following modification: 
The flux linkage of any closed conduction path with finite resistance cannot 
change instantaneously. Furthermore, this flux linkage can be considered 
to remain essentially constant for times short compared with an appropri- 
ate L/R time constant associated with that conducting path (and perhaps 
additional paths with which it is magnetically coupled). 

Based on this principle, we can see how the transient analyses of 
Art. 6-4 can be extended to include the effects of additional conducting 
paths in the rotor. In Art. 6-4d, we saw that the effect of trapped flux in 
the rotor circuit was to decrease the apparent inductance of the armature 
winding to a value known as the direct-axis transient inductance L4. This 
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is due to the fact that part of the armature flux is common with the trapped 
field flux and hence cannot be affected by changes in the armature cur- 
rent. Since the apparent inductance of the armature is given by the ratio of 
the change in armature flux linkages to the change in armature current, 
the net effect is a reduction in the apparent armature inductance during 
the period that the field winding traps flux. As the trapped flux in the 
field winding decays with a time constant known as the direct-axis short- 
circuit transient time constant T}, the apparent armature inductance in 
turn increases toward its steady-state value L,. 

The phenomenon associated with additional rotor circuits is based on 
exactly the same principles discussed above for the case of the field winding 
alone. Each additional rotor circuit tends to trap flux (a portion of which 
couples to the armature), and this flux in turn decays with a time constant 
related to the resistance of that circuit and an inductance associated with 
that circuit and its coupling to the remaining circuits in the machine. 

Although in a solid-rotor structure such as a cylindrical-rotor machine 
there are, in effect, an infinite number of additional rotor circuits associ- 
ated with the solid-rotor forging, as a practical matter transient phenom- 
ena in these machines can be described in terms of the field winding and 
one or two additional apparent rotor windings on each of the direct and 
quadrature axes of the rotor. This corresponds quite well to the system of 
damper windings in salient-pole machines, and hence it is common to em- 
ploy the same analytical techniques for both types of machines. 

If the analysis of Art. 6-46 (in which resistance and hence all flux de- 
cay were neglected) were repeated with a single damper circuit included on 
each of the rotor direct and quadrature axes, two additional equations 
would appear to express the damper-winding flux linkages and two further 
equations would be needed to express the fact that the damper windings 
are short-circuited and hence their terminal voltages are zero. In addition, 
the flux-current relationships would appear slightly more complex than 
those of Eqs. 6-32 to 6-34 because there is coupling between all the wind- 
ings on each axis. 

The resulting phase current would be the same as in Eq. 6-55 except 
that because the direct-axis damper winding traps additional flux, the ap- 
parent armature inductance would be smaller than that with field-winding 
trapped flux alone. As a result, reactances X; and X, of Eq. 6-55 would be 
replaced by the reactances X; and X}, representing the new apparent trans- 
formed armature inductances including the effects of damper-winding 
trapped fluxes. The reactance X’ is known as the direct-axis subtransient 
reactance, and X} is known as the quadrature-axis subtransient reactance. 

Typically, because the damper circuits have relatively high resistance, 
the induced damper currents die out rapidly. After a few cycles, these cur- 
rents have decayed, leaving only the field-winding trapping flux (and per- 
haps an additional longer-time-constant conducting path on the rotor 
quadrature axis). At this time, the analysis of Art. 6-4 describes the re- 
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maining armature current transient.’ This is illustrated in Fig. 6-8, which 
shows a symmetric trace of a short-circuit waveform (with the de compo- 
nent absent or taken out) such as might be obtained on an oscillograph, a 
storage scope, or a data acquisition system following the sudden applica- 
tion of an armature short circuit. The waveform, whose envelope is shown 
in Fig. 6-9, can be divided into three periods, or time regimes: the subtran- 
sient period, lasting only for the first few cycles, during which the current 
decrement is very rapid; the transient period, covering a relatively longer 
time, during which the current decrement is more moderate; and, finally, 
the steady-state period. 

As we have seen, during the subtransient period, both the damper cir- 
cuits and the field winding are trapping flux. As the induced damper cur- 
rents decay, only transient field current remains, corresponding to the 
transient period. The fundamental-frequency component of armature cur- 
rent following the sudden application of a short circuit to the armature of 
an initially unloaded machine can then be expressed similar to Eq. 6-70 as 


i, = Yin cos (wt + Oo) + VEE 1 
d 


1 ani? 
x, al “Td cos (wt + 0o) 


+ V2 Ee — myer cos (wt + 0) (6-84) 
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Fig. 6-8. Symmetric trace of armature short-circuit current in a synchronous machine. 


‘For a detailed analysis, including the effects of damper circuits, see B. Adkins and R. G. 
Harley, The General Theory of Alternating Current Machines: Applications to Practical 
Problems, Chapman and Hall, London, 1975 (distributed in the United States by Hal- 
sted Press, a division of Wiley, New York); also C. Concordia, Synchronous Machines: 
Theory and Practice, Wiley, New York, 1951. 
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Fig. 6-9. Envelope of a synchronous-machine symmetric short-circuit current. 


where 7", is the direct-axis short-circuit subtransient time constant. 

As shown in Art. 6-4b, there will also be dc and second-harmonic com- 
ponents in the armature current following a sudden short circuit, correspond- 
ing to the decay of trapped armature flux. These components do not appear 
in analyses which neglect the transformer voltage terms pA, and pd,. 

It should be emphasized that, especially in the case of solid-rotor gen- 
erators, the representation of induced direct-axis rotor-body currents by a 
single equivalent damper circuit is an approximation to the actual situ- 
ation in which there are a number of conducting paths. However, this ap- 
proximation has been found to be quite valid in many cases and is 
generally used to describe machine behavior. This is discussed further in 
Art. 6-7. Thus, following a three-phase short circuit from open-circuit con- 
ditions, the armature current can be shown to be of the form of Eq. 6-82 by 
appropriate semilogarithmic plots. The difference Ai’ (Fig. 6-9) between 
the transient envelope and the steady-state amplitude is plotted to a loga- 
rithmic scale as a function of time in Fig. 6-10. In similar fashion, the dif- 
ference Ai” between the subtransient envelope and an extrapolation of the 
transient envelope is plotted in Fig. 6-10. When the work is done carefully, 
both plots closely approximate straight lines, illustrating the essentially 
exponential nature of the decrement. 


Current difference 
(logarithmic scale) 


Time 
(linear scale) 


Fig. 6-10. Current differences plotted on semilogarithmic coordinates. 
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The subtransient reactance X’, determines the initial value Ob of the 
symmetric subtransient envelope bc (Fig. 6-9); X’ is equal to the rms value 
of the prefault open-circuit phase voltage divided by Ob/V2, the factor V2 
appearing because bc is the envelope of peak current values. The time con- 
stant T; determines the decay of the subtransient envelope bc; it is equal 
to the time required for the envelope to decay to the point where the differ- 
ence between it and the transient envelope acd is 1/e, or 0.368 times the 
initial difference ab. 

Under the assumption of negligible transformer voltages, the short- 
circuit oscillogram (Fig. 6-8) of an unloaded machine involves only direct- 
axis quantities. In a more general case, such as that of a machine with an 
initial real-power loading, a comparable set of quadrature-axis constants 
must be available. In addition to X, and X; these include the quadrature- 
axis short-circuit subtransient time constant T}, the quadrature-axis tran- 
sient reactance X,, and the quadrature-axis short-circuit transient time 
constant T;. Typical values of synchronous-machine reactances and time 
constants are given in Table 6-1.' 

These constants enter into the initial magnitude and decay of quadra- 
ture current i, in the same manner as the direct-axis constants do for i4. 
When X,, Xj, and X; all have different values, the implication is that 
there are two equivalent quadrature-axis rotor circuits. The induced cur- 
rents in one are decremented at an appreciably slower rate than in the 
other. Greater insight into the effects of damper circuits will be gained 
during the study of induction machines in the next two chapters. 


‘For a detailed description of standard techniques for measuring and evaluating syn- 
chronous-machine transient parameters, see IEEE Guide: Test Procedures for Synchro- 
nous Machines, IEEE Std. 115-1983, Institute of Electrical and Electronics Engineers, 
New York, 1983. 


TABLE 6-1 
TYPICAL VALUES OF MACHINE CONSTANTS’ 
Salient-pole 
Generators motors 

Machine Solid- Salient- Synchronous Low- High- 

constant rotor pole condensers speed speed 
Xa 1.9 17 2.2 1.5 1.4 
Xi 0.25 0.30 0.50 0.40 0.35 
Xi 0.20 0.18 0.30 0.25 0.20 
X, 1.85 1.0 1.3 1.0 1.0 
X Š 0.50 1.0 1.3 1.0 1.0 
XG 0.20 0.25 0.35 0.30 0.25 
Ta 0.55 0.50 1.5 0.35 0.50 
y 0.02 0.02 0.03 0.01 0.01 
T, 0.17 0.05 0.25 0.04 0.04 


*Reactances are per unit values based on the machine rating; time constants are in seconds. 
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b. Effects on Power and Torque 


Damper bars form the starting winding for synchronous motors. The prin- 
cipal reason for installing them in generators is, as their name implies, to 
produce torques which help to damp out oscillations of the machine rotor 
about its equilibrium position following transient disturbances. When the 
speed of the rotor departs from synchronous speed, currents are induced in 
the damper circuits which produce induction-motor torques, as discussed in 
some detail in Chap. 7. It is sufficient for present purposes to state that 
their magnitude is approximately proportional to the departure of rotor 
speed from synchronous speed as long as that departure is small. The 
torques produce damping because they act to decelerate the rotor when the 
rotor speed is above synchronous speed and accelerate the rotor when its 
speed is less than synchronous speed. 

A detailed analysis of synchronous-machine dynamics must include 
the effects of both synchronous and asynchronous (induction-motor) 
torques. Clearly the effects of these additional rotor circuits must be in- 
cluded. This can be done by representing them explicitly (see Art. 6-7) or 
approximately by including a term in the torque equation proportional to 
the deviation of the rotor speed from synchronous speed (Art. 6-8). 


6-7 MODELS OF SYNCHRONOUS MACHINES FOR 
TRANSIENT ANALYSES 


Depending on the type of analysis and the capability of the analysis pro- 
gram being used, a variety of representations can be utilized for synchronous- 
machine transient behavior. Among the simplest models is that shown in 
Fig. 6-7, in which transient saliency is ignored and the machine is repre- 
sented by a constant voltage E; behind transient reactance X j,. 

Based on this model, the transient power-angle characteristic is given 
by Eq. 6-83, where it is assumed that the machine is connected to a system 
which can be represented by a constant voltage E, in series with a reac- 
tance X,. 

The validity of this model is based on two assumptions: (1) During the 
period of interest (the transient-time period, generally on the order of 
0.5 s), both the direct and quadrature axes of the rotor can be assumed to 
maintain their flux linkages constant at their pretransient values. This is 
the constant-voltage assumption. (2) The apparent reactances of each axis 
under this condition are approximately equal. It is this assumption which 
permits us to neglect transient saliency and to model the machine by a 
single transient reactance. 

Figure 6-11 shows a phasor diagram from which Ê’ can be found for 
the general case of an initially loaded synchronous generator. In this fig- 
ure 7 is the power-factor angle at the generator terminals, and ¢ is the 
power-factor angle at the external source. Note that the Ê! does not lie 
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Fig. 6-11. Phasor diagram showing voltage Ê! and trapped flux in the direct axis (x5) and 
quadrature axis (A,). 


along the quadrature axis. The phasor diagram shows that the correspond- 
ing trapped flux à; can be resolved into two components. The direct-axis 
component À; represents flux trapped by the transient windings on the di- 
rect axis, and À, represents flux trapped by the corresponding circuits on 
the quadrature axis. Note also that transient power angle 6’ is smaller 
than the steady-state power angle 6 and that the assumption of constant 
rotor flux linkages requires the angle between Ê! and the quadrature axis 
to remain fixed during the transient time period. 


EXAMPLE 6-2 

The salient-pole generator of Example 5-5 has the parameters (obtained 
from test data) 

X,= 1.00 per unit X, = 0.60 per unit X4 = 0.18 per unit 
X, = 0.15 per unit Tæ=30s Ty,=16s 
Ta = 0.52 8 T, = 0.43 s 

For the loading of Example 5-5 (rated kilovoltamperes at 0.80 lagging 
power factor and rated terminal voltage) calculate the steady-state and 


transient power-angle characteristics, assuming the generator to be con- 
nected to an infinite bus directly at its armature terminals. 
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Solution 
With reference to Example 5-5 and Fig. 6-12a, 


Ey = 1.77119.4° 
and thus the steady-state power-angle characteristic is (from Eq. 6-52) 


= BEE gin fe PEELS 


as 2 = 2 


sin 26 = 1.77 sin 6 + 0.67 sin 26 


As shown in Fig. 6-126, the peak of this curve occurs at ô = 63.4° and 
has magnitude Paas = 2.12 per unit. 

The transient power-angle characteristic can be found from Eq. 6-83 
under the assumption that transient saliency can be neglected and the 
generator represented simply as a voltage F behind transient reactance 
X. This assumption is reasonable in this case both because the direct- and 
quadrature-axis transient reactances are approximately equal and because 
their time constants are both reasonably long. 

From Eq. 6-83 


_ VaE;i e ' 
P= xX; sin ô 


and from Fig. 6-12a with Î, = 0.80 — j0.60, 


| EOE 

6 P= 6.22 sin 8’ 
5 r 

E ji 

ts 

a 3 P= 1.77 sin ô 

S + 0.67 sin 28 

= 2.12 

a 2 


0 40 80 120 160 
ô, 5’, degrees 


(a) (b) 


Fig. 6-12. Example 6-2: (a) generator phasor diagram and (b) steady-state and transient 
power-angle characteristics. 
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Ê! = Ŷ, + jX; Ê, 

1.00 + j (0.18) (0.80 — j0.60) 
1.108 + j0.144 = 1.12 /7.4° 
1.12 per unit 

6.22 sin ô' 


E; 
and P 


This transient characteristic is also plotted in Fig. 6-12b. Note that the 
effect of induced currents in the rotor windings is to increase the torque- 
producing capability of the machine significantly. However, this effect 
lasts only through the transient-time period and disappears as the induced 
transient rotor currents decay. 


A logical extension of the model just presented would include the ef- 
fects of transient saliency and represent the machine by a separate voltage 
behind transient reactance on each rotor axis. Although this representa- 
tion is perhaps somewhat more exact, it is still subject to the same limita- 
tions as the simpler model; specifically its validity is limited by the extent 
to which the rotor fluxes can be assumed to remain constant. All such 
models suffer from the fact that they neglect damping effects, which can be 
of great significance in studies of synchronous-machine dynamics. 

An alternative to these trapped flux models is to represent the effects of 
currents in each of the rotor windings specifically. For example, Fig. 6-13 
shows the per unit equivalent circuits for a synchronous machine repre- 
sented by a field winding and a damper circuit on the rotor direct axis and 
a single damper circuit on the quadrature axis. The equations corresponding 


i i 
. Li Lia Rra f 


Armature d-axis d-axis Field Armature q axis q-axis 
damper winding damper 
winding winding 

(a) (b) 


Fig. 6-13. Per unit synchronous-machine equivalent circuits including one damper circuit on 
each rotor axis: (a) direct-axis equivalent circuit and (b) quadrature-axis equivalent circuit. 


6-7 Models of Synchronous Machines for Transient Analyses 299 


to this representation are similar to Eqs. 6-14 to 6-16 and 6-25 to 6-27 with 
the addition of equations representing the additional short-circuited 
damper windings. The torque expression of Eq. 6-31 continues to apply. 
Use of this type of representation (perhaps with additional damper wind- 
ings) includes directly both synchronous and damping torques. When prop- 
erly applied, it can lead to accurate representation of synchronous-machine 
dynamics in a wide variety of situations. 

One of the difficulties of using equivalent circuits of the form of Fig. 6- 
13 is the determination of parameter values for the model elements (resis- 
tances and inductances). Traditionally, open- and short-circuit tests such 
as those described in Arts. 5-5, 6-4, and 6-6 have been used to determine 
parametric values for the direct-axis equivalent circuit of Fig. 6-13a.* 

It is much more difficult to obtain parameter values for the quadrature- 
axis equivalent circuit of Fig. 6-136. This is due in large part to the fact 
that standard testing is performed on an unloaded machine for which there 
is only flux along the direct axis. When the machine is tested under open- 
circuit conditions, the only source of excitation is the field winding. Simi- 
larly, a sudden short-circuit test is initiated by applying a short circuit to 
an initially open-circuited machine excited only by field current, and thus 
there is no involvement of the quadrature axis in the transient (with the 
exception of currents induced by trapped armature flux which do not play 
a role in the transient behavior of the rotor). Although traditional tests 
provide a few measurement techniques for the quadrature axis, accurate 
parameter values have been difficult to obtain and most quadrature-axis 
parameters have been obtained from manufacturer-provided values. 

In recent years, these difficulties in obtaining quadrature-axis pa- 
rameters from measurements, combined with the need in some cases for 
more accurate representations of transient rotor currents (using additional 
equivalent damper circuits on the rotor), have resulted in the development 
of alternative testing methods. These techniques are based on impedance 
measurements made directly upon the direct and quadrature axes and are 
known as frequency-response testing. 

The most common method for performing these tests is known as 
standstill frequency-response testing.’ These tests are made with the rotor 
held stationary. By appropriate alignment of the rotor, the armature can 
be excited so as to apply flux along the rotor direct or quadrature axis. In 
either case, the armature is then excited with variable-frequency currents, 
ranging from as low as 0.001 to around 100 Hz, and the corresponding 


‘IEEE Guide: Test Procedures for Synchronous Machines, IEEE Std. 115-1983, Institute 
of Electrical and Electronics Engineers, New York, 1983. 

‘See, for example, Procedures for Obtaining Synchronous Machine Parameters by Stand- 
still Frequency Response Testing, IEEE Std. 115A-1987, Institute of Electrical and Elec- 
tronics Engineers, New York, 1987. Also, “Supplementary Definitions and Associated 
Test Methods for Synchronous Machine Stability Study Simulations,” IEEE Trans. 
Power Apparatus and Systems, PAS-99(4) (July/Aug. 1980). 


300 Synchronous Machines: Transient Performance 


impedance is measured. These impedances correspond to the input 
impedances of direct- and quadrature-axis equivalents such as those of 
Fig. 6-13. 

In addition, by recognizing that the direct axis has a second terminal 
pair (the field winding), additional direct-axis measurements can be made, 
including the induced field current (if the armature is excited with the 
field winding short-circuited) or induced field-winding voltage (if the ar- 
mature is excited with the field winding open-circuited). The input imped- 
ance of the field winding can also be measured. 

These measurements can be used to obtain parameter values for the 
elements of the direct- and quadrature-axis equivalent circuits. Experience 
has shown that for certain types of analyses, models based on frequency- 
response measurements may exhibit increased accuracy over analyses 
based on parameters obtained by the traditional methods.’ This is due in 
part to the ability to obtain quadrature-axis parameters for which corre- 
sponding traditional tests are not available. Difficulties with standstill 
frequency-response testing include the fact that the measurements are 
typically made at low excitation levels (corresponding to low flux levels in 
the machine) and the fact that contact resistances of rotor elements such 
as slot wedges and retaining rings are different when the rotor is stationary 
from when the rotor is rotating and centrifugal forces are acting on them. 

The choice of model for a given situation must, in general, depend on 
the type of study being conducted as well as the data available and the 
type of results desired. This article has briefly indicated the types of mod- 
els available. Many discussions of modeling are found in the growing lit- 
erature on synchronous machines. 


6-8 SYNCHRONOUS-MACHINE DYNAMICS 


Important dynamic problems arise in synchronous-machine systems be- 
cause (1) successful operation of the machines demands equality of the 
mechanical speed of the rotor and the speed of the stator field and 
(2) synchronizing forces tending to maintain this equality are brought into 
play whenever the relationship is disturbed. If the instantaneous speed of 
a synchronous machine in a system containing other synchronous equip- 
ment should decrease slightly, the decrease would be associated with a de- 
crease in torque angle if the machine were a generator and an increase if it 
were a motor. For example, if a large load is suddenly applied to the shaft 
of a synchronous motor, the motor must slow down at least momentarily so 
that the torque angle can assume the increased value necessary to supply 
the added load. In fact, until the new angle is reached, an appreciable por- 
tion of the energy furnished to the load comes from stored energy in the ro- 


'P, L. Dandeno, P. Kundur, and R. P. Shulz, “Recent Trends and Progress in Synchronous 
Machine Modelling in the Electric Utilities Industry,” Proc. IEEE, 67(7) (July 1974). 
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tating mass as it slows down. When the newly required value of the angle 
is first reached, equilibrium is not yet attained, for the mechanical speed is 
then below synchronous speed. The angle must momentarily increase fur- 
ther to permit replacing the deficit of stored energy in the rotating mass. 
The ensuing processes involve a series of oscillations about the final posi- 
tion even when equilibrium is ultimately restored. An exact description of 
such events can be given only in terms of the associated electromechanical 
differential equations. 

Similar oscillations or hunting, with the accompanying power and cur- 
rent pulsations, may be particularly troublesome in synchronous motors 
driving loads whose torque requirements vary cyclically at a fairly rapid 
frequency, as in motors driving reciprocating air or ammonia compressors. 
If the natural frequency of mechanical oscillation of the synchronous motor 
is close to the frequency of an important torque harmonic in the compres- 
sor cycle, intolerable oscillations result. Electrodynamic transients of a 
very complicated form but of the same basic nature occur in electric power 
systems. Unless they are carefully investigated during system planning, 
they may result in complete shutdowns over wide areas. 


a. Basic Electromechanical Equation 


The electromechanical equation for a synchronous machine follows directly 
from equating the inertia torque (equal to the moment of inertia J times 
the angular acceleration) to the net mechanical and electric torque acting 
on the rotor. Thus 


i= mech — YS (6-85) 


where 0 = angular position of rotor 
T mech = Mechanical accelerating shaft torque applied to rotor 
T tec = electromagnetic torque acting to decelerate rotor 


This equation, like those which follow, is written with a generator specifi- 
cally in mind. The same equations can be applied to a motor, although a 
change in sign of the torque terms is often convenient. 

It is often convenient to express the rotor angular position @ in terms 
of a synchronously rotating reference frame as 


0 = -Aoi + ô) (6-86) 
poles 


where w is the synchronous electric frequency and ô is the electrical angle 
between a point on the rotor and the synchronous reference frame. Often 6 
is taken equal to the synchronous-machine power angle. Equation 6-85 
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thus becomes 


2 da 
poles dt’ 


i j = lec (6-87) 


Known as the swing equation, Eq. (6-87) can be used to solve for the elec- 
tromechanical dynamics of the synchronous machine. The key to its use is 
the accurate representation of the torques acting on the rotor. The me- 
chanical shaft torques must be determined from a representation of the dy- 
namics of the prime mover (or load in the case of a motor). 

As discussed in Art. 6-7, when a detailed representation of the syn- 
chronous machine is used, the electromagnetic torque Taie can be obtained 
directly from Eq. 6-31. This type of representation, which finds torque di- 
rectly from a knowledge of the machine fluxes and currents, includes both 
synchronous and damping torques. It can be expected to yield accurate re- 
sults in many types of analyses, provided sufficient equivalent rotor cir- 
cuits are included to represent the effects of rotor currents adequately and 
provided proper values for the model parameters can be obtained.’ 

The model of constant voltage behind transient reactance, discussed in 
Arts. 6-6 and 6-7, can be used in situations where detailed analytical solu- 
tions are not possible or are deemed unnecessary. Since this model yields 
an expression for electric power output, Eq. 6-83, as a function of rotor 
angle, it is convenient to rewrite Eq. 6-87 in terms of power. This can be 
done by multiplying by the rotor mechanical velocity w, 


2 d*6 


poles a dt? x 


=p 


elec (6-88) 


mech 


Since for most situations of practical interest deviations of w,, from syn- 
chronous speed are very small, w,, can be replaced by the synchronous ro- 
tor velocity w, = (2/poles)w, giving the approximate equation 


2 

-i 0 s f an i Fi (6-89) 

In this case the electromagnetic power Paec can be represented by two 
components. One is the damping power, discussed in Art. 6-7 and often 
considered to vary linearly with the departure d6/dt from synchronous 
speed. The second is the synchronous power, resulting from synchronous- 
machine action and characterized by Eq. 5-42 or 5-56 in the steady state 
and Eq. 6-79 or 6-83 in the transient state. The electromechanical equation 
6-89 then becomes 


‘See, for example, P.M. Anderson and A. A. Fouad, Power System Control and Stability, 
Iowa State University Press, Ames, 1977. 
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2 d*s dé 
poles st = Feasts = Pat = P,(8) (6-90) 


where P; is the damping power per unit departure in speed from synchro- 
nous and P,(5) represents the synchronous power as a function of ô. 

The specific nature of the external network must be known before the 
function P,(5) can be identified. When consideration is restricted to one ma- 
chine connected directly to the terminals of a very large system (see Art. 5-4) 
and saliency is ignored, the function is P,,, sin ô (Eq. 5-42), where P,,, is the 
amplitude of the sinusoidal power-angle curve. Equation 6-90 becomes 


2 d* dé 

sales Os? = Poa = P di P, sin 6 (6-91) 
Positive values of ô denote generator action and therefore energy conver- 
sion from mechanical to electric form, positive values of Praen denote me- 
chanical power input to the shaft, positive values of di/dt denote speeds 
above synchronous speed, and positive values of d*5/dt*? denote accelera- 
tion. Alternatively, the reverse convention may be used: positive values of 
ô denote motor action; positive values of Pme, mechanical power output 
from the shaft; positive values of di/dt, speeds below synchronous speed; 
and positive values of d*5/dt*, deceleration. 

It should be emphasized that for transients occurring in times on the 
order of the transient time constant or faster, the transient power-angle 
characteristic (Eq. 6-79 or 6-83) should be used and Eq. 6-91 should be 
written in terms of the transient power angle 5’. However, for the purposes 
of this article the distinction need not be made. 

Both Eqs. 6-90 and 6-91 are nonlinear. One method of analysis, appli- 
cable for small oscillations and illustrated below, is to linearize the power- 
angle expression. It is simply a special case of linearization about an 
operating point. 


b. Linearized Analysis 


When a single machine connected to a large system is under study, only a 
single differential equation rather than a group of such equations is in- 
volved. If, in addition, the variations of ô are small, the term P,(5) in Eq. 6- 
90 may be replaced by the equation for the slope of the power-angle curve 
at the operating point. For example, when ô varies between about +7/6 
and —7/6 electrical radians, the sine of the angle is closely equal to the 
angle in radians. The term P,, sin ô in Eq. 6-91 can then be replaced by the 
term P,ô, where P, is the synchronizing power or slope of the power-angle 
characteristic evaluated at the origin; P, has units of power per unit angle. 
Equation 6-91 then becomes 
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2 d*6 dé 
a a a Se E 6-92 
poles va dt” Panen = Pa dt : itai 


Since this equation is now linear, its solution for a particular case can be 
readily obtained, as illustrated in the following example. 


EXAMPLE 6-3 


A 200-hp 2300-V three-phase 60-Hz 28-pole 257-r/min synchronous motor 
is directly connected to a large power system. The motor has the following 
characteristics: 


Wk? = 10,500 lb - ft? (motor plus load) 
Synchronizing power P, = 11.0 kW/elec deg 
Damping torque = 1770 lb - ft/(mech rad/s) 


(a) Investigate the mode of electromechanical oscillation of the machine. 

(6) Rated mechanical load is suddenly thrown on the motor shaft at a 
time when it is operating in the steady state but unloaded. Study the elec- 
trodynamic transient which will ensue. 


Solution 


(a) Throughout this solution, angle ô will be measured in electrical de- 
grees rather than radians. This fact must be recognized in obtaining P, 
and P, from the given data. 

The inertia is given as Wk? (weight times the square of the radius of 
gyration) in U.S. Customary System (USCS) units, a common practice for 
large machines. In SI units (see table of conversion factors in Appendix D) 


_ Wk? _ 10,500 
23.7 23.7 


= 444 kg - m? 


When we use the factor 7/180 to convert angular measurement to degrees, 
the coefficient of the angular acceleration term becomes 


2 _ 2 ao 2 
on” = = (444) 180 14.9 W/(elec deg/s*) 


The remaining motor constants in the appropriate units are 


m 2 


= 2m(257)(1770)-7 zzz n aan 180 28 


= 80.6 W/(elec deg/s) 
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P, = 11.0(1000) = 11,000 W/elec deg 
The force-free equation which determines the mode of oscillation is then 


d*5 ds 
CERLE T, + = 
14.97772 80.67 11,0006 = 0 


The undamped angular frequency and damping ratio are, respectively, 


[11,000 | 
oO, = ETTI = 27 rad/s 


T 80.6 
2V 14.9(11,000) 


The magnitude of ¢ places the transient response decidedly in the os- 
cillatory region, as it does for all synchronous machines. Any operating 
disturbance will be followed by a relatively slowly damped oscillation, or 
swing, of the rotor before steady operation at synchronous speed is re- 
sumed. A large disturbance may, of course, be followed by complete loss of 
synchronism. The damped angular velocity of the motor is 


wa = 27V1 — 0.10? = 26.9 rad/s 
corresponding to a damped oscillation frequency of 


fa = 2.9 = 4.3 Hz 
2a 


(6) The full load of 200 hp is equivalent to 200(746) = 149,200 W. The 
steady-state operating angle is 


_ 149,000 
” 11,000 


= 13.6 elec deg 


A detailed solution of the linearized swing equation would show that the 
angular excursions characterized by the equation 


ô = 13.6°[1 — 1.004e°?” sin (26.9t + 84.3°)] 


c. Nonlinear Analysis: Equal-Area Methods 


In most of the serious dynamics problems, the oscillations are of such mag- 
nitude that linearization is not permissible. The equations of motion must 
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be retained in nonlinear form. Analog or digital computers are often used 
to aid the analysis. For programming the study on a digital computer, use 
is made of numerical methods for solving sets of differential equations.’ The 
object of the study is usually to find whether synchronism is maintained, 
i.e., whether the angle 5 settles down to a steady operating value after the 
machine has been subjected to a sizable disturbance. 

For simple synchronous-machine systems, damping may be neglected 
and use may be made of a graphical interpretation of the energy stored in 
the rotating mass as an aid to determining the maximum rotor angle fol- 
lowing a disturbance and to settling the question of maintenance of syn- 
chronism. Because of the physical insight it gives to the dynamic process, 
application of the method to analysis of a single machine connected to a 
large system is discussed. 

Consider specifically a synchronous motor having the power-angle curve 
of Fig. 6-14. With the motor initially unloaded, the operating point is at 
the origin of the curve. When a mechanical load P.,,.;, is suddenly applied, 
the operating point travels along sinusoid ABC and, if synchronism is 
maintained, finally comes to rest at point B with a new torque angle ô.. To 
reach this new operating point, the motor must decelerate at least momen- 
tarily under the influence of the difference Pme — Pm sin 6 between the 
power required by the load and that resulting from electromechanical en- 
ergy conversion. Now recall from the thought process leading to Eq. 6-91 
that both P,,,..;, and P,, sin ô are proportional to the corresponding torques. 
It can be shown that the integral fT dé of the net rotor torque with respect 
to the angle is equal to the change in rotor kinetic energy. Area OAB in 
Fig. 6-14 is then seen to be proportional to the energy abstracted from the 
rotating mass during the initial period when electromagnetic energy 


Torque angle, ô 


Fig. 6-14. synchronous-motor power-angle curve and power required by load. 


‘See, for instance, G. W. Stagg and A.H. El-Abiad, Computer Methods in Power System 
Analysis, McGraw-Hill, New York, 1968; also P.M. Anderson and A. A. Fouad, Power 
System Control and Stability, lowa State Press, Ames, 1977. 
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conversion is insufficient to supply the shaft load. When point B is reached 
on the first excursion, therefore, the rotor has a momentum in the direction 
of deceleration. Acting under this momentum, the rotor must swing past point 
B until an equal amount of energy is recovered by the rotating mass. The 
result is that the rotor swings to point C and the angle max, at which point 


Area BCD = area OAB (6-93) 


Thereafter, in the absence of damping, the rotor will continue to oscillate 
between points O and C at its natural frequency. The damping present in 
any physical machine causes successive oscillations to be of decreasing am- 
plitude and finally results in dynamic equilibrium at point B. The analogy 
to the oscillations of a pendulum may be noted. 

This equal-area method provides a ready means of finding the maxi- 
mum angle of swing. It also provides a simple indication of whether syn- 
chronism is maintained and a rough measure of the margin of stability. 
Thus, if area BCED in Fig. 6-14 is less than area OAB, then the decelerat- 
ing momentum can never be overcome, the angle-time curve follows the 
course of curve A in Fig. 6-15, and synchronism is lost. But if area BCED is 
greater than area OAB, then synchronism is maintained with a margin in- 
dicated by the difference in areas and the angle-time curve follows curve B 
of Fig. 6-15. Equality of areas BCED and OAB yields a borderline solution 
of unstable equilibrium for which curve C is followed. 


EXAMPLE 6-4 


Determine the maximum shaft load which can be suddenly applied to the 
motor of Example 6-3 when it is initially operating unloaded. The synchro- 
nizing power of 11.0 kW/elec deg quoted in that example is the initial 
slope of the power-angle curve followed under these conditions. Damping is 
to be ignored. 
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Fig. 6-15. Simple synchronous-machine swing curves showing instability (curve A), stability 
(curve B), and marginal or critical case (curve C). 
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Solution 


The initial slope of the sinusoidal power-angle curve expressed in kilo- 
watts per radian is equal to the amplitude of the curve in kilowatts. Hence 


P,, = 11.0 x = = 630 kW 


The load P,,.., must be adjusted so that max in Fig. 6-14 achieves the maxi- 
mum possible value of m — ô.. In this case, from Fig. 6-16 


Area OAB = area BCD 


8x TB 
or — Precn Sx — | 630 sin ô dé = | 630 sin ô dd — Prea,(7 — 26.) 
0 


ôx 


where ô, is the steady-state angle which will be achieved, assuming that 
synchronism is maintained. Also 


P neon = 630 sin ô. 
Trial-and-error solution yields 


Paen = 455 kW = 610 hp 


Notice that the result is independent of inertia when damping is neglected. 
Under these circumstances, inertia determines the period of oscillation but 
does not influence its amplitude. 


Torque angle, ô 


Fig. 6-16. Graphical application of equal-area criterion in Example 6-4. 
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6-9 SUMMARY 


Electric power systems are complex dynamic entities. Although they can 
often be considered to be operating under steady-state conditions, in actual 
fact, loads are continually changing and the system is continually reacting 
in response to these changes. Occasionally, disturbances occur, ranging 
from the loss of a transmission line due to a lightning strike or the flash- 
over of a dirty insulator string to a multiple sequence of events resulting 
in a major blackout over a significant portion of the system. In each case, 
the synchronous generator plays a significant role in the subsequent tran- 
sient response of the system; hence an accurate representation of its tran- 
sient behavior is essential for both predicting and controlling the dynamic 
characteristics of electric power systems. 

Under transient conditions currents are induced in the rotor circuits of 
synchronous machines. In salient-pole machines these circuits are com- 
posed of damper bars arranged much like the rotor bars in a squirrel-cage 
induction motor. In solid-rotor machines these currents flow directly in the 
rotor iron. In both cases, currents are also induced in the field winding. 

It is the nature of these currents which determines the transient be- 
havior of synchronous machines. Simple transient models can be derived 
from the concept of trapped rotor flux. Based on the idea that the circuits 
on the rotor keep their flux constant following a transient, simple mathe- 
matical models can be derived in which the machine is represented as a 
voltage proportional to this trapped flux in series with a transient reac- 
tance. The transient reactance is the apparent reactance seen from the ar- 
mature terminals under the condition of constant rotor flux linkages. 

Although such a model is useful for some simple studies of synchronous- 
machine dynamics, it is not adequate for many situations. It does not pre- 
dict the damping of rotor oscillations. It cannot predict machine behavior 
as the various transient rotor currents decay. Thus, more sophisticated 
models of synchronous machines must explicitly include the effects of the 
various rotor circuits. 

Analysis of synchronous machines is greatly facilitated by transform- 
ing armature quantities to a reference frame rotating at rotor speed via 
the dq0 transformation. In such a reference frame, the armature quantities 
can be resolved into two components, one along the field-winding axis, also 
known as the direct axis, and the second along an orthogonal axis, known 
as the quadrature axis. The rotor can then be represented as a set of direct- 
axis windings consisting of the field winding and additional windings rep- 
resenting the damper or rotor-body circuits, which produce flux along the 
direct-axis, and a set of quadrature-axis windings, which corresponds to ro- 
tor circuits which produce flux along the quadrature axis. In general, such 
a model is cast in the form of a set of differential equations which can then 
be solved via digital or analog computer. 
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The object of such modeling is to predict dynamic behavior. The basic 
electromechanical equation, often known as the swing equation, states that 
the product of the rotor moment of inertia and its angular acceleration is 
equal to the net torque applied to the rotor (mechanical shaft torque and 
electromagnetic torque). Under steady-state conditions, the net torque is 
zero and the rotor remains at constant (synchronous) speed. Transient analy- 
sis is performed to investigate the nature of the transients resulting from a 
disturbance and whether stable steady-state operation will be reestablished. 


PROBLEMS 


6-1. A 60-Hz 24-kV 250-MVA Y-connected salient-pole synchronous gen- 
erator (X, = 1.75 per unit, X, = 1.40 per unit) is operating with a phase-a- 
to-neutral voltage of 14.0 cos wt kV and a phase-a current of 5.75 cos wt 
kA; the currents and voltages are balanced three-phase. The rotor angle is 
known to be 0 = wt + 37°. 


(a) Draw a phasor diagram for this condition, indicating the terminal 
voltage, armature current, location of direct and quadrature axes, 
and direct- and quadrature-axis components of armature terminal 
voltage and current. 

(b) Using the phasor diagram of part (a) calculate the magnitude of 
the direct- and quadrature-axis armature voltage and current. 

(c) Repeat the calculation of part (b), using the dq0 transformation of 
Eq. 6-1. 


6-2. This problem is concerned with analysis of a two-phase synchronous 
machine instead of the three-phase machine of the text. Consider that the 
machine is idealized as in Art. 6-3 except that there are two distributed 
windings a and b on the stator, one in each phase, with magnetic axes 90° 
apart. The salient-pole rotor has only the main-field winding fin the direct 
axis and no winding in the quadrature axis. The angle from the axis of 
phase a to the direct axis is 0. That from the phase-b axis to the direct axis 
is 0 + 270° or, what amounts to the same thing, 0 — 90°. Use the same 
general assumptions, conventions, and notation as in Arts. 5-2, 6-2, and 6-3. 


(a) Write the flux-linkage equations in matrix form corresponding to 
Eq. 6-3. 

(b) In the manner of Arts. 5-2 and 6-3, show that the inductance ma- 
trix [Lar] is given by 


Lay + Lge cos 20 Lo sin 20 Ly cos 0 
Lp sin 20 La — Lycos 20 Ly sin 0 
Lap cos 0 Ly sin 0 Ly 
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(c) Show that the appropriate dq0 transformation of variables is typi- 


fied by 
ia| _ | cos@ sin 6} Ji, 
i —sin 0 cos 6| |i, 
Also write the relations for i, and i, in terms of i,, i,, and 9. 
(d) Show that the flux linkages are given by 


Ay = Lite — Latta ha na Lapis = Lata Àg = Ligh 


Also identify the direct- and quadrature-axis synchronous induc- 
tances L, and L, in terms of Laa and Ly». 

(e) Show that Eqs. 6-25 to 6-27 are correct for voltages vp, Va, and v, in 
this case. 

(f) Show that the instantaneous power output from the two-phase sta- 
tor is 


y= Ugla T Ugly 
(g)Show that the motor torque is given by 


oles. . , 
T= m A — Mia) 


6-3. (a) By carrying out the manipulations described in Art. 6-3 show that 
Eqs. 6-14 to 6-17 are correct. 
(b) Similarly, show that Eqs. 6-25 to 6-28 are correct. 


6-4. A two-pole synchronous motor has a two-phase winding with negli- 
gible resistance on the rotor. Its stator has salient poles with a field winding 
on the direct axis having resistance R,; and excited by a constant voltage 
V,. There is a short-circuited stator winding in the quadrature axis. 

The motor is running in the steady state with balanced two-phase 
voltages given by 


Uv, = —V sin wt and v, = —V cos wt 


applied to the rotor windings. The angle from the direct axis to the mag- 
netic axis of rotor phase a is 


= wt + ô 


That between the phase-b axis and the direct axis is 90° greater than this. 
(The statement or solution of Prob. 6-2 can be used as a guide in the solu- 
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tion of this problem. Note very carefully the conditions stated here, how- 
ever, to ensure the correct signs.) 


(a) Show that the direct- and quadrature-axis rotor currents into the 
motor are given by 


_ —wlLegl + V cos ô iii _ V sin 6 
ta = wLa 1 wL, 
(b) Show that the motor torque is given by 
= Lap VeV e _ V*(La = La) . 
T = “abaR: R, sin 6 “2a L, L, L, sin 26 


(c) Show that the phase-a rotor current is 
İla = lg cos Ô + i, sin 0 


6-5. Prove that the unitary transformation described in the footnote pre- 
ceding Eq. 6-1 is power-invariant, as described in the footnote. 


6-6. Consider a two-winding transformer whose equivalent circuit is 
shown in Fig. 6-17. A de voltage V, is applied to winding 1 at t = 0. 


(a) Assuming the secondary winding to be open-circuited (i, = 0), 
write an expression for the primary current as a function of time. 

(b) Assuming the secondary winding to be short-circuited (v, = 0) and 
the secondary resistance to be negligible (R, = 0), write an expres- 
sion for (i) the primary current as a function of time and (ii) the 
secondary current as a function of time. (iii) What is the apparent 
inductance as seen from the primary terminals? 

(c) Compare the primary open-circuit time constant found in part (a) 
with the primary short-circuit time constant found in part (b). 

(d) Discuss in general terms the effects of a finite but small R}. 


6-7. A three-phase turbine generator is rated 13.8 kV (line to line), 125 MVA. 
Its constants, with reactances expressed in per unit on the machine rating 
as a base, are 


Fig. 6-17. Transformer equivalent circuit for Prob. 6-6. 
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It is operating unloaded at a terminal voltage of 1.00 per unit when a 
three-phase short circuit occurs at its terminals. Except in part (g), ignore 
the de component in the short-circuit current. Express numerical answers 
both in per unit and in amperes. 


(a) What is the rms steady-state short-circuit current? Does it make 
sense physically for the steady-state short-circuit current to be 
lower than rated current, as it is here? Explain. 

(6) Write the numerical equation for the instantaneous phase-a cur- 
rent as a function of time. Consider the fault to occur when the 
angle between the axis of phase a and the direct axis is 90°. Be- 
cause of the neglect of the de component, this is the symmetric 
short-circuit current. 

(c) Write the numerical equation for the envelope of the short-circuit 
current wave as a function of time. 

(d) Using the result of part (c), write the numerical equation showing 
how the rms value of short-circuit current varies with time. 

(e) What value is given by the expression in part (d) at t = 0? This is 
known as the initial symmetric rms short-circuit current. 

(f) Generalize the result in part (d) by writing the equation for rms 
symmetric short-circuit current as a function of time, initial volt- 
age behind transient reactance, and machine constants. 

(g) In part (b) suppose the fault occurs when the magnitude of the ini- 
tial angle is other than 90°. The value of i, at t = 0 will then be 
nonzero. But since the phase-a winding is a resistance-inductance 
circuit, the complete phase-a current cannot change instantaneously 
from zero. Hence a dc component must be present in i, to reconcile 
the situation. This component dies away rapidly. Give the maximum 
possible initial magnitude of the dc component. 


6-8. The machine in Prob. 6-7 has the constants 
X; = 0.18 T4 = 0.30 s 


in addition to those given there. Work Prob. 6-7, except for part (b), with the 
subtransient effects included as well as the transient effects. In part (f), 
the initial voltage behind subtransient reactance must also be reflected. In 
part (g), the principle still holds that the de component must preserve con- 
tinuity of instantaneous phase current just before and just after the short 
circuit. 


6-9. The manufacturer’s data sheet for a 50-MVA 13.8-kV three-phase 
60-Hz two-pole synchronous generator indicates that it has the following 
parameters: 
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X,=1385 X,=085 Xj,=035 X!=0.85 
T',=6.5 T= 1.67 


where the reactances are in per unit and correspond to unsaturated con- 
ditions within the machine and the time constants are in seconds. In 
addition, from the open-circuit characteristics, the field current at rated 
open-circuit voltage is 675 A, and the field current at rated open-circuit- 
voltage on the air-gap line is 530 A. 

The generator is undergoing a steady-state three-phase short-circuit 
test at rated speed. The field excitation is adjusted so that the armature 
current is equal to 25 percent of its rated value. 


(a) Find the field current required to achieve this condition. 


The short circuit is suddenly removed. Assume that the exciter maintains 
constant field voltage throughout the ensuing transient. 


(6) Find the magnitude of the steady-state open-circuit voltage on the 
machine after all the transients have died out following removal of 
the short circuit. 

(c) Find a numerical expression for the field current (in per unit and 
in amperes) as a function of time following the removal of the short 
circuit. 

(d) Find a numerical expression for the magnitude of the open-circuit 
armature voltage as a function of time. 

(e) If the initial short-circuit current had been equal to the rated ar- 
mature current, what effect would this have had on the final value 
of (i) the field current and (ii) the open-circuit armature voltage 
following removal of the short circuit? 


6-10. A non-salient-pole synchronous generator is characterized by the fol- 
lowing parameters: 

Xa = X, = 1.67 per unit 

Xņ = 0.32 per unit 

Tn = 4.78 

Field resistance = 0.18 Q 

Field voltage required to achieve rated open-circuit terminal volt- 

age = 470 V 

For the purposes of this problem, neglect the effects of saturation and ar- 
mature resistance. 


(a) The machine is operating at rated speed, open-circuited, with no 
excitation applied to the field winding. A voltage of 470 V is sud- 
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denly applied to the field winding. 

(i) What is the field current as a function of time? 

(ii) Write an expression for the per unit armature voltage as a func- 
tion of time. 

(b) The same machine with 470 V applied to the field winding has 
been operating with a three-phase terminal short circuit long 
enough for all transients to have died out. What is the steady-state 
field current in amperes and the per unit armature current? 

(c) The steady-state armature short circuit is suddenly removed. For 
the purposes of this analysis, assume that all three phase currents 
are simultaneously interrupted. 

(i) What is the magnitude of the field current in amperes immedi- 
ately after interrupting of the armature current? 

(ii) Write expressions for the field current and terminal voltage as 
a function of time. 


6-11. Particularly severe dips in generator terminal voltage are produced 
by the application of inductive loads at or close to zero power factor. The 
starting inrush to a large motor is one such type of load. Consider that a 
synchronous generator is operating initially unloaded at normal terminal 
voltage. A balanced inductive load X, is suddenly applied to its terminals. 
The field voltage is not changed, and the generator continues to operate at 
synchronous speed. Ignore saturation. 


(a) Show that the variation of terminal voltage with time after load 
application is given by 


X, X, X, -wvT! 
= = o Ee MM d 
Va = Epy 3 X, Bal: +k, G+ z): 


where Ep is the preload excitation voltage and 


Xit X; 


s TS A 


(b) Give per unit voltage magnitudes when X, = 1.50, X; = 0.20, X, = 
0.95, and T% = 5.5 s. The reactances are per unit values. 


6-12. A salient-pole generator has the following constants in per unit (ma- 
chine rating base): 


X,=117 X,=0.75 X= 0.35 
Assume that the machine is connected directly to an infinite bus at its ter- 


minals (voltage = 1.0 per unit) and is operating at rated output power, 
unity power factor. 
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(a) Using the representation of Eq. 6-79, assume E ; to be constant and 
compute and plot the transient power-angle curve of the machine 
in terms of the true power angle 6. 

(6) Compute the transient power-angle characteristic of Eq. 6-83 
based on the constant-voltage-behind-transient-reactance model of 
Fig. 6-7 in terms of the transient power angle 6’. 

(c) The constant-voltage-behind-transient-reactance model of Fig. 6-7 
assumes that the angular difference between the angle transient 
rotor angle 5’ and the power angle 6 remains constant at its initial 
pretransient value. As a result, the transient power-angle charac- 
teristic of part (b) can be plotted in terms of the true power angle ô 
simply by adding this value to 5’. Plot the transient power-angle 
characteristic of part (b) in terms of ô on the plot which you cre- 
ated for part (a). 


6-13. Repeat Prob. 6-12 for a cylindrical-rotor generator whose per unit 
constants are 


Xq = 2.22 X, = 2.10 X4 = 0.24 


6-14. The ideal condition for synchronizing an alternator with an electric 
power system is that the alternator voltage be the same as that of the sys- 
tem bus in magnitude, phase, and frequency. Departure from these conditions 
results in undesirable current and power surges accompanying electro- 
mechanical oscillation of the alternator rotor. As long as the oscillations 
are not too violent, they can be investigated by a linearized analysis. 

Consider that a 30-MVA 0.85-power-factor 60-Hz two-pole alternator 
driven by a gas turbine is to be synchronized with a system large enough 
to be considered an infinite bus. The moment of inertia of the alternator and 
turbine is 3780 kg - m’. The damping power coefficient P} is 17 kW/(elec 
deg/s), and the synchronizing power coefficient P, is 1.85 MW/elec deg. 
Both P; and P, may be assumed to remain constant. In all cases below, the 
terminal voltage is adjusted to its correct magnitude. The turbine governor 
is sufficiently insensitive not to act during the synchronizing period. 


(a) Consider that the alternator is initially adjusted to the correct 
speed but that it is synchronized out of phase by 20 electrical de- 
grees, with the alternator leading the bus. Obtain a numerical ex- 
pression for the ensuing electromechanical oscillations. Also give 
the largest value of torque exerted on the rotor during the syn- 
chronizing period. Ignore losses, and express this torque as a per- 
centage of that corresponding to the nameplate rating. 

(b) Repeat part (a) with the alternator synchronized at the proper 
angle but with its speed initially adjusted 1.0 Hz fast. 

(c) Repeat part (a) with the alternator initially leading the bus by 20 
electrical degrees and its speed initially adjusted 1.0 Hz fast. 
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6-15. A 1000-kVA 6.9-kV 60-Hz synchronous condenser has the following 
direct-axis parameters: 


X,=198 X,=0.46 X"=0.26 
Ta = 8.5 S Tx a 0.40 S 


where the reactances are in per unit on the machine base. This machine 
is connected to a system through a transformer of reactance 0.23 per unit 
and of negligible resistance. The synchronous condenser has just been 
paralleled to the system and is operating at no load and rated terminal 
voltage when a three-phase short circuit occurs on the system side of the 
transformer. 


(a)Compute the prefault values of the per unit voltages behind syn- 
chronous, transient, and subtransient reactances. 

(b) Give the numerical equation for the fundamental-frequency rms 
short-circuit current (in amperes) at the generator terminals as a 
function of time following the fault. Ignore the de component. 

(c) Compute the largest possible initial value of the de component of 
the short-circuit current at the machine terminals in per unit and 
in amperes. Use the results of part (b) and the fact that the total 
armature current in each phase at the instant of the fault is zero. 


6-16. Consider a synchronous machine with a direct-axis damper winding. 
The damper winding (labeled by subscript 1d) is described by the following 
per unit parameters as referred to the stator: 


Siaa = Liag = damper self-inductance 
Laa = Laa cos 6 = phase-a-to-damper mutual inductance 
Lra = Lyra = field-to-damper mutual inductance 


R,, = damper resistance 


(a) Write the flux-current relationships for this machine correspond- 
ing to Eq. 6-3. 

(b) Apply the dq0 transformation to the flux-current relationship of 
part (a). Hint: Note that the dq0 transformation treats both the 
damper and the field windings in the same manner. As a result, it 
is possible to obtain the desired results directly from inspection of 
Eqs. 6-14 to 6-17. 

(c) What are the transformed voltage equations for this machine? 
Note that the damper winding is short-circuited and thus v,, = 0. 


6-17. In Prob. 6-16 a synchronous machine with a direct-axis damper wind- 
ing is analyzed. In this problem, repeat the analysis of Prob. 6-16 with the 
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addition of a quadrature-axis damper winding (labeled by subscript 1q). 
Note that the quadrature axis leads the direct axis, and thus the mutual 
inductance between phase a and the quadrature-axis damper winding is 
Log = Lan Sin 0. 


6-18. A 750-kVA 4160-V six-pole 60-Hz non-salient-pole synchronous gen- 
erator is driven by a wind turbine and coupled to a 4160-V distribution 
system (considered here to be an infinite bus) through an impedance of 
0.12 per unit (generator base). The generator parameters are 


X,= 1.63 per unit Xj=0.23 per unit Ti) = 3.78 


The total moment of inertia of the wind turbine and generator combination 
is 2.1 x 10° kg - m°. The generator is initially operating with a terminal 
voltage of 4160 V at 600-kW output. 


(a) Calculate the initial values (per unit magnitudes and angles with 
respect to the infinite bus) of the excitation voltage Éz and the 
voltage behind transient reactance p: 


A sudden increase in wind speed causes the wind torque to double. Assume 
that the voltage behind transient reactance remains constant throughout 
the ensuing transient. 


(b) Using the equal-area criterion, calculate the maximum value of 
the transient rotor angle. 

(c) Upon decay of the rotor oscillations, what is the final value of the 
transient rotor angle? 

(d)Using a linearized analysis, estimate the frequency of the rotor os- 
cillations. The linearization should be performed around the oper- 
ating point found in part (c). 


6-19. A synchronous motor whose input under rated operating conditions 
is 12,000 kVA is connected to an infinite bus over a short feeder whose im- 
pedance is purely reactive. The motor is rated at 60 Hz, 600 r/min and has 
a total Wk? of 550,000 lb - ft? (including the shaft load). The power-angle 
curve under transient conditions is 2.30 sin ô, where the amplitude is in 
per unit on a 10,000-kVA base. 


(a)With the motor operating initially unloaded, a 10,000-kW shaft 
load is suddenly applied. Does the motor remain in synchronism? 

(b) How large a shaft load can be applied suddenly without loss of syn- 
chronism? 

(c) Consider now that the suddenly applied load is on for only 0.2 s, af- 
ter which a comparatively long time elapses before any load is ap- 
plied again. Determine the maximum value of such a load which 
will still allow synchronism to be maintained. Use the equal-area 
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criterion as an aid in the process. For purposes of computing the 
angle 6 at 0.2 s, ignore damping and use a linearized analysis in 
which the power-angle curve is approximated by a straight line 
through the origin and the 60° point. 


6-20. Two identical 150-MVA 13.8-kV synchronous generators are operat- 
ing in parallel at a power station. They each have per unit direct-axis reac- 
tances of X, = 1.37 and X, = 0.29. They are connected at their terminals 
to a power system which can be represented as an infinite bus in series 
with an impedance of 0.1 per unit on the 150-MVA 13.8-kV generator base. 

These generators are each initially operating at 100 MW and rated 
voltage as measured at their terminals. Due to a problem within the plant, 
one of the generators is suddenly tripped offline. Using the constant- 
voltage-behind-transient-reactance model and the equal-area criterion, de- 
termine whether this generator will remain in synchronism following this 
disturbance. 


6-21. Reciprocating air and ammonia compressors require a torque which 
fluctuates periodically about a steady average value. For a two-cycle unit 
the torque harmonics have frequencies in hertz which are multiples of the 
speed in revolutions per second. When, as is commonly the case, the com- 
pressors are driven by synchronous motors, the torque harmonics cause pe- 
riodic fluctuation of the torque angle ô and may result in undesirably high 
pulsations of power and current to the motor. It is therefore essential that, 
for the significant harmonics, the electrodynamic response of the motor be 
held to a minimum. 


(a) To investigate the response of the motor to torque harmonics, use a 
linearized analysis. Let 


| = Pe. max COS wt 


where P.n max corresponds to the amplitude of the harmonic-torque 
pulsation whose angular frequency is w. Then show that the differ- 
ential equation can be written 


ds dé Fi max 
de + bona + wô = SO wt 


J 


Identify these quantities in terms of P,, P4, and P; = (2/poles)Jw. 
(b) Show that the phasor expression for the steady-state solution is 


P sh, wach P; 


w — w + j2lw,@ 


Ao 
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(c) The motor driving the compressor is that of Example 6-3. The com- 
pressor has a first-order torque harmonic with an amplitude of 
630 lb - ft and a frequency of 4.3 Hz. Determine the maximum de- 
viation in power angle 6 and the corresponding pulsation of syn- 
chronous power. 

(d) Consider that a flywheel is added to bring the total Wk’ up to 
14,890 lb - ft”. Repeat the computation of part (c) and compare the 
results. 


Polyphase 
Induction 
Machines 


The objectives of this chapter are to develop equivalent circuits for the 
polyphase induction motor from which both the effects of the motor on its 
supply circuit and the characteristics of the motor itself can be determined 
and to study these effects and characteristics. The general form of equiva- 
lent circuit is suggested by the similarity of an induction machine to a 
transformer. 


7-1 INTRODUCTION TO POLYPHASE INDUCTION MACHINES 


As indicated in Art. 4-2b, an induction motor is one in which alternating 
current is supplied to the stator directly and to the rotor by induction or 
transformer action from the stator. As in the synchronous machine, the 
stator winding is of the type discussed in Art. 4-5. When excited from a 
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balanced polyphase source, it will produce a magnetic field in the air gap 
rotating at synchronous speed as determined by the number of poles P and 
the applied stator frequency f (Eq. 4-42). The rotor may be one of two 
types. A wound rotor carries a polyphase winding similar to, and wound 
with, the same number of poles as the stator. The terminals of the rotor 
winding are connected to insulated slip rings mounted on the shaft. Car- 
bon brushes bearing on these rings make the rotor terminals available ex- 
ternal to the motor, as shown in the cutaway view in Fig. 7-1. The motor 
in Fig. 4-14 has a squirrel-cage rotor with a winding consisting of conduct- 
ing bars embedded in slots in the rotor iron and short-circuited at each end 
by conducting end rings. The extreme simplicity and ruggedness of the 
squirrel-cage construction are outstanding advantages of this type of in- 
duction motor. 

Now assume that the rotor is turning at the steady speed n r/min in 
the same direction as the rotating stator field. Let the synchronous speed 
of the stator field be n, r/min as given by Eq. 4-42. The rotor is then trav- 
eling at a speed n, — n r/min backward with respect to the stator field, or 
the slip of the rotor is nı — n r/min. Slip is more usually expressed as a 
fraction of synchronous speed.’ The per unit slip s is 


La t.: (7-1) 


s = 


nı 


Fig. 7-1. Cutaway view of a three-phase induction motor with a wound rotor and slip rings 
connected to the three-phase rotor winding. (General Electric Company.) 


‘Alternatively, slip is often expressed in percent, where a slip of 100 percent is equiva- 
lent to a per unit slip of unity (1.0). 
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or n = n,(1 — s) (7-2) 


This relative motion of the stator flux and the rotor conductors induces 
voltages of frequency sf, called slip frequency, in the rotor. Thus, the elec- 
trical behavior of an induction machine is similar to that of a transformer 
but with the additional feature of frequency transformation. In fact, a 
wound-rotor induction machine can be used as a frequency changer. 

When it is used as an induction motor, the rotor terminals are short- 
circuited. The rotor currents are then determined by the magnitudes of the 
induced voltages and the rotor impedance at slip frequency. At starting, 
the rotor is stationary, the slip s = 1, and the rotor frequency equals the 
stator frequency f. The field produced by the rotor currents therefore re- 
volves at the same speed as the stator field, and a starting torque results, 
tending to turn the rotor in the direction of rotation of the stator-inducing 
field. If this torque is sufficient to overcome the opposition to rotation cre- 
ated by the shaft load, the motor will come up to its operating speed. The 
operating speed can never equal the synchronous speed n,, however, since 
the rotor conductors would then be stationary with respect to the stator 
field and no current would be induced in them. 

With the rotor revolving in the same direction of rotation as the stator 
field, the frequency of the rotor currents is sf, and the component rotor 
field set up by them will travel at sn, r/min with respect to the rotor in the 
forward direction. But superimposed on this rotation is the mechanical ro- 
tation of the rotor at n r/min. The speed of the rotor field in space is the 
sum of these two speeds and equals 


sn, +n = sn, + n,(1 —s) =n, (7-3) 


The stator and rotor fields are therefore stationary with respect to each 
other, a steady torque is produced, and rotation is maintained. Such a 
torque existing at any mechanical speed n other than synchronous speed is 
called an asynchronous torque. 

Figure 7-2 shows a typical squirrel-cage induction-motor torque-speed 
curve. The factors influencing the shape of this curve can be appreciated in 
terms of the torque equation 4-85. In this equation recognize that the re- 
sultant air-gap flux ®,, is approximately constant when the stator-applied 
voltage and frequency are constant. Also recall that the rotor mmf F. is 
proportional to the rotor current J. Equation 4-85 then reduces to 


T = KI, sin 6, (7-4) 


where K is a constant. The rotor current is determined by the voltage in- 
duced in the rotor and its leakage impedance, both at slip frequency. The 
rotor-induced voltage is proportional to slip. Under normal running condi- 
tions the slip is small—3 to 10 percent at full load in most squirrel-cage 
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Fig. 7-2. Typical induction-motor torque-speed curve. 


motors. The rotor frequency sf therefore is very low (of the order of 2 to 
6 Hz in 60-Hz motors). Consequently, in this range the rotor impedance is 
largely resistive, and the rotor current is very nearly proportional to, and 
in phase with, the rotor voltage and is therefore very nearly proportional 
to slip. Furthermore, the rotor-mmf wave lags approximately 90 electrical 
degrees behind the resultant flux wave, and therefore sin ô, ~ 1. (This 
point is discussed in Art. 7-2a.) Approximate linearity of torque as a func- 
tion of slip is therefore to be expected in the range where the slip is small. 
As slip increases, the rotor impedance increases because of the increasing 
effect of rotor leakage inductance. Thus the rotor current is less than pro- 
portional to slip. Also the rotor current lags farther behind the induced 
voltage, the mmf wave lags farther behind the resultant flux wave, and 
sin ô, decreases. The result is that the torque increases with increasing 
slip up to a maximum value and then decreases, as shown in Fig. 7-2. The 
maximum torque, or breakdown torque, limits the short-time overload ca- 
pability of the motor. 

The squirrel-cage motor is substantially a constant-speed motor hav- 
ing a few percent drop in speed from no load to full load. Speed variation 
can be obtained by using a wound-rotor motor and inserting external resis- 
tance in the rotor circuit. In the normal operating range, external resis- 
tance simply increases the rotor impedance, necessitating a higher slip for 
a desired rotor mmf and torque. 

In Art. 5-1 it was mentioned that a synchronous motor per se has no 
starting torque. To make a synchronous motor self-starting, a squirrel-cage 
winding, called an amortisseur or damper winding, is inserted in the rotor 
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pole faces, as shown in Fig. 7-3. The rotor then comes up almost to syn- 
chronous speed by induction-motor action with the field winding unex- 
cited. If the load and inertia are not too great, the motor will pull into 
synchronism when the field winding is energized from a de source. 


7-2 CURRENTS AND FLUXES IN INDUCTION MACHINES 


For a coil-wound rotor, the flux-mmf situation can be seen with the aid of 
Fig. 7-4. This sketch shows a development of a simple two-pole three-phase 
rotor winding in a two-pole field. It therefore conforms with the restriction 
that a wound rotor must have the same number of poles as the stator (al- 
though the number of phases need not be the same). The flux-density wave 
is moving to the right at synchronous angular velocity w, and at slip angu- 
lar velocity sw, with respect to the winding, which in turn is rotating to the 
right at angular velocity (1 — s)w,. It is shown in Fig. 7-4 in the position of 
maximum instantaneous voltage in phase a. 


Fig. 7-3. Rotor of a six-pole 1200 r/min synchronous motor showing field coils, pole-face 
damper winding, and construction. (General Electric Company. ) 
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Fig. 7-4. Developed rotor winding of an induction motor with its flux-density and mmf waves 
in their relative positions for (a) zero and (b) nonzero rotor leakage reactance. 


If the rotor leakage reactance, equal to sw, times the rotor leakage in- 
ductance, is very small compared with the rotor resistance (which is typi- 
cally the case at the small slips corresponding to normal operation), the 
phase-a current will also be a maximum. As shown in Art. 4-5, the rotor- 
mmf wave will then be centered on phase a. It is so shown in Fig. 7-4a. The 
displacement angle, or torque angle, ô under these conditions is at its opti- 
mum value of 90°. 

If the rotor leakage reactance is appreciable, however, the phase-a 
current lags the induced voltage by the power-factor angle ¢, of the leak- 
age impedance. The phase-a current will not be at maximum until a corre- 
spondingly later time. The rotor-mmf wave will then not be centered on 
phase a until the flux wave has traveled ġ, degrees farther down the gap, 
as shown in Fig. 7-4b. The angle ô is now 90° + @,. In general, therefore, 
the torque angle of an induction motor is 


ô = 90° + œ: (7-5) 


It departs from the optimum value by the power-factor angle of the rotor 
leakage impedance at slip frequency. The electromagnetic rotor torque is 
directed toward the right in Fig. 7-4, or in the direction of the rotating flux 
wave. 

The comparable picture for a squirrel-cage rotor is given in Fig. 7-5. A 
16-bar rotor placed in a two-pole field is shown in developed form. For sim- 
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Fig. 7-5. Reactions of a squirrel-cage rotor in a two-pole field. 


plicity of drafting, only a relatively small number of rotor bars are chosen, 
and the number is an integral multiple of the number of poles, a choice 
normally avoided in order to prevent harmful harmonic effects. In Fig. 7- 
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5a the sinusoidal flux-density wave induces a voltage in each bar which 
has an instantaneous value indicated by the solid vertical lines. At a some- 
what later instant of time, the bar currents assume the instantaneous val- 
ues indicated by the solid vertical lines in Fig. 7-55, the time lag corre- 
sponding to the rotor power-factor angle ¢,. In this time interval, the 
flux-density wave has traveled in its direction of rotation with respect to 
the rotor through a space angle ġġ, and is then in the position shown in 
Fig. 7-56. The corresponding rotor-mmf wave is shown by the step wave of 
Fig. 7-5c. The fundamental component is shown by the dashed sinusoid 
and the flux-density wave by the solid sinusoid. Study of these figures con- 
firms the general principle that the number of rotor poles in a squirrel- 
cage rotor is determined by the inducing flux wave. 


7-3 INDUCTION-MOTOR EQUIVALENT CIRCUIT 


The foregoing considerations of flux and mmf waves can readily be trans- 
lated to the steady-state equivalent circuit for the machine. Only machines 
with symmetric polyphase windings excited by balanced polyphase 
voltages are considered. As in many other discussions of polyphase devices, 
it is helpful to think of three-phase machines as being Y-connected, so that 
currents are always line values and voltages always line-to-neutral values. 

First, consider conditions in the stator. The synchronously rotating 
air-gap flux wave generates balanced polyphase counter emfs in the 
phases of the stator. The stator terminal voltage differs from the counter 
emf by the voltage drop in the stator leakage impedance, the phasor rela- 
tion for the phase under consideration being 


V, = Ê, + F(R, + JX) (7-6) 


where V, = stator terminal voltage 
ı = counter emf generated by resultant air-gap flux 
Î ı = stator current 
R, = stator effective resistance 
X, = stator leakage reactance 


The positive directions are shown in the equivalent circuit of Fig. 7-6. 
The resultant air-gap flux is created by the combined mmf’s of the sta- 
tor and rotor currents. Just as in the transformer analog, the stator cur- 
rent can be resolved into two components, a load component and an 
exciting component. The load component /, produces an mmf which exactly 
counteracts the mmf of the rotor current. The exciting component i, is the 
additional stator current required to create the resultant air-gap flux and 
is a function of the emf Ê ıı The exciting current can be resolved into a core- 
loss component f, in phase with Ê, and a magnetizing component A lag- 
ging B, by 90°. In the equivalent circuit the exciting current can be 
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Fig. 7-6. Stator equivalent circuit for a polyphase induction motor. 


accounted for by means of a shunt branch, formed by core-loss conductance 
G, and magnetizing susceptance B,,, in parallel, connected across Ê, as in 
Fig. 7-6. Both G, and B,, are usually determined at rated stator frequency 
and for a value of E, close to the expected operating value; they are then 
assumed to remain constant for the small departures from that value asso- 
ciated with normal operation of the motor. 

So far, the equivalent circuit representing stator phenomena is exactly 
like that for the primary of a transformer. To complete the circuit, the ef- 
fects of the rotor must be incorporated. This is done by considering stator 
and rotor voltages and currents in terms of rotor quantities as referred to 
the stator. 

In Art. 7-2 we saw that, insofar as fundamental components are con- 
cerned, both squirrel-cage and wound rotors react by producing an mmf 
wave having the same number of poles as the inducing flux wave, travel- 
ing at the same speed as the flux wave, and with a torque angle 90° 
greater than the rotor power-factor angle. The reaction of the rotor-mmf 
wave on the stator induces an emf which results in a compensating load 
component of stator current and thereby enables the stator to absorb from 
the line the power needed to sustain the torque created by the interaction 
of the flux and mmf waves. The only way the stator knows what is happen- 
ing is through the medium of the air-gap flux and rotor-mmf waves. Con- 
sequently, if the rotor were replaced by an equivalent one having the same 
mmf and power factor at the same speed, the stator would be unable to de- 
tect the change. Such replacement leads to the idea of referring rotor quan- 
tities to the stator, an idea which is of great value in translating flux-mmf 
considerations into an equivalent circuit for the motor. This concept is es- 
pecially useful in modeling squirrel-cage rotors for which the identity of 
the rotor “phase windings” is in no way obvious. 

Consider, for example, a coil-wound rotor, wound for the same number 
of poles and phases as the stator. The number of effective turns per phase 
in the stator winding is a times the number in the rotor winding. Compare 
the magnetic effect of this rotor with that of a magnetically equivalent ro- 
tor having the same number of turns as the stator. This process is equiva- 


lent to referring a transformer secondary to the primary as reflected via 
the transformer turns ratio. In the case of the induction machine, we will 
see that in addition to referring the rotor impedance by the square of the 
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stator/rotor turns ratio, we must take into account the fact that the rotor 
current is at slip frequency and thus that the rotor inductive reactance is 
proportionally lowered. 

For the same flux and speed, the relation between the voltage P.: in- 
duced in the actual rotor and the voltage Ê,, induced in the equivalent ro- 
tor is 


Ê, = aÊ otor (7-7) 


If the rotors are to be magnetically equivalent, their genes must be 
equal, and the relation between the actual rotor current Zoto and the current 
Î ə in the equivalent rotor must be 


f., = Prete (7-8) 


a 


Consequently the relation between the slip-frequency leakage impedance 
Zə, of the equivalent rotor and the slip-frequency leakage impedance Z otor 
of the actual rotor must be 


E jom ne "E 


i. 2s i rotor 


= AZ rotor (7-9) 


The voltages, currents, and impedances in the equivalent rotor are de- 
fined as their values referred to the stator. The thought process is essentially 
like that involved in referring secondary quantities to the primary in static- 
transformer theory (see Arts. 2-3 and 2-4). The referring factors are ratios 
of effective turns and are the same in essence as in transformer theory. 

The referring factors must, of course, be known when one is concerned 
specifically with what is happening in the actual rotor circuits. From the 
viewpoint of the stator, however, the reflected effects of the rotor show up 
in terms of the referred quantities, and the theory of both coil-wound and 
cage rotors can be formulated in terms of the referred rotor. We assume, 
therefore, that the referred rotor constants are known. 

Since the rotor is short-circuited, the phasor relation between the slip- 
frequency emf Ê,, generated in the reference phase of the referred rotor and 
the current Î ə in this phase is 


5i = Zas = R, + JsXo (7-10) 
2s 


where Z = slip-frequency rotor leakage impedance per phase referred to 
stator 
R, = referred effective resistance 
referred leakage reactance at slip frequency 


i 
II 
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The reactance is expressed in this way because it is proportional to rotor fre- 
quency and therefore to slip. Thus X, is defined as the value the referred 
rotor leakage reactance would have at stator frequency. The slip-frequency 
equivalent circuit of one phase of the referred rotor is shown in Fig. 7-7. This 
is the equivalent circuit of the rotor as seen in the rotor reference frame. 
The stator sees a flux wave and an mmf wave rotating at synchronous 
speed. This flux wave induces both the slip-frequency rotor voltage Ê,, and 
the stator counter emf É.. If it were not for the effect of speed, the referred 
rotor voltage would equal the stator voltage, since the referred rotor wind- 
ing is identical with the stator winding. Because the relative speed of the 
flux wave with respect to the rotor is s times its speed with respect to the 
stator, the relation between the effective values of stator and rotor emf’s is 


E, = sE, (7-11) 


The rotor-mmf wave must counteract the mmf of the load component Î, of 
the stator current, and therefore, since the stator and referred rotor wind- 
ings have the same number of turns, 


I,, = I, (7-12) 
Division of Eq. 7-11 by 7-12 then gives 


E» _ sE, 
u k sie 


When we recognize that torque can be calculated in terms of mmf and 
the resultant air-gap flux, as in Eq. 4-85, and that equal and opposite 
torques act on the rotor and stator, we see that the mmf wave created by 
the stator load current Î, must be space-displaced from the resultant flux 
wave by the same space angle as that between the rotor-mmf wave and the 
resultant air-gap flux, namely the torque angle ô. The time-phase angle 
between the stator voltage Ê, and the stator load current Î, therefore must 
equal the corresponding time angle for the rotor voltage B and current 
Ls namely, the rotor power-factor angle œ». The fact that the rotor and sta- 
tor torques are in opposition is accounted for, since the rotor current /,, is 


sXo 


Fig. 7-7. Rotor equivalent circuit for a polyphase induction motor at slip frequency. 
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created by the rotor emf Ew whereas the stator current Î 2 is flowing against 
the stator counter emf Æ. Therefore Eq. 7-13 is true, not only for effective 
values, but also in a phasor sense. Through substitution of Eq. 7-10 in the 
phasor equivalent of Eq. 7-13 we have 


-7 = 3 = R, + Jež: (7-14) 
Division by s then gives 


That is, the stator sees magnetic conditions in the air gap which result 
in induced stator voltage A and stator load current Î » and by Eq. 7-15 
these conditions are identical with the result of connecting an impedance 
R/s + jX, across Ê ıı Consequently, the effect of the rotor can be incorpo- 
rated in the equivalent circuit of Fig. 7-6 by this impedance connected 
across the terminals ab. The final result is shown in Fig. 7-8. The com- 
bined effect of shaft load and rotor resistance appears as a reflected resis- 
tance R,/s, a function of slip and therefore of the mechanical load. The 
current in the reflected rotor impedance equals the load component i 2 of 
stator current; the voltage across this impedance equals the stator voltage 
Ê ıı Note that when rotor currents and voltages are reflected into the sta- 
tor, their frequency is also changed to stator frequency. All rotor electrical 
phenomena, when viewed from the stator, become stator-frequency phe- 
nomena, because the stator winding simply sees mmf and flux waves trav- 
eling at synchronous speed. 


7-4 ANALYSIS OF THE EQUIVALENT CIRCUIT 


Among the important performance aspects in the steady state are the vari- 
ations of current, speed, and losses as the load-torque requirements change, 


Fig. 7-8. Equivalent circuit for a polyphase induction motor. 
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as well as the starting torque, and the maximum torque. All these charac- 
teristics can be determined from the equivalent circuit. 

The equivalent circuit shows that the total power P,, transferred 
across the air gap from the stator is 


R, 


Fa = qI? P 


(7-16) 


where q; is the number of stator phases. The total rotor I’R loss is evidently 
Rotor J’R loss = q, IŻR, (7-17) 


The internal mechanical power P developed by the motor is therefore 


P = P, — rotor I’R loss = ali - q, [3R, (7-18) 

; E OS 
equivalently P=q I 2R,—— (7-19) 
or P=(1-s)P, (7-20) 


We see, then, that of the total power delivered to the rotor the fraction 
1 — s is converted to mechanical power and the fraction s is dissipated as 
rotor-circuit J’R loss. From this it is evident that an induction motor operat- 
ing at high slip is an inefficient device. When power aspects are to be em- 
phasized, the equivalent circuit can be redrawn in the manner of Fig. 7-9. 
The internal mechanical power per stator phase is equal to the power ab- 
sorbed by the resistance R,(1 — s)/s. 

The internal electromagnetic torque T corresponding to the internal 
power P can be obtained by recalling that mechanical power equals torque 
times angular velocity. Thus, when w, is the synchronous angular velocity 
of the rotor in mechanical radians per second, 


P = (1 - 8)o,T (7-21) 


Fig. 7-9. Alternative form of equivalent circuit. 
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Fig. 7-10. Equivalent circuits. 


with T in newton-meters. Use of Eq. 7-19 leads to 


1 
T = Jig yee (7-22) 
W, s 
the synchronous angular velocity w, being given by 
ME- A (7-23) 
poles 


The internal torque T and internal power P are not the output values 
available at the shaft because friction, windage, and stray load losses re- 
main to be accounted for. It is obviously correct to subtract friction and 
windage effects from T or P, and it is generally assumed that stray load ef- 
fects can be subtracted in the same manner. The final remainder is avail- 
able in mechanical form at the shaft for useful work. 

In static-transformer theory, analysis of the equivalent circuit is often 
simplified by either neglecting the exciting branch entirely or adopting the 
approximation of moving it out directly to the primary terminals. Such ap- 
proximations are not permissible for the induction motor under normal 
running conditions because the presence of the air gap results in a much 
lower magnetizing impedance and correspondingly a much higher exciting 
current — 30 to 50 percent of full-load current — and because the leakage re- 
actances are also necessarily higher. Some simplification of the induction- 
motor equivalent circuit results if the shunt conductance G, is omitted and 
the associated core-loss effect is deducted from T or P at the same time 
that friction, windage, and stray load effects are subtracted. The equiva- 
lent circuit then becomes that of Fig. 7-10a or b, and the error introduced 
is negligible. Such a procedure also has an advantage during motor test- 
ing, for then the no-load core loss need not be separated from friction and 
windage. These last circuits are used in subsequent discussions. 


EXAMPLE 7-1 


A three-phase Y-connected 220-V (line-to-line) 10-hp 60-Hz six-pole in- 
duction motor has the following constants in ohms per phase referred to 
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the stator: 


R, = 0.294 R,=0.144 
X, = 0.503 X, = 0.209 X, = 13.25 


The total friction, windage, and core losses may be assumed to be constant 
at 403 W, independent of load. 

For a slip of 2.00 percent, compute the speed, output torque and power, 
stator current, power factor, and efficiency when the motor is operated at 
rated voltage and frequency. Neglect the impedance of the source. 


Solution 


The impedance Z; (Fig. 7-10a) represents physically the per phase imped- 
ance presented to the stator by the air-gap field, both the reflected effect of 
the rotor and the effect of the exciting current being included therein. 
From Fig. 7-10a 


Z; = R; + jX; = (5 + i%) in parallel with jX, 


Substitution of numerical values gives, for s = 0.02, 
R, + jX, = 5.41 + j3.11 
R, + jX, = 0.29 + J0.50 
Sum = 5.70 + j3.61 = 6.75 /32.4° Q 


Applied voltage to neutral = = = 127 V 


127 
Stator current J, = 675 18.8 A 
Power factor = cos 32.4° = 0.844 lagging 
2f — 120 


= — = 20 r/s = 1200 r/min 
poles 6 


w, = 27(20) = 125.6 rad/s 
Rotor speed = (1 — s)(synchronous speed) = 0.98(1200) = 1176 r/min 


Synchronous speed = 


From Eq. 7-16, 
Pa = al = QIR, = 3(18.8)*(5.41) = 5740 W 


From Eqs. 7-16 and 7-19 the internal mechanical power is 
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P = 0.98(5740) = 5630 W 
Deducting losses of 403 W gives 


Output power = 5630 — 403 = 5230 W = 7.00 hp 


output power 5230 


=" _ = 42.5 N - m = 31.4 lb -f 
roars a Oe ee 


Output torque = 


The efficiency is calculated from the losses. 


Total stator I?R loss = 3(18.8)*(0.294) = 312 W 


Rotor JR loss (from Eq. 7-17) = 0.02(5740) = 115 
Friction, windage, and core losses = 403 
Total losses = 830 W 


Output = 5230 
Input = 6060 W 


Losses 830 
Input 6060 © aes 


Efficiency = 1.000 — 0.137 = 0.863 = 86.3% 


The complete performance characteristics of the motor can be deter- 
mined by repeating these calculations for other assumed values of slip. 


7-5 TORQUE AND POWER BY USE OF THEVENIN’S THEOREM 


When torque and power relations are to be emphasized, considerable sim- 
plification results from application of Thevenin’s network theorem to the 
induction-motor equivalent circuit. 

In its general form, Thevenin’s theorem permits the replacement of 
any network of linear circuit elements and constant-phasor voltage sources, 
as viewed from two terminals a and b (Fig. 7-1la), by a single-phasor volt- 
age source V, in series with a single impedance Z (Fig. 7-116). The voltage 
V, is that appearing across terminals a and b of the original network when 
these terminals are open-circuited; the impedance Z is that viewed from 
the same terminals when all voltage sources within the network are short- 
circuited. For application to the induction-motor equivalent circuit, points a 
and b are taken as those so designated in Fig. 7-10a and b. The equivalent 
circuit then assumes the forms given in Fig. 7-12 where Thevenin’s theo- 
rem has been used to transform the network to the left of points a and b 
into an equivalent voltage source Pa in series with an equivalent imped- 
ance Ra + jX,,. 
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Fig. 7-11. (a) General linear network and (b) its equivalent at terminals ab by Thevenin’s 
theorem. 


According to Thevenin’s theorem, the equivalent source voltage Pa is 
the voltage that would appear across terminals a and b of Fig. 7-10 with 
the rotor circuits open and is 


X. 
v= ¥, -iR +20 G (7-24) 
1 1 oft; T JAY iR, +n 


where Î o is the zero-load exciting current and 
Xı =X, +X, (7-25) 


is the self-reactance of the stator per phase, which very nearly equals the 
reactive component of the zero-load motor impedance. For most induction 
motors, negligible error results from neglecting the stator resistance in 
Eq. 7-24. The Thevenin-equivalent stator impedance R,, + jX,, is the im- 
pedance between terminals a and b of Fig. 7-10 viewed toward the source 
with the source voltage short-circuited and therefore is 


Ra + JX. = (Rı + JX,) in parallel with jX, (7-26) 


From the Thevenin-equivalent circuit (Fig. 7-12) and the torque ex- 
pression (Eq. 7-22) 


1 qı Via(R2/8) 
= — —— 7-27 
: w, (Ra + R/s) + (Xa + Xy i } 
Rey Xer X2 Rer Xe X2 R, 
+ i Se. + "E PF 
Via "ET Ùs R(=) 
” b ca b 


(a) (b) 


Fig. 7-12. Induction-motor equivalent circuits simplified by Thevenin’'s theorem. 
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The general shape of the torque-speed or torque-slip curve with the motor 
connected to a constant-voltage, constant-frequency source is shown in 
Figs. 7-13 and 7-14. 

In normal motor operation, the rotor revolves in the direction of rota- 
tion of the magnetic field produced by the stator currents, the speed is be- 
tween zero and synchronous speed, and the corresponding slip is between 
1.0 and 0, labeled “Motor region” in Fig. 7-13. Motor starting conditions 
are those of s = 1.0. 

To obtain physical operation in the region of s greater than 1, the mo- 
tor must be driven backward, against the direction of rotation of its mag- 
netic field, by a source of mechanical power capable of counteracting the 
internal torque T. The chief practical usefulness of this region is in bring- 
ing motors to a quick stop by a method called plugging. By interchanging 
two stator leads in a three-phase motor, the phase sequence, and hence the 
direction of rotation of the magnetic field, is reversed suddenly; the motor 
comes to a stop under the influence of torque T and is disconnected from 
the line before it can start in the other direction. Accordingly, the region 
from s = 1.0 to s = 2.0 is labeled “Braking region” in Fig. 7-13. 

The induction machine will operate as a generator if its stator termi- 
nals are connected to a constant-frequency voltage source and its rotor is 
driven above synchronous speed by a prime mover, as shown in Fig. 7-13. 
The source fixes the synchronous speed and supplies the reactive power in- 
put required to excite the air-gap magnetic field. The slip then is negative. 
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Fig. 7-13. Induction-machine torque-slip curve showing braking, motor, and generator 
regions. 
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ng 7-14. Computed torque, power, and current curves for 10-hp motor in Examples 7-1 and 
One interesting application is that of an induction generator connected to 
a power system and driven by a wind turbine. 

The maximum internal, or breakdown, torque T wax, indicated in Fig. 7- 
14, can be obtained readily from circuit considerations. Internai torque is a 
maximum when the power delivered to R,/s in Fig. 7-12a is a maximum. It 
can be shown that this power will be greatest when the impedance of R,/s 
equals the magnitude of the impedance R, + j(X,, + X) between it and 
the constant voltage V,,,, or at a value Smaxr of slip for which 


Bi u VR2, + (Xa + X} (7-28) 


Smax 7 i 


The slip Smaxr at maximum torque is therefore 


Ry 


a 7-29 
SmaxT R? + (X,, + x.) ( ) 


and the corresponding torque is, from Eq. 7-27, 


1 0.59, V2, 
Tox = — |2 7-30) 
O; z + VR? + (Xa + X í 


340 Polyphase Induction Machines 


EXAMPLE 7-2 


For the motor of Example 7-1, determine (a) the load component J, of the 
stator current, the internal torque 7, and the internal power P for a slip 
s = 0.03; (6) the maximum internal torque and the corresponding speed; 
and (c) the internal starting torque and the corresponding stator load cur- 
rent I. 


Solution 


First reduce the circuit to its Thevenin-theorem form. From Eq. 7-24, 
Via = 122.3; from Eq. 7-26, Ra + JX. = 0.273 + j0.490. 


(a) At s = 0.03, R,/s = 4.80. Then, from Fig. 7-12a, 


V 122.3 
l = eyes = SS = 8.9 A 
* VR + R/s} + (Xa + X)? V(5.07)? + (0.699) 


From Eq. 7-22 


T = eg 3) 28. .9)(4.80) = 65.5 N -m 


From Eq. 7-19 
P = 3(23.0)7(4.80) (0.97) = 7970 W 


Data for the curves of Fig. 7-14 were computed by repeating these calcula- 
tions for a number of assumed values of s. 


(b) At the maximum-torque point, from Eq. 7-29, 


0.144 0.144 
maxT ~ = - = 0.192 
Smax? ~ \/(0.273)? + (0.699)? 0.750 


Speed at Tnax = (1 — 0.192) (1200) = 970 r/min 
From Eq. 7-30 


1  0.5(8) (122.3)? 


mx = 125.6 0.273 + 0.750 SN ™ 


(c) At starting, s = 1. Therefore, 


Ry 


2 = R,=0.144 Ra + a = 0.417 
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122.3 
ke? = 150.5 A 
start (0.417)? + (0.699)? 


From Eq. 7-22 


= 1 2 = , 
Tsart = [op G (8) (150-5)"(0.144) = 78.0 N - m 


A conventional induction motor with a squirrel-cage rotor is substan- 
tially a constant-speed motor having about 5 percent drop in speed from no 
load to full load. Induction-motor-speed variation can be obtained by using 
a wound-rotor motor and inserting external resistance in the rotor circuit. 
In the normal operating range, the external resistance simply increases 
the rotor impedance, necessitating a higher slip for a desired rotor mmf 
and torque. The influence of increased rotor resistance on the torque-speed 
characteristic is shown by the dashed curves in Fig. 7-15. Variation of 
starting torque with rotor resistance can be seen from these curves by not- 
ing the variation of the zero-speed ordinates. 

Notice from Eqs. 7-29 and 7-30 that the slip at maximum torque is di- 
rectly proportional to rotor resistance R,, but the value of the maximum 
torque is independent of R. When R, is increased by inserting external re- 
sistance in the rotor of a wound-rotor motor, the maximum internal torque 


Torque in percent of rated torque 
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Fig. 7-15. Induction-motor torque-slip curves showing effect of changing rotor-circuit resis- 
tance. 


34 2 Polyphase Induction Machines 


is therefore unaffected but the speed at which it occurs can be directly 
controlled. 

In applying the induction-motor equivalent circuit, the idealizations 
on which it is based should be kept in mind. This is particularly necessary 
when investigations are carried out over a wide speed range, as in motor- 
starting problems. Saturation under the heavy inrush currents associated 
with starting has a significant effect on the motor reactances. Moreover, 
the rotor currents are at slip frequency, which, of course, varies from stator 
frequency at zero speed to a low value at full-load speed. The current dis- 
tribution in the rotor conductors and hence the rotor resistance may vary 
very significantly over this range. Errors from these causes can be kept to 
a minimum by using equivalent-circuit constants determined by simulat- 
ing the proposed operating conditions as closely as possible.* 


7-6 PERFORMANCE CALCULATIONS FROM NO-LOAD AND 
BLOCKED-ROTOR TESTS 


The data needed for computing the performance of a polyphase induction 
motor under load can be obtained from the results of a no-load test, a 
blocked-rotor test, and measurements of the de resistances of the stator 
windings. Stray load losses, which must be taken into account when accu- 
rate values of efficiency are to be calculated, can also be measured by tests 
which do not require loading the motor. The stray-load-loss tests are not 
described here, however.’ 

Like the open-circuit test on a transformer, the no-load test on an in- 
duction motor gives information with respect to exciting current and no- 
load losses. The test is ordinarily taken at rated frequency and with 
balanced polyphase voltages applied to the stator terminals. Readings are 
taken at rated voltage, after the motor has been running long enough for 
the bearings to be properly lubricated. The total rotational loss at rated 
voltage and frequency under load usually is considered to be constant and 
equal to its no-load value. 

At no load, the rotor current is only the very small value needed to 
produce sufficient torque to overcome friction and windage. The no-load ro- 
tor I'R loss therefore is negligibly small. Unlike that of a transformer, 
whose no-load primary J’R loss is negligible, the no-load stator I?R loss of 
an induction motor may be appreciable because of its larger exciting cur- 
rent. Neglecting rotor I*R losses, the rotational loss Pg for normal running 
conditions is 


‘See, for instance, R.F. Horrell and W.E. Wood, “A Method of Determining Induction 
Motor Speed-Torque-Current Curves from Reduced Voltage Tests,” Trans. AIEE, 
73(3):670-674 (1954). 

‘For information concerning test methods, see IEEE Standard Test Procedures for 
Polyphase Induction Motors and Generators, IEEE Standard 112, 1984, Institute of Elec- 
trical and Electronics Engineers, Inc. 
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Pr = Py - QTR, (7-31) 
where P,,, = total polyphase power input 
I,,; = current per phase 
qı = number of stator phases 
R, = stator resistance per phase 


Because the slip at no load is very small, the reflected rotor resistance 
R,/s,, is very large. The parallel combination of rotor and magnetizing 
branches then becomes jX, shunted by a very high resistance, and the re- 
actance of this parallel combination therefore very nearly equals X,. Con- 
sequently the apparent reactance X,,, measured at the stator terminals at 
no load very nearly equals X, + X,, which is the self-reactance X,, of the 
stator; i.e., 


An = Xi + X, == Xn (7-32) 


The self-reactance of the stator can therefore be determined from the in- 
strument readings at no load. For a three-phase machine considered to be 
Y-connected, the magnitude of the no-load impedance Z,„ per phase is 


Vn 


Zi == 
" ‘War. 


(7-33) 


where V,, is the line-to-line terminal voltage in the no-load test. The no- 
load resistance R,„ is 


Pui 


e a 


(7-34) 


where P,, is the total three-phase power input at no load. The no-load reac- 
tance X,„ then is 


Xu = VZ}, — Ri, (7-35) 


Usually the no-load power factor is about 0.1, so that the no-load reactance 
very nearly equals the no-load impedance. 

Like the short-circuit test on a transformer, the blocked-rotor test on an 
induction motor gives information with respect to the leakage impedances. 
The rotor is blocked so that it cannot rotate, and balanced polyphase 
voltages are applied to the stator terminals. Sometimes the blocked-rotor 
torque also is measured. 

The equivalent circuit for blocked-rotor conditions is identical to that 
of a short-circuited transformer. An induction motor is more complicated 
than a transformer, however, because its leakage impedance may be af- 
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fected by magnetic saturation of the leakage-flux paths and by rotor fre- 
quency. The blocked impedance may also be affected by rotor position, 
although this effect generally is small with cage rotors. The guiding prin- 
ciple is that the blocked-rotor test should be taken under conditions of cur- 
rent and rotor frequency approximately the same as those existing in the 
operating condition for which the performance is later to be calculated. For 
example, if one is interested in the characteristics at slips near unity, as in 
starting, the blocked-rotor test should be taken at normal frequency and 
with currents near the values encountered in starting. If, however, one is 
interested in the normal running characteristics, the blocked-rotor test 
should be taken at a reduced voltage which results in about rated current; 
the frequency also should be reduced, since the values of rotor effective re- 
sistance and leakage inductance at the low rotor frequencies corresponding 
to small slips may differ appreciably from their values at normal fre- 
quency, particularly with double-cage or deep-bar rotors, as discussed in 
Art. 8-1. 

The IEEE Test Procedure suggests a blocked-rotor test frequency of 
25 percent of rated frequency. The total leakage reactance at normal fre- 
quency can be obtained from this test value by considering the reactance to 
be proportional to frequency. The effects of frequency often are negligible 
for normal motors of less than 25-hp rating, and the blocked impedance 
can then be measured directly at normal frequency. The importance of 
maintaining test currents near their rated value stems from the fact that 
these leakage reactances are significantly affected by saturation. 

If exciting current is neglected, the blocked-rotor reactance X,,, cor- 
rected to normal frequency, equals the sum of the normal-frequency stator 
and rotor leakage reactances X, and X,. The performance of the motor is 
affected relatively little by the way in which the total leakage reactance 
X, + X, is distributed between the stator and rotor. The IEEE Test Proce- 
dure recommends the empirical distribution shown in Table 7-1. 


TABLE 7-1 
EMPIRICAL DISTRIBUTION OF LEAKAGE REACTANCES 
IN INDUCTION MOTORS 


Fraction of 


t+ Me 
Motor class Description XxX Xə 
A Normal starting torque, normal starting current 0.5 0.5 
B Normal starting torque, low starting current 0.4 0.6 
C High starting torque, low starting current 0.3 0.7 
D High starting torque, high slip 0.5 0.5 
W 


ound rotor 0.5 0.5 
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The magnetizing reactance X, now can be determined from the no- 
load test and the value of X,; thus 


X,=Xy- X; (7-36) 


The stator resistance R, can be considered equal to its de value. The 
rotor resistance then can be determined as follows. From the blocked-rotor 
test, the blocked resistance R,, can be computed by means of a relation 
similar to Eq. 7-34. The difference between the blocked resistance and the 
stator resistance then can be determined from the test data. Denoting this 
resistance R, we have 


R= Ry = R, (7-37) 


From the equivalent circuit, with s = 1, the resistance R is the resistance 
of the combination of R, + jX, in parallel with jX,,. For this parallel combi- 
nation 


nin (me 
R= hop + XZ = r(že) (7-38) 


where X» = X, + X, is the self-reactance of the rotor. If X», is greater 
than 10R,, as is usually the case, less than 1 percent error results from use 
of the approximate form of Eq. 7-38. Substitution of this approximate form 
in Eq. 7-37 and solving for R, then give 


2 2 


p 


All the equivalent-circuit constants have now been determined, and the 
motor performance under load can be computed. 


EXAMPLE 7-3 


The following test data apply to a 7.5-hp three-phase 220-V 19-A 60-Hz 
four-pole induction motor with a double-squirrel-cage rotor of the high- 
starting-torque low-starting-current type (design class C): 
Test 1: No-load test at 60 Hz 
Applied voltage V = 219 V line to line 
Average line current I„ = 5.70 A 


Power P „ = 380 W 
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Test 2: Blocked-rotor test at 15 Hz 
V=265V I=18.57A P,=875W 


Test 3: Average dc resistance per stator phase (measured immediately 
after test 2) 


R, = 0.262 0/phase (Y connection assumed) 
Test 4: Blocked-rotor test at 60 Hz 


V=212V  I=83.3A  P,, = 20,100 W 
Measured starting torque Ttae = 54.6 lb - ft 


(a) Compute the no-load rotational loss and the equivalent-circuit con- 
stants applying to the normal running conditions. Assume the same tem- 
perature as in test 3. 

(6) Compute the internal starting torque from the input measure- 
ments of test 4. Assume the same temperature as in test 3. 

Solution 


(a) From tests 1 and 3 and Eq. 7-31 
Pp = 380 — 3(5.70)7(0.262) = 354 W 


From test 1 and Eqs. 7-33 and 7-35 


219 
OPR- ee 99D F a ¥ 
nt = X73 (5.70) [panpe 
380 
Rn — 3(5.70)" — 3.9 Q X u = 21.8 Q 


The blocked-rotor test at reduced frequency and rated current reproduces 
approximately normal running conditions in the rotor. From test 2 


26.5 
sig a op OR a wt EH EE 
o V3 (18.57) /phase a i 
Ri =—® -0.6540 X; = 0.503 0 at 15 H 
a  3(18.57F ~” uann . = 


where the primes indicate 15-Hz values. The blocked reactance referred to 
normal frequency then is 
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X;, = 2(0.503) = 2.01 0/phase at 60 Hz 


According to Table 7-1, 
X, = 0.3(2.01) = 0.603 0/phase X> = 0.7(2.01) = 1.407 Q/phase 
and by Eq. 7-36 
X, = 21.8 — 0.6 = 21.2 1/phase 
From test 3 and Eqs. 7-37 and 7-39 


2 
R = 0.654 — 0.262 = 0.392 R,= 0.s92( 26) = 0.445 0/phase 


The constants of the equivalent circuit for small values of slip have now 
been calculated. 

(6) The internal starting torque can be computed from the input mea- 
surements in test 4. From the power input and stator J’R losses, the air- 
gap power P,, is 


P, = 20,100 — 3(83.3)°(0.262) = 14,650 W 
Synchronous speed w, = 188.5 rad/s, and 


14,650 


Toart = 88.5 


= 77.6 N : m = 57.3 lb: ft 


The test value, Tstat = 54.6 lb - ft, is a few percent less than the calculated 
value because the calculations do not account for the power absorbed in 
stator core loss and in stray load losses. 


7-7 SUMMARY 


In a polyphase induction motor, slip-frequency currents are induced in the 
rotor windings as the rotor slips past the synchronously rotating stator 
flux wave. These rotor currents in turn produce a flux wave which rotates 
in synchronism with the stator flux wave; the torque stems from the inter- 
action of these two flux waves. For increased load on the motor, the rotor 
speed decreases, resulting in larger slip and increased induced rotor cur- 
rents, and greater torque. 

Examination of the flux-mmf interactions in a polyphase induction 
motor shows that, electrically, the machine is a generalized transformer. 
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The synchronously rotating air-gap flux wave in the induction machine is 
the counterpart of the mutual core flux in the transformer. The rotating 
field induces emf’s of stator frequency in the stator windings and of slip 
frequency in the rotor windings for all rotor speeds other than synchronous 
speed. Thus, the induction machine transforms voltages and at the same 
time changes frequency. When viewed from the stator, all rotor electrical 
and magnetic phenomena are transformed to stator frequency. The rotor 
mmf reacts on the stator windings in the same manner as the mmf of the 
secondary current in a transformer reacts on the primary. 

Pursuit of this line of reasoning leads to equivalent circuits for induc- 
tion machines. The effects of saturation on the equivalent circuit are less 
serious than in the corresponding steady-state circuit for synchronous ma- 
chines. This is largely because, as in the transformer, the performance is 
determined to a considerably greater extent by the leakage impedances 
than by the magnetizing impedance. Care must be taken in both test- 
ing and analysis, however, to reflect the effects of saturation on leakage 
reactances as well as of nonuniformity of current distribution on rotor 
resistance. 

One of the salient facts affecting induction-motor applications is that 
the slip at which maximum torque occurs can be controlled by varying the 
rotor resistance. A high rotor resistance gives optimum starting conditions 
but poor running performance. A low rotor resistance, however, may result 
in unsatisfactory starting conditions. The design of a squirrel-cage motor is 
therefore quite likely to be a compromise. 

For applications requiring a substantially constant speed without ex- 
cessively severe starting conditions, the squirrel-cage motor usually is un- 
rivaled because of its ruggedness, simplicity, and relatively low cost. Its 
only disadvantage is its relatively low power factor (about 0.85 to 0.90 at 
full load for four-pole 60-Hz motors and considerably lower at light loads 
and for lower-speed motors). The low power factor is a consequence of the 
fact that all the excitation must be supplied by lagging reactive power 
taken from the ac source. At speeds below about 500 r/min and ratings 
above about 50 hp or at medium speeds (500 to 900 r/min) and ratings 
above about 500 hp, a synchronous motor may cost less than an induction 
motor. 

In the next chapter issues of the dynamics and control of induction 
motors are discussed. The use of induction motors in variable-speed appli- 
cations is considered. Marked improvement in the starting performance 
with relatively little sacrifice in running performance can be built into a 
squirrel-cage motor by using a deep-bar or double-cage rotor whose effec- 
tive resistance increases with slip. A wound-rotor motor can be used 
for very severe starting conditions or when speed control by rotor resis- 
tance is required. A wound-rotor motor is more expensive than a squirrel- 
cage motor. Variable-frequency solid-state motor drives lend consider- 
able flexibility to the application of induction motors in variable-speed 
applications. 
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PROBLEMS 


7-1. The nameplate on a 460-V 50-hp 60-Hz four-pole induction motor in- 
dicates that its speed at rated load is 1760 r/min. Assume the motor to be 
operating at rated load. 


(a) What is the slip of the rotor? 

(b) What is the frequency of the rotor currents? 

(c) What is the angular velocity of the stator field with respect to the 
stator? With respect to the rotor? 

(d) What is the angular velocity of the rotor field with respect to the 
rotor? With respect to the stator? 


7-2. Stray leakage fields will induce rotor-frequency voltages in a pickup 
coil mounted along the shaft of an induction motor. Measurements of the 
frequency of these induced voltages can be used to determine the rotor 
speed. 


(a) What is the rotor speed in revolutions per minute of a 60-Hz six- 
pole induction motor if 0.95-Hz voltages are measured? 

(b) Calculate the frequency of the voltage which will be induced when 
a two-pole 50-Hz induction motor is operating at a slip of 3 percent. 
What is the corresponding rotor speed in revolutions per minute? 


7-3. A three-phase induction motor runs at almost 900 r/min at no load 
and 873 r/min at full load when supplied with power from a 60-Hz three- 
phase source. 


(a) How many poles has the motor? 

(b) What is the percent slip at full load? 

(c) What is the corresponding frequency of the rotor currents? 

(d) What is the corresponding speed of the rotor field with respect to 
the rotor? With respect to the stator? 

(e) What speed would the rotor have at a slip of 10 percent? 

(f) What is the rotor frequency at this speed? 

(g)Repeat part (d) for a slip of 10 percent. 


7-4. Linear induction motors have been proposed for a variety of applica- 
tions including high-speed ground transportation. A linear motor based on 
the induction-motor principle consists of a car riding on a track. The track 
is a developed squirrel-cage winding, and the car, which is 16 ft long and 
33 ft wide, has a developed three-phase 16-pole winding. The centerline dis- 
tance between adjacent poles is 16/16 = 1 ft. Power at 60 Hz is fed to the 
car from arms extending through slots to rails below ground level. 


(a) What is the synchronous speed in miles per hour? 
(6) Will the car reach this speed? Explain your answer. 
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(c) To what slip frequency does a car speed of 75 mi/h correspond? 
What is the frequency of currents induced in the track when the 
car is traveling at this speed? 


7-5. Describe the effect on the torque-speed characteristic of an induction 
motor produced by (a) halving the applied voltage and (b) halving both the 
applied voltage and the frequency. Sketch the associated torque-speed 
characteristics in their approximate relative positions with respect to the 
rated-voltage rated-frequency characteristic. Neglect the effects of stator 
resistance and leakage reactance. 


7-6. Figure 7-16 shows a three-phase wound-rotor induction machine 
whose shaft is rigidly coupled to the shaft of a three-phase synchronous 
motor. The terminals of the three-phase rotor winding of the induction ma- 
chine are brought out to slip rings as shown. The induction machine is 
driven by the synchronous motor at the proper speed and in the proper di- 
rection of rotation so that three-phase 120-Hz voltages are available at the 
slip rings. The induction machine has a six-pole stator winding. 


(a) How many poles must the rotor winding of the induction machine 
have? 

(b) If the stator field in the induction machine rotates in a clockwise 
direction, what must the direction of rotation of its rotor be? 

(c) What must the speed be in revolutions per minute? 

(d) How many poles must the synchronous motor have? 


7-7. The system shown in Fig. 7-16 is used to convert balanced 60-Hz 
voltages to other frequencies. The synchronous motor has two poles and 
drives the interconnecting shaft in the clockwise direction. The induction 
machine has 12 poles, and its stator windings are connected to the lines to 
produce a counterclockwise rotating field (in the opposite direction to the 


3-phase, 
60-Hz source 


Induction 


Rotor 
terminals 


Fig. 7-16. Interconnected induction and synchronous machines (Probs. 7-6 and 7-7). 
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synchronous motor). The machine has a wound rotor whose terminals are 
brought out through slip rings. 


(a) At what speed does the motor run? 
(b) What is the frequency of the rotor voltages in the induction ma- 
chine? 


7-8. A three-phase eight-pole 60-Hz 4160-V 1000-hp squirrel-cage induc- 
tion motor has the following equivalent-circuit constants in ohms per 
phase Y referred to the stator: 


R, = 0.295 R, = 0.277 X, = 2.61 X,=3.24 X,=61.3 


Determine the changes in these constants which will result from the follow- 
ing proposed design modifications. Consider each modification separately. 


(a) Replace the stator winding with an otherwise identical winding with 
a wire size whose cross-sectional area is increased by 4 percent. 

(b) Decrease the inner diameter of the stator laminations such that 
the air gap is decreased by 15 percent. 

(c) Replace the aluminum rotor bars (conductivity 3.5 x 10’ mhos/m) 
with copper bars (conductivity 5.8 x 10’ mhos/m). 

(d) The stator winding, originally connected in Y for 4160-V opera- 
tion, is reconnected in A for 2.4-kV operation. 


7-9. A three-phase Y-connected 480-V (line-to-line) 30-hp 60-Hz four-pole 
induction motor has the following equivalent-circuit constants in ohms per 
phase referred to the stator: 


R,=021 R,=020 X,=12 X,=11 X,=39 


The total friction, windage, and core losses may be assumed constant at 
1340 W. The motor is connected directly to a 480-V source. Compute the 
speed, shaft output torque in newton-meters, power in horsepower, effi- 
ciency, and terminal power factor for slips of 1, 2, and 3 percent. 


7-10. A 15-hp 230-V three-phase Y-connected 60-Hz four-pole squirrel-cage 
induction motor develops full-load internal torque at a slip of 0.03 when 
operated at rated voltage and frequency. For the purposes of this problem, 
rotational and core losses can be neglected. Impedance data on the motor 
in ohms per phase are as follows: 


R, = 0.24 X, = X, = 0.31 X, = 10.4 
Determine the maximum internal torque at rated voltage and fre- 


quency, the slip at maximum torque, and the internal starting torque at 
rated voltage and frequency. Express the torques in newton-meters. 
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7-11. Suppose the induction motor of Prob. 7-10 is supplied from a 240-V 
constant-voltage 60-Hz source through a feeder whose impedance is 0.30 + 
jJ0.22 Q/phase. Determine the maximum internal torque that the motor 
can deliver and the corresponding values of stator current and terminal 
voltage. 


7-12. A three-phase induction motor, operating at rated voltage and fre- 
quency, has a starting torque of 165 percent and a maximum torque of 
210 percent of full-load torque. Neglect stator resistance and rotational 
losses, and assume constant rotor resistance. Determine (a) the slip at full 
load, (b) the slip at maximum torque, and (c) the rotor current at starting, 
in per unit of full-load rotor current. 


7-13. When operated at rated voltage and frequency, a three-phase squirrel- 
cage induction motor (of the design classification known as a high-slip motor) 
delivers full load at a slip of 8.3 percent and develops a maximum torque of 
240 percent of full-load torque at a slip of 50 percent. Neglect core and ro- 
tational losses, and assume that the resistances and inductances of the mo- 
tor are constant. 

Determine the torque and rotor current at starting with rated voltage 
and frequency. Express the torque and rotor current in per unit based on 
their full-load values. 


7-14. A 275-kW 600-V (line-to-line) six-pole 60-Hz induction motor has the 
following impedance data in ohms per phase Y referred to the stator: 


R, = 0.0139 R, = 0.0360 X, = 0.155 X, = 0.150 X, = 5.20 


It achieves rated shaft output at a slip of 3.4 percent with an efficiency of 
93.5 percent. The motor is to be used as a generator driven by a wind tur- 
bine. It will be connected to a distribution system which can be repre- 
sented by a 600-V infinite bus. 


(a) From the given data calculate the total rotational and core losses 
at rated load. Assume them to remain constant. 

(b) With the wind turbine driving the induction machine at a slip of 
—3.4 percent, calculate (i) the electric power output in kilowatts, 
(ii) the efficiency (electric output power per shaft input power), and 
(iii) the power factor measured at the machine terminals. 

(c) The actual distribution system has an effective impedance of 0.015 + 
J0.045 Q/phase. For a slip of —3.4 percent, calculate (i) the induc- 
tion-machine terminal voltage and power factor and (ii) the electric 
output power in kilowatts measured at the machine terminals. 


7-15. For a 25-hp 230-V three-phase 60-Hz squirrel-cage motor operated at 
rated voltage and frequency, the rotor J’R loss at maximum torque is 9.0 
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times that at full-load torque, and the slip at full-load torque is 0.028. Sta- 
tor resistance and rotational losses may be neglected and the reactances 
and rotor resistance assumed to remain constant. Find (a) the slip at maxi- 
mum torque, (b) the maximum torque, and (c) the starting torque. Express 
the torques in per unit of full-load torque. 


7-16. A squirrel-cage induction motor runs at a slip of 4.0 percent at full 
load. The rotor current at starting is 5.0 times the rotor current at full 
load. The rotor resistance is independent of rotor frequency, and rotational 
losses, stray load losses, and stator resistance may be neglected. Compute 
(a) the starting torque and (b) the maximum torque and the slip at which 
maximum torque occurs. Express the torques in per unit of full-load torque. 


7-17. A A-connected 25-hp 230-V (line-to-line) three-phase six-pole 60-Hz 
squirrel-cage induction motor has the following equivalent-circuit parame- 
ters in ohms per phase Y: 


R,=0.060 R,=0.055 X,=034 X,=0.33 X,= 10.6 


(a) Calculate the starting current and torque for this motor connected 
directly to a 230-V source. 

(b) To limit the starting current, it is proposed to connect the stator 
winding in Y for starting and then to switch to the A connection for 
normal operation. (i) What are the equivalent-circuit parameters 
in ohms per phase for the Y connection? (ii) With the motor con- 
nected directly to a 230-V source, calculate the starting current 
and torque. 


7-18. The following test data apply to a 150-hp 2300-V three-phase four- 
pole 60-Hz squirrel-cage induction motor: 


No-load test at rated voltage and frequency: 
Line current = 8.1 A Three-phase power = 3025 W 
Blocked-rotor test at 15 Hz: 


Line voltage = 268 V Line current = 52.5 A 
Three-phase power = 19.2 kW 
Stator resistance between line terminals = 2.35 0 
Compute the stator current and power factor, horsepower output, and effi- 


ciency when this motor is operating at rated voltage and frequency with a 
slip of 2.85 percent. 
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7-19. Two 50-hp 440-V 59.8-A three-phase six-pole 60-Hz squirrel-cage in- 
duction motors have identical stators. The dc resistance measured between 
any pair of stator line terminals is 0.204 Q. The blocked-rotor tests at 
60 Hz are as follows: 


Volts Three-phase 
Motor line to line Amperes power, kW 
1 67.2 60.0 3.28 
2 89.5 60.0 8.63 


Determine the ratio of the internal starting torque developed by motor 2 
to that developed by motor 1 (a) for the same current and (b) for the same 
applied voltage. 


7-20. The results of a blocked-rotor test at 60 Hz on a 25-hp three-phase 
230-V 60-Hz six-pole squirrel-cage induction motor are 


Line-to-line voltage = 105 V Line current = 215 A 
Three-phase power = 21.0 kW Torque = 62 lb: ft 


Determine the starting torque at a line-to-line voltage of 190 V and 50 Hz. 


7-21. A 220-V three-phase four-pole 60-Hz squirrel-cage induction motor 
develops a maximum internal torque of 250 percent at a slip of 14 percent 
when operating at rated voltage and frequency. If the effect of stator resis- 
tance is neglected, determine the maximum internal torque that this mo- 
tor would develop if it were operated at 180 V and 50 Hz. Under these 
conditions, at what speed in revolutions per minute would maximum 
torque be developed? 


Polyphase-Induction-Machine 
Dynamics and Control 


The polyphase induction motor is most often used to drive essentially con- 
stant loads at constant speed. As seen in Chap. 7, this operation is typi- 
cally at low slips, where motor efficiency is high. 

To complete our discussion of induction-motor performance, it is neces- 
sary to consider the behavior of such motors under non-steady-state con- 
ditions. This chapter investigates the start-up behavior of induction 
machines as well as the dynamics associated with transient mechanical 
and electric disturbances. Various methods of speed control are also 
described. 

Until recently, induction motors found little application in situations 
where widely varying speed or precision control of speed was required. The 
advent of power semiconductors has changed that. Solid-state variable- 
frequency motor drives can now permit induction motors to be used in situ- 
ations previously considered the domain of de motors. This flexibility, com- 
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bined with the simplicity, low cost, and reliability of induction motors, 
guarantees their increased use in such applications as electric vehicles 
(trains and cars) and industrial processes. The use of variable-frequency 
solid-state drives is discussed in Art. 8-5. 


8-1 EFFECTS OF ROTOR RESISTANCE; 
DOUBLE-SQUIRREL-CAGE ROTORS 


A basic limitation of induction motors with constant rotor resistance is 
that the rotor design has to be a compromise. High efficiency under nor- 
mal running conditions requires a low rotor resistance; but a low rotor re- 
sistance results in a low starting torque and high starting current at a low 
starting power factor. 


a. Wound-Rotor Motors 


The use of a wound rotor is one effective way of avoiding the need for com- 
promise. The terminals of the rotor winding are connected to slip rings in 
contact with brushes. For starting, resistors may be connected in series 
with the rotor windings, the result being increased starting torque and re- 
duced starting current at an improved power factor. The general nature of 
the effects on the torque-speed characteristics caused by varying rotor re- 
sistance is shown in Fig. 7-15. By use of the appropriate value of rotor re- 
sistance, the maximum torque can be made to occur at standstill if high 
starting torque is needed. As the rotor speeds up, the external resistances 
can be decreased, making maximum torque available throughout the ac- 
celerating range. Since most of the rotor J’R loss is dissipated in the exter- 
nal resistors, the rotor temperature rise during starting is lower than it 
would be if the resistance were incorporated in the rotor winding. For nor- 
mal running, the rotor winding can be short-circuited directly at the 
brushes. The rotor winding is designed to have low resistance so that run- 
ning efficiency is high and full-load slip is low. Besides their use when 
starting requirements are severe, wound-rotor induction motors can be 
used for adjustable-speed drives. Their chief disadvantage is greater cost 
and complexity than squirrel-cage motors. 

The principal effects of varying rotor resistance on the starting and 
running characteristics of induction motors can be shown quantitatively 
by the following example. 


EXAMPLE 8-1 


A 500-hp wound-rotor induction motor, with its slip rings short-circuited, 
has the following properties: 
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Full load slip = 1.5 percent 
Rotor I’R at full-load torque = 5.69 kW 
Slip at maximum torque = 6.0 percent 


Rotor current at maximum torque = 2.82 J,, where Jy, is the full-load 
rotor current 


Torque at 20 percent slip = 1.20 Tp, where Ty, is the full-load torque 
Rotor current at 20 percent slip = 3.95 Joy 


If the rotor-circuit resistance is increased to 5R otor by connecting non- 
inductive resistances in series with each rotor slip ring, determine (a) the 
slip at which the motor will develop the same full-load torque, (b) total 
rotor-circuit J’R loss at full-load torque, (c) horsepower output at full-load 
torque, (d) slip at maximum torque, (e) rotor current at maximum torque, 
(f) starting torque, and (g) rotor current at starting. Express the torques 
and rotor currents in per unit based on the full-load torque values. 


Solution 


The solution involves recognition of the fact that the only way the stator 
becomes aware of the happenings in the rotor is through the effect of the 
resistance R,/s. Examination of the equivalent circuit shows that for speci- 
fied applied voltage and frequency everything concerning the stator perfor- 
mance is fixed by the value of R,/s, the other impedance elements being 
constant. For example, if R, is doubled and s is simultaneously doubled, 
the stator is unaware that any change has been made. The stator current 
and power factor, the power delivered to the air gap, and the torque are 
constant as long as the ratio R,/s is the same. 

Added physical significance can be given to the argument by examin- 
ing the effects of simultaneously doubling R, and s from the viewpoint of 
the rotor. Observers on the rotor then see the resultant air-gap flux wave 
traveling past them at twice the original slip speed, generating twice the 
original rotor voltage at twice the original slip frequency. The rotor reac- 
tance therefore is doubled, and since the original premise is that the rotor 
resistance also is doubled, the rotor impedance is doubled but the rotor 
power factor is unchanged. Since rotor voltage and impedance are both 
doubled, the effective value of the rotor current remains the same; only its 
frequency is changed. The air gap still has the same synchronously rotat- 
ing flux and mmf waves with the same torque angle. Observers on the ro- 
tor therefore agree with their counterparts on the stator that the torque is 
unchanged when both rotor resistance and slip are changed proportionally. 

Observers on the rotor, however, are aware of two changes not appar- 
ent in the stator: (1) the rotor I?R loss has doubled, and (2) the rotor is 
turning more slowly and therefore developing less mechanical power with 
the same torque. In other words, more of the power absorbed from the sta- 
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tor goes into I’R heat in the rotor, and less is available for mechanical 
power. 

The preceding thought processes can be readily applied to the solution 
of this example. 


(a) If the rotor resistance is increased 5 times, the slip must increase 
5 times for the same value of R,/s and therefore for the same torque. But 
the original slip at full load is 0.015. The new slip at full-load torque there- 
fore is 5(0.015) = 0.075. 

(b) The effective value of the rotor current is the same as its full-load 
value before addition of the series resistance, and therefore the rotor I'R 
loss is 5 times the full-load value of 5.69 kW, or 


Rotor J?R = 5(5.69) = 28.45 kW 


(c) The increased slip has caused the per unit speed at full-load torque 
to drop from 1 — s = 0.985 down to 1 — s = 0.925 with added rotor resis- 
tance. The torque is the same. The power output therefore has dropped pro- 
portionally, or 


0.925 
P= 0.985 (20) = 469.5 hp 


The decrease in output equals the increase in rotor I’R loss. 

(d) If rotor resistance is increased 5 times, the slip at maximum torque 
simply increases 5 times. But the original slip at maximum torque is 
0.060. The new slip at maximum torque with the added rotor resistance 
therefore is 


Smaxr = 5(0.060) = 0.30 


(e) The effective value of the rotor current at maximum torque is inde- 
pendent of rotor resistance; only its frequency is changed when rotor resis- 
tance is varied. Therefore, 


TomaxT = 2-82L og 


(f) With the rotor resistance increased 5 times, the starting torque 
will be the same as the original running torque at a slip of 0.20 and there- 
fore equals the running torque without the series resistors, namely, 


Taat = 1.207 


(g)The rotor current at starting with the added rotor resistances will 
be the same as the rotor current when running at a slip of 0.20 with the 
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slip rings short-circuited, namely, 


Iz, start ~ 3.9515, 


b. Deep-Bar and Double-Squirrel-Cage Rotors 


An ingenious and simple way of obtaining a rotor resistance which will au- 
tomatically vary with speed makes use of the fact that at standstill the ro- 
tor frequency equals the stator frequency; as the motor accelerates, the 
rotor frequency decreases to a very low value—perhaps 2 or 3 Hz at full 
load in a 60-Hz motor. With suitable shapes and arrangements for rotor 
bars, squirrel-cage rotors can be designed so that their effective resistance 
at 60 Hz is several times their resistance at 2 or 3 Hz. The various schemes 
all make use of the inductive effect of the slot-leakage flux on the current 
distribution in the rotor bars. The phenomena are basically the same as 
the skin and proximity effect in any system of conductors with alternating 
current in them. 

Consider first a squirrel-cage rotor having deep, narrow bars like that 
shown in cross section in Fig. 8-1. The general character of the slot-leak- 
age field produced by the current in the bar within this slot is shown in the 
figure. If the rotor iron had infinite permeability, all the leakage-flux lines 
would close in paths below the slot, as shown. Now imagine the bar to con- 
sist of an infinite number of layers of differential depth; one at the bottom 
and one at the top are indicated crosshatched in Fig. 8-1. The leakage in- 
ductance of the bottom layer is greater than that of the top layer because 
the bottom layer is linked by more leakage flux. But all the layers are 
electrically in parallel. Consequently, with alternating current, the current 
in the low-reactance upper layers will be greater than that in the high- 
reactance lower layers; the current will be forced toward the top of the slot, 
and the phase of current in the upper layers will lead that of the current in 
the lower ones. The nonuniform current distribution results in an increase 
in the effective bar resistance and a smaller decrease in the effective leak- 
age inductance of the bar. Since the distortion in current distribution de- 
pends on an inductive effect, the effective resistance is a function of the 


Fig. 8-1. Deep rotor bar and slot-leakage flux. 
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frequency. It is also a function of the depth of the bar and of the permeabil- 
ity and resistivity of the bar material. Figure 8-2 shows a curve of the ratio 
of ac effective resistance to de resistance as a function of frequency com- 
puted for a copper bar 1.00 in deep. A squirrel-cage rotor with deep bars 
can be readily designed to have an effective resistance at stator frequency 
(standstill) several times greater than its dc resistance. As the motor accel- 
erates, the rotor frequency decreases and therefore the rotor effective resis- 
tance decreases, approaching its dc value at small slips. 

An alternative way of attaining similar results is the double-cage ar- 
rangement shown in Fig. 8-3. The squirrel-cage winding consists of two 
layers of bars short-circuited by end rings. The upper bars are of smaller 
cross-sectional area than the lower bars and consequently have higher re- 
sistance. The general nature of the slot-leakage field is shown in Fig. 8-3, 
from which it can be seen that the inductance of the lower bars is greater 
than that of the upper ones because of the flux crossing the slot between 
the two layers. The difference in inductance can be made quite large by 
properly proportioning the constriction in the slot between the two bars. At 
standstill, when rotor frequency equals stator frequency, there is relatively 
little current in the lower bars because of their high reactance; the effec- 
tive resistance of the rotor at standstill then approximates that of the 
high-resistance upper layer. At the low rotor frequencies corresponding to 
small slips, however, reactance becomes negligible, and the rotor resis- 
tance then approaches that of the two layers in parallel. 

Note that since the effective resistance and leakage inductance of dou- 
ble-cage and deep-bar rotors vary with frequency, the parameters R, and 
X», representing the referred effects of rotor resistance and leakage induc- 
tance as viewed from the stator, are not constant. A more complicated form 
of equivalent circuit is required if the reactions of the rotor are to be repre- 
sented by the effects of slip together with constant resistance and reac- 
tance elements. 

The simple equivalent circuit derived in Art. 7-3 still correctly repre- 
sents the motor, however, but now R, and X, are functions of slip. All the 
basic relations still apply to the motor if the values of R, and X, are prop- 
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Fig. 8-2. Skin effect in a copper rotor bar 1.00 in deep. 
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Fig. 8-3. Double-squirrel-cage rotor bars and slot-leakage flux. 


erly adjusted with changes in slip. For example, in computing the starting 
performance, R, and X, should be taken as their effective values at stator 
frequency; in computing the running performance at small slips, however, 
R, should be taken as its effective value at a low frequency, and X, should 
be taken as the stator-frequency value of the reactance corresponding to a 
low-frequency effective value of the rotor leakage inductance. Over the 
normal running range of slips, the rotor resistance and leakage inductance 
usually can be considered constant at substantially their de values. 


c. Motor-Application Considerations 


By use of double-cage and deep-bar rotors, squirrel-cage motors can be de- 
signed to have the good starting characteristics resulting from high rotor 
resistance and at the same time the good running characteristics resulting 
from low rotor resistance. The design is necessarily somewhat of a compro- 
mise, however, and the motor lacks the flexibility of the wound-rotor ma- 
chine with external rotor resistance. The wound-rotor motor should be 
used when starting requirements are very severe. Alternatively, solid-state 
motor drives can be used, as discussed in Art. 8-5. 

To meet the usual needs of industry, integral-horsepower three-phase 
squirrel-cage motors are available from manufacturers’ stock in a range of 
standard ratings up to 200 hp at various standard frequencies, voltages, 
and speeds. (Larger motors are generally regarded as special-purpose 
rather than general-purpose motors.) According to the terminology estab- 
lished by NEMA, several standard designs are available to meet various 
starting and running requirements. Representative torque-speed charac- 
teristics of the four most common designs are shown in Fig. 8-4. These 
curves are fairly typical of 1800 r/min (synchronous-speed) motors in rat- 
ings from 7.5 to 200 hp, although it should be understood that individual 
motors may differ appreciably from these average curves. Briefly, the 
characteristic features of these designs are as follows. 


Design Class A: Normal Starting Torque, Normal Starting Current, 
Low Slip. This design usually has a low-resistance single-cage rotor. It 
emphasizes good running performance at the expense of starting. The full- 
load slip is low, and the full-load efficiency is high. The maximum torque 
usually is well over 200 percent of full-load torque and occurs at a small 
slip (less than 20 percent). The starting torque at full voltage varies from 
about 200 percent of full-load torque in small motors to about 100 percent 
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Fig. 8-4. Typical torque-speed curves for 1800-r/min general-purpose induction motors. 


in large motors. The high starting current (500 to 800 percent of full-load 
current when started at rated voltage) is the principal disadvantage of this 
design. In sizes below about 7.5 hp, these starting currents usually are 
within the limits on inrush current which the distribution system supply- 
ing the motor can withstand, and across-the-line starting at full voltage 
then can be used; otherwise, reduced-voltage starting must be used. Re- 
duced-voltage starting results in a decrease in starting torque because the 
starting torque is proportional to the voltampere input to the motor, which 
in turn is proportional to the square of the voltage applied to the motor ter- 
minals. The reduced voltage for starting is usually obtained from an auto- 
transformer, called a starting compensator, which may be manually 
operated or automatically operated by relays which cause full voltage to be 
applied after the motor is up to speed. A circuit diagram of one type of com- 
pensator is shown in Fig. 8-5. If a smoother start is necessary, series resis- 
tance or reactance in the stator may be used. 

The class A motor is the basic standard design in sizes below about 7.5 
and above about 200 hp. It is also used in intermediate ratings where de- 
sign considerations may make it difficult to meet the starting-current lim- 
itations of the class B design. Its field of application is about the same as 
that of the class B design described next. 
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(a) Close 1 and 3 
(b) Open 1 and 3 
(c) Close 2 


Fig. 8-5. Connections of a one-step starting autotransformer. 


Design Class B: Normal Starting Torque, Low Starting Current, Low 
Slip. This design has approximately the same starting torque as the 
class A design with but 75 percent of the starting current. Full-voltage 
starting therefore may be used with larger sizes than with class A. The 
starting current is reduced by designing for relatively high leakage reac- 
tance, and the starting torque is maintained by use of a double-cage or 
deep-bar rotor. The full-load slip and efficiency are good — about the same 
as for the class A design. However, the use of high reactance slightly de- 
creases the power factor and decidedly lowers the maximum torque (usu- 
ally only slightly over 200 percent of full-load torque being obtainable). 

This design is the most common in the 7.5- to 200-hp range of sizes. It 
is used for substantially constant speed drives where starting-torque re- 
quirements are not severe, such as in driving fans, blowers, pumps, and 
machine tools. 


Design Class C: High Starting Torque, Low Starting Current. This 
design uses a double-cage rotor with higher rotor resistance than the 
class B design. The result is higher starting torque with low starting cur- 
rent but somewhat lower running efficiency and higher slip than the 
class A and class B designs. Typical applications are in driving compres- 
sors and conveyers. 


Design Class D: High Starting Torque, High Slip. This design usually 
has a single-cage high-resistance rotor (frequently brass bars). It produces 
very high starting torque at low starting current, high maximum torque at 
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50 to 100 percent slip, but runs at a high slip at full load (7 to 11 percent) 
and consequently has low running efficiency. Its principal uses are for 
driving intermittent loads involving high accelerating duty and for driving 
high-impact loads such as punch presses and shears. When driving high- 
impact loads, the motor is generally aided by a flywheel which helps sup- 
ply the impact and reduces the pulsations in power drawn from the supply 
system. A motor whose speed falls appreciably with an increase in torque 
is required so that the flywheel can slow down and deliver some of its ki- 
netic energy to the impact. 


8-2 INDUCTION-MACHINE DYNAMICS 


Among integral-horsepower induction motors, i.e., those used primarily for 
power purposes, the most common dynamic problems are associated with 
starting and stopping and with the ability of the motor to continue opera- 
tion during serious disturbances of the supply system. For example, a typi- 
cal problem in an industrial plant may concern the ability to start a large 
motor without causing other parallel motors to cease normal operation be- 
cause of the voltage reduction caused by the heavy inrush current to the 
motor being started. 

The methods of induction-motor representation in dynamic analyses 
depend to a considerable extent on the nature and complexity of the prob- 
lem and the associated precision requirements. When the electric tran- 
sients in the motor are to be included (Art. 8-4), the equivalent circuit of 
Fig. 8-15 may be used. In many problems, however, the electric transients 
in the induction machine may be ignored. This simplification is possible, 
because as illustrated in Example 8-3, the electric transients subside rap- 
idly — most commonly in a time short compared with the duration of 
the motional transient. (Among the principal exceptions to this statement 
are large 3600-r/min motors.) We confine ourselves here to this type of 
problem. 

Representation of the machine under these conditions can be based on 
steady-state theory. The problem then becomes one of arriving at a suffi- 
ciently simple yet reasonably realistic representation which will not unduly 
complicate the dynamic analysis, particularly through the introduction of 
nonlinearities. One approach applicable to relatively simple problems is a 
graphical one. Both the torque produced by the motor and the torque re- 
quired to turn the load are considered to be nonlinear functions of speed for 
which data are given in the form of curves. The procedure is illustrated in 
the following example. 


EXAMPLE 8-2 


A polyphase induction motor has the torque-speed curve for rated im- 
pressed voltage shown in Fig. 8-6. A curve of the torque required to main- 
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Fig. 8-6. Induction-motor torque-speed curve and curve of load torque. 


tain rotation of the load is also given in Fig. 8-6. The inertia of the load 
and rotor is J in SI units. 

Consider that across-the-line starting at rated voltage is used and that 
the steady-state torque-speed curve represents the performance under 
transient conditions with sufficient accuracy. Show how a curve of speed as 
a function of time can be obtained. 


Solution 


At any motor speed w,, mechanical radians per second, the torque differen- 
tial AT between that produced by the motor and that required to turn the 
load is available to accelerate the rotating mass. Consequently, 


dom _ 
y 7AT 


The time required to attain the speed w,, is therefore 


wm 1 
t=J Í Arion 


This integral can be evaluated graphically by plotting a curve of 1/AT 
as a function of w,, and finding the area between the curve and the w,, axis 
up to the value corresponding to the upper limit of the integral, a proce- 
dure illustrated in Fig. 8-7. The area can be found by planimeter, by count- 
ing small squares on the curve sheet, or by dividing it into uniform 
segments and using the average ordinate for each section. Alternatively, a 
mathematical function can be fitted to the 1/AT curve, and the integration 
can be performed numerically or analytically. This area, in units of radi- 
ans per newton-meter-second multiplied by the inertia J in SI units, gives 
the time ¢ in seconds. The computations can be carried out conveniently in 
tabular form to yield a result of the type shown in Fig. 8-8. 
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Fig. 8-7. Graphical analysis of induction-motor starting. 


Fig. 8-8. Speed-time curve of induction motor during starting. 


Once the motor speed versus time is known, the corresponding 
current-versus-time characteristic can be obtained from either a current- 
versus-speed curve or analytic expressions. The magnitude of arma- 
ture current remains large until the speed increases to the point where 
the effective rotor impedance is on the order of the magnetizing reac- 
tance; at this point the current begins to drop toward its steady-state 
operating value. At no load, this current is essentially the magnetizing cur- 
rent of the motor. Under full-load conditions, the current includes both this 
magnetizing current and the stator-load-current component. 

In some cases the rated-voltage motor starting current may exceed 
that considered desirable. In such cases, a number of options are available. 


Series Impedance. A series reactive impedance can be used to limit 
starting current. After an appropriate time, this impedance can be auto- 
matically short-circuited, connecting the motor directly to the source 
voltage. 


Reduced Voltage. The motor can be connected to the source via an auto- 
transformer supplying reduced voltage, as shown in Fig. 8-5. The motor is 
then switched to full voltage at a predetermined operating condition. 


Y-A Switching. An induction motor designed for a A armature connec- 
tion can be started with the armature connect in Y. As shown in Eq. 2-38, 
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this results in an armature impedance 3 times that of the A connection and 
hence one-third of the starting current (and torque). 


Split-Winding Starting. In the split-winding scheme, multiple parallel 
circuits are provided for each phase and are connected in parallel for run- 
ning; for starting, however, the circuits on one or more phases are con- 
nected in series. 


These schemes provide reduced starting currents and correspondingly 
reduced starting torques. Their applicability to any particular situation 
must be carefully considered along with other issues related to their imple- 
mentation. Alger’ discusses these issues in some detail. 


8-3 SPEED CONTROL OF INDUCTION MOTORS 


The simple induction motor fulfills admirably the requirements of sub- 
stantially constant speed drives. Many motor applications, however, re- 
quire several speeds or even a continuously adjustable range of speeds. 
From the earliest days of ac power systems, engineers have been interested 
in the development of adjustable-speed ac motors. 

The synchronous speed of an induction motor can be changed by (a) 
changing the number of poles or (b) varying the line frequency. The operat- 
ing slip can be changed by (c) varying the line voltage, (d) varying the ro- 
tor resistance, or (e) applying voltages of the appropriate frequency to the 
rotor circuits. The salient features of speed-control methods based on these 
five possibilities are discussed in the following five sections of this article. 
Control methods involving solid-state devices are mentioned only briefly 
because they are more fully treated in Art. 8-5. 


a. Pole-Changing Motors 


The stator winding can be designed so that by simple changes in coil con- 
nections the number of poles can be changed in the ratio 2 to 1. Either of 
two synchronous speeds can be selected. The rotor is almost always of the 
squirrel-cage type. A cage winding always reacts by producing a rotor field 
having the same number of poles as the inducing stator field. If a wound 
rotor is used, additional complications are introduced because the rotor 
winding also must be rearranged for pole changing. With two independent 
sets of stator windings, each arranged for pole changing, as many as four 
synchronous speeds can be obtained in a squirrel-cage motor, for example, 
600, 900, 1200, and 1800 r/min for 60-Hz operation. 

The basic principles of the pole-changing winding are shown in Fig. 8-9, 
in which aa and a'a’ are two coils comprising part of the phase-a stator 
winding. An actual winding would, of course, consist of several coils in 
each group. The windings for the other stator phases (not shown in the fig- 


‘P. L. Alger, Induction Machines, 2d ed., chap. 8, Gordon and Breach, New York, 1970. 
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(b) 
Fig. 8-9. Principles of the pole-changing winding. 


ure) would be similarly arranged. In Fig. 8-9a the coils are connected to 
produce a four-pole field; in Fig. 8-9b the current in the a'a’ coil has been 
reversed by means of a controller, the result being a two-pole field. 

Figure 8-10 shows the four possible arrangements of these two coils: 
they can be connected in series or in parallel and with their currents either 
in the same direction (four-pole operation) or in the opposite direction (two- 
pole operation). Additionally, the machine phases can be connected either 
in Y or A, resulting in eight possible combinations. 

Note that for a given phase voltage, the different connections will re- 
sult in differing levels of air-gap flux density. For example, a change from 
a A to a Y connection will reduce the coil voltage (and hence the air-gap 
flux density) for a given coil arrangement by V3. Similarly, changing from 
a connection with two coils in series to two in parallel will double the volt- 
age across each coil and therefore double the magnitude of the air-gap flux 
density. These changes in flux density can, of course, be compensated for 
by changes in the applied winding voltage. In any case, they must be con- 


a —a a —a a =e a 


(a) (b) 
a iat a —a 
a’ =y —a' a’ 
(c) (d) 


Fig. 8-10. Four possible arrangements of phase-a stator coils in a pole-changing induction 
motor: (a) series-connected, four-pole; (b) series-connected, two-pole; (c) parallel-connected, 
four-pole; (d) parallel-connected, two-pole. 
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sidered, along with corresponding changes in motor torque, when the con- 
figuration to be used in a specific application is considered. 


b. Line-Frequency Control 


The synchronous speed of an induction motor can be controlled by varying 
the line frequency. To maintain approximately constant flux density, the 
line voltage should also be varied directly with the frequency. The maxi- 
mum torque then remains very nearly constant. An induction motor used 
in this way has characteristics similar to those of a separately excited de 
motor with constant flux and variable armature voltage. 

The major problem is to determine the most effective and economical 
source of adjustable frequency. One method is to use a wound-rotor induc- 
tion machine as a frequency changer. Another, considered in Art. 8-5, is to 
use solid-state frequency converters. 


c. Line-Voltage Control 


The internal torque developed by an induction motor is proportional to the 
square of the voltage applied to its primary terminals, as shown by the two 
torque-speed characteristics in Fig. 8-11. If the load has the torque-speed 
characteristic shown by the dashed line, the speed will be reduced from n, 
to ny. This method of speed control is commonly used with small squirrel- 
cage motors driving fans. 


d. Rotor-Resistance Control 


The possibility of speed control of a wound-rotor motor by changing its 
rotor-circuit resistance has already been pointed out in Art. 8-la. The 
torque-speed characteristics for three different values of rotor resistance 
are shown in Fig. 8-12. If the load has the torque-speed characteristic 
shown by the dashed line, the speeds corresponding to each of the values of 
rotor resistance are n4, ng and nz. This method of speed control has charac- 
teristics similar to those of dc shunt-motor speed control by means of resis- 
tance in series with the armature. 


o | Load 
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Fig. 8-11. Speed control by means of line voltage. 
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Fig. 8-12. Speed control by means of rotor resistance. 


The principal disadvantages of both line-voltage and rotor-resistance 
control are low efficiency at reduced speeds and poor speed regulation with 
respect to change in load. 


e. Control of Slip by Auxiliary Devices 


In considering schemes for speed control by varying the slip, the fun- 
damental laws relating the flow of power in induction machines should be 
kept in mind. The fraction s of the power absorbed from the stator is trans- 
formed by electromagnetic induction to electric power in the rotor circuits. 
If the rotor circuits are short-circuited, this power is wasted as rotor I?R 
loss and operation at reduced speeds is inherently inefficient. 

Numerous schemes have been invented for recovering this slip-fre- 
quency electric power. Although some are rather complicated in detail, 
they all comprise a means for introducing adjustable voltages of slip fre- 
quency into the rotor circuits of a wound-rotor induction motor. They can 
be broadly classified in two types, as shown in Fig. 8-13, where JM repre- 
sents a three-phase wound-rotor induction motor whose speed is to be regu- 
lated. In Fig. 8-13a the rotor circuits of IM are connected to auxiliary 
frequency-changing apparatus, represented by the box FC, in which the 
slip-frequency electric power generated in the rotor of the main motor is 


Fig. 8-13. Two basic schemes for induction-motor speed control by auxiliary machines. 
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converted to electric power at line frequency and returned to the line. In 
Fig. 8-136 the rotor circuits of JM are connected to auxiliary apparatus, 
represented by box C, in which the slip-frequency electric power is con- 
verted to mechanical power and added to the shaft power developed by the 
main motor. In both these schemes the speed and power factor of the main 
motor can be adjusted by controlling the magnitude and phase of the slip- 
frequency voltages of the auxiliary machines. The auxiliary apparatus 
may be a fairly complicated system of rotating machines and adjustable- 
ratio transformers or, in the case of Fig. 8-13a, may consist of solid-state 
frequency conversion. 


8-4 ELECTRIC TRANSIENTS IN INDUCTION MACHINES 


The transient behavior of induction machines can be examined by follow- 
ing substantially the same approach as that in Art. 6-4 for synchronous 
machines. The results will be very similar to those in the synchronous 
case. 

Consider that the induction machine is acting as either a motor or a 
generator when a three-phase short circuit occurs at its terminals. In ei- 
ther case, the machine will feed current into the fault because of the 
“trapped” flux linkages with the rotor circuits. This current will, in time, 
decay to zero because, unlike the synchronous machine with its field wind- 
ing, there is no source of excitation connected to the rotor windings of an 
induction machine. In addition to an ac component, the stator current will, 
in general, have a decaying de component in order to keep the flux link- 
ages with the associated phase initially constant. The ac component of the 
short-circuit current as a function of time appears as in Fig. 8-14. 

The analysis of a symmetric three-phase short circuit on an initially 
unloaded synchronous machine in Art. 6-4 is greatly simplified by the use 
of the dq0 transformation, which refers all stator quantities to a syn- 


Time 


Short-circuit current 
(=) 


Fig. 8-14. Waveform of symmetric short-circuit current in an induction machine. 
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chronously rotating reference frame. A similar transformation is possible 
for an induction machine; however, the choice of reference frame is not so 
obvious. One choice is a reference frame rotating with the rotor. In this 
case the transformed steady-state stator quantities vary at slip frequency, 
as do the rotor quantities. 

A second choice of reference frame is one which rotates at synchronous 
speed. In this case there would be speed-voltage terms in both the stator 
and rotor equations; mechanical speed would multiply the stator fluxes, 
and slip speed would multiply the rotor fluxes. In either case, analysis of a 
three-phase short circuit on an induction machine would yield results simi- 
lar to those found in Art. 6-4 for the synchronous machine. Thus, instead 
of rederiving this solution for the induction machine, we can use the 
synchronous-machine solution to obtain our solution directly. 

The initial magnitude of the ac component of stator current can be de- 
termined in terms of a transient reactance X’ and a voltage Ei behind that 
reactance, assumed equal to its prefault value. The decay of the ac compo- 
nent can be characterized in terms of a short-circuit transient time constant 
T'. Since the ac stator currents are driven by de decaying rotor currents, 
the frequency of the stator currents is determined by the rotor angular ve- 
locity. For low slips this frequency is essentially the synchronous electric 
frequency; for higher slips the frequency will be determined accordingly. It 
is usually assumed that the machine speed remains constant during the 
short-circuit transient since the transient is of short duration. 

Much of the analytical development of Art. 6-4 can be applied by mak- 
ing the appropriate changes in notation. The currents i, and ip, for ex- 
ample, become the stator and rotor currents i, and i,, respectively. The 
reactances X,,, X;, and X,, become the stator and rotor leakage reactances 
X, and X, and the magnetizing reactance X,,, respectively. Because of the 
cylindrical structure of the induction-machine rotor, the distinction be- 
tween direct and quadrature axis need not be maintained. The results cor- 
responding to Eqs. 6-45, 6-56, 6-64, and 6-65 are, respectively, 


RR +K,- yy (8-1) 

equivalently X'=X,+ oe (8-2) 
T; = a (8-3) 

and T’ = ETA (8-4) 


where Tọ is the open-circuit transient time constant of the induction ma- 
chine and R, is the rotor-circuit resistance. The initial transient-current 
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R, Xx’ 


Fig. 8-15. Simplified transient equivalent circuit of an induction machine. 
magnitude is given by 


-E 


L=% (8-5) 


The induction machine can then be represented by the simple tran- 
sient equivalent circuit of Fig. 8-15. The reactance is the transient reac- 
tance X', defined by Eqs. 8-1 and 8-2. Although it has been ignored so far, 
the stator resistance R, can also be added if somewhat greater precision is 
desired. The voltage E; behind transient reactance is a voltage propor- 
tional to rotor flux linkages. It changes with these linkages and, for a 
three-phase short circuit, decreases to zero at a rate determined by the 
short-circuit transient time constant T’ (Eq. 8-4). Adjustment of the time 
constant for external reactance between the machine terminals and the 
fault can readily be carried out by adding the reactance to the numerator 
and denominator of the fraction in Eq. 8-4. 


EXAMPLE 8-3 


A 400-hp 440-V (line-to-line) 60-Hz Y-connected six-pole squirrel-cage induc- 
tion motor has a full-load efficiency of 93 percent and a power factor of 
90 percent. The motor constants in ohms per phase referred to the stator are 


X, = 0.060 X, = 0.060 X,= 2.50 R,=0.0073 R, = 0.0064 


While the motor is operating in the steady state under rated conditions, a 
three-phase short circuit occurs on its supply line near the motor termi- 
nals. Determine the motor rms short-circuit current. 


Solution 


From Eq. 8-1 the motor transient reactance is 


(2.50)? 


' = 0.060 + 2.50 - ———__ 
OED T TT 


= 0.12 Q/phase 
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The prefault stator current is 


400(746) 


= a_i = 467 A 
0.90(0.93) (44013) 


1 


With terminal voltage as the reference phasor, the prefault voltage behind 
transient reactance is then 


, 44 . L 
Ê; = a — (0.0073 + j0.12) (467 / —cos ‘0.90) = 232 / —12.2° 


From Eq. 8-5, the initial rms short-circuit current is 


232 
012 1940 A 


The open-circuit time constant (Eq. 8-3) is 


, _ 2.50 + 0.060 


o = 5760)(0.0064) ~ 1°68 


and the short-circuit time constant (Eq. 8-4) is 


a 0.12\ _ 
T’ = .06(922) = 0.050 s 


The rms short-circuit current is therefore 
i _ 1940g7 “0050 A 


The short-circuit time constant is three cycles on a 60-Hz base. Accord- 
ingly, in three cycles the short-circuit current decreases to 36.8 percent of 
its initial value. It has substantially disappeared in about 10 cycles. Thus 
while the initial short-circuit current of an induction machine is relatively 
high compared with its normal current, the transient usually disappears 
rapidly. Because of this fact, the electric transients in induction machines 
are often neglected. 


8-5 APPLICATION OF ADJUSTABLE-SPEED SOLID-STATE 
AC MOTOR DRIVES 


As discussed briefly in Art. 8-3, induction-motor speed control can be 
obtained by such means as frequency and voltage control as well as recov- 
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ering the slip-frequency rotor power via auxiliary devices. The use of solid- 
state electronics in implementing these techniques in ac motor drive 
systems has led to the increased use of induction machines in situations 
where speed control is required. Solid-state ac drive systems are consider- 
ably more complex than their de counterparts; however, although de mo- 
tors have dominated the adjustable-speed drive field, ac motors are used in 
drive systems where their special features, such as the absence of commu- 
tators and brushes, must be utilized. As is discussed in Chaps. 10 and 11, 
advances in ac drive system technology resulting in increased flexibility 
and large decreases in size, weight, and cost have increased interest in 
other types of ac machines such as permanent-magnet and variable-reluc- 
tance machines for variable-speed applications. Thus although the induc- 
tion motor will continue to be used in these applications, the number of 
options available to the drive system engineer is increasing. 

Adjustable-frequency power can be generated by a thyristor’ circuit 
called an inverter. Inverters are used to transfer energy from a de source to 
an ac load of arbitrary frequency and phase. They are used in ac drive sys- 
tems to provide power of adjustable frequency to ac motors and to regener- 
ate rotor-circuit power back to the ac line in wound-rotor induction motors. 
A typical motor drive consists of a rectifier to convert power from the ac 
supply to de form, an inverter to form the adjustable-frequency alternating 
current from the de bus, and a control system to set the frequency, adjust 
the motor voltage, and ensure that the maximum torque of the motor will 
not be exceeded. 

Inverters for providing power at adjustable frequency for ac motor 
drive systems are usually three-phase inverters. A battery may be floated 
on the de bus to ensure an uninterrupted supply of energy for critical ap- 
plications if power from the ac supply to the rectifier is interrupted. The 
three-phase inverter has a minimum of six thyristors arranged in a bridge 
configuration, as shown in schematic form in Fig. 8-16; these thyristors 
(labeled TR) are switched sequentially to synthesize at the ac terminals of 
the inverter bridge a set of three-phase voltages that is applied to the mo- 
tor. Practical inverter circuits must include provisions for commutating 
current from thyristor to thyristor as the thyristors are switched.’ 

Typical waveforms for the line-to-neutral voltages v, and V, and the 
line-to-line voltage v,, are shown in Fig. 8-17, which is drawn for the case 
where each thyristor conducts for exactly one-half cycle (180° conduction). 
Table 8-1 shows the status of each thyristor in the bridge of Fig. 8-16 at the 
various steps of the waveform of Fig. 8-17. Each step corresponds to 60° on 
the output waveform. The line-to-neutral voltages are three-step-per-half- 


‘A thyristor (also known as a silicon controlled rectifier, or SCR) is a three-terminal de- 
vice which is similar to a diode except that it must be turned on by a signal to its gate 
lead before it will begin conduction of current when it is forward-biased. 

‘For a description of practical inverter circuits, see B. D. Bedford and R. G. Hoft, Princi- 
ples of Inverter Circuits, Wiley, New York, 1964; also S.B. Dewan and A. Straughen, 
Power Semiconductor Circuits, Wiley, New York, 1975. 
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Three phase inverter output 


Fig. 8-16. Three-phase inverter-bridge configuration. 


cycle approximations to sine waves while the line-to-line voltages are posi- 
tive and negative pulses 120° wide. When the inverter voltages are applied 
to a motor, the motor responds to the fundamental and the harmonics of 
the waveforms to produce positive and braking torques and both normal 
and additional losses. Inverters can be built that produce output wave- 
forms with less harmonic content by various techniques. For example, the 
outputs of two inverters whose waveforms are phase-displaced can be 
added, resulting in cancellation of some of the harmonics. 

The output of a three-phase inverter is applied to synchronous and 
induction motors to obtain adjustable-speed operation by means of fre- 
quency control.’ Where closely regulated speed is required from one or 
more motors, as in textile applications, synchronous motors are used; they 
will operate in synchronism with the oscillator that controls the inverter 
independently of their loading. But where nominally regulated speed is re- 


‘See A. Kusko, Solid-State AC Motor Drives, M.I.T. Press, Cambridge, Mass., 1971. 


TABLE 8-1 
Thyristor 

Step TRI TR2 TR3 TR4 TR5 TR6 
I On Off Off Off On On 

Il On On Off Off Off On 
Ill On On On Off Off Off 
IV Off On On On Off Off 
V Off Off On On On Off 


VI Off Off Off On On On 
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Fig. 8-17. Waveforms generated by a three-phase inverter, 180° conduction. 


quired, as in high-speed grinders or special vehicle drives, induction mo- 
tors are used. Special types of motors are frequently employed because the 
operation is different from the usual fixed-frequency application. The syn- 
chronous motors are usually hybrid induction-synchronous motors which 
synchronize by reluctance torque (see Fig. 8-18) or by using permanent- 
magnet fields. The induction motors are either squirrel-cage or solid-iron 
rotor types. Operation is frequently carried out both above and below the 
nominal frequency of the motor, for example, 10 to 120 Hz for a 60-Hz motor. 
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Fig. 8-18. Cutaway views of a rotor of a Synchrospeed motor. (Left) The magnetic lamina- 
tions are shown dark, the conductors light. (Right) Only the rotor conductors are shown; the 
iron has been etched away. (The Louis Allis Company.) 


The synchronous speed is directly proportional to frequency. Of primary 
interest is the shape of the torque-speed curve of the induction motor at 
each frequency in the operating range, including the starting and break- 
down torques. The torques are determined by how the terminal voltage of 
the motor is managed as the frequency is adjusted. It is clear that to secure 
operation of a given motor at the maximum air-gap flux density over its 
speed range, the air-gap voltage must be adjusted proportional to frequency f. 
By so doing we obtain the maximum available torque from the induction 
motor at each frequency setting. In a practical system, the terminal volt- 
age V, is controlled so that V,/f is constant; this type of control is termed 
constant volts per hertz. For a voltage waveform that changes shape as a 
function of frequency, the half-wave average voltage rather than the rms 
voltage is controlled in the above-described manner. Present practice is to 
maintain V, constant below a specific frequency to overcome the J, R, drop; 
in some drives, the voltage V, is held constant for operation above the 
nominal motor frequency and for obtaining constant-horsepower operation. 

The torque-speed curve of an induction motor for a given frequency can 
be calculated by using the methods of Chap. 7 within the accuracy of the 
motor parameters at that frequency. The torque-speed curves for the motor 
operated over a range of frequency, but at constant air-gap flux density, 
are practically the same on a slip-speed scale, as shown in Fig. 8-19. This 
can be confirmed by viewing the air gap from the rotor; the rotor behavior 
is determined only by the slip speed, which sets the rotor induced voltage, 
frequency, current, and the torque produced. Note that a speed regulation 
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Fig. 8-19. Idealized torque-speed curves of an induction motor under adjustable-frequency 
control. 


of 3 percent at nominal frequency w, becomes a speed regulation of 30 per- 
cent at w, = 0.1m. 

An adjustable-frequency drive can be started in several ways. It can be 
started at the lowest frequency and brought up to speed by raising the 
frequency. It can be started at any frequency in the range as a constant- 
frequency induction motor is started. Or it can be started from the ac sup- 
ply line and transferred to the inverter after it is up to speed. The problems 
of starting are the dual ones of obtaining sufficient starting torque and of 
not exceeding the current rating of the inverter, which is usually based on 
the ability of the inverter to commutate the current, rather than the thy- 
ristor ratings. 

The measured torque-speed curves on an actual adjustable-frequency 
drive system correspond closely with the curves of Fig. 8-19 for the ideal 
motor. The terminal voltage of the motor is usually held constant for op- 
eration above nominal frequency. Hence, the inverter-rectifier system re- 
quires no modification other than to provide thyristor gating pulses for 
such operation. The breakdown torque, instead of remaining constant as in 
Fig. 8-19, declines. The drive operates in a constant-horsepower mode. The 
operation is directly analogous to field-weakening control of a de drive 
with fixed armature voltage over the nominal speed. 

The waveform of each half cycle of the motor voltage must be con- 
trolled below nominal speed to maintain constant air-gap flux density. The 
method of such control should minimize the harmonic content to avoid un- 
due losses and braking torques. It should also be done without complicat- 
ing or penalizing the inverter. The waveforms for two typical methods for 
such control are shown in Fig. 8-20. 

Figure 8-20a shows control of a line-to-line voltage by amplitude 
variation of a 120°-wide pulse. Such control is obtained by varying the de 
voltage from the rectifier portion of the drive. If self-commutation is em- 
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Fig. 8-20. Voltage control by (a) amplitude and (b) pulse-width control. 


ployed in the inverter, it may not be possible to charge the commutation 
capacitors from the de bus to commutate the full motor current properly at 
low frequencies. The inverter may have to be derated or a separate fixed- 


voltage de bus set up just to supply the commutating capacitors. 


Figure 8-206 shows waveform control by pulse-width control of each 
half cycle of the ac voltage. The 120° width of the waveform is divided typi- 
cally into six 20°-wide pulses where maximum voltage is obtained at 20° 
and minimum voltage at, say, 2° for a 10-to-1 speed range. The inverter de 
voltage level remains unchanged, but auxiliary commutation must be used 


to turn off the thyristors at prescribed points in the half cycle. 


Problems 381 
8-6 SUMMARY 


The dynamic performance of induction machines can often be analyzed by 
use of a steady-state speed-torque characteristic, as developed in Art. 7-5. 
Such an analysis neglects the effects of electric transients which generally 
occur much faster than the electromechanical dynamics of interest. 

The design of an induction machine must often be a compromise be- 
tween running requirements (speed regulation, efficiency, etc.) and those of 
start-up. High torque at start-up generally requires relatively high rotor re- 
sistance, while acceptable running characteristics dictate lower resistances. 

Engineers have a range of options available to achieve these objec- 
tives. They may use a deep-bar or double-squirrel-cage design, in which 
the effective rotor resistance changes with slip. Alternatively, they may 
choose a wound-rotor design, in which the rotor resistance can be varied via 
external resistors or a regeneration scheme which absorbs slip-frequency 
rotor power (as a simple resistor does) and feeds this power back to the ac 
supply at the armature terminals. 

Solid-state variable-frequency motor drives permit the application of 
induction motors in situations which previously were the almost exclusive 
domain of de motors. This allows the engineer to benefit from the simplicity, 
reliability, and lower cost of induction motors. On the other hand, because 
of the necessity to generate variable-frequency and/or variable-voltage al- 
ternating current, these solid-state drive systems are more complex and 
expensive than their dc counterparts. 


PROBLEMS 


8-1. A 100-hp 60-Hz six-pole 460-V three-phase wound-rotor induction motor 
develops full-load torque at 1152 r/min with the rotor short-circuited. An 
external noninductive resistance of 1 Q is placed in series with each phase 
of the rotor, and the motor is observed to develop its rated torque at a speed 
of 1116 r/min. Calculate the resistance per phase of the original motor. 


8-2. A 50-hp 460-V three-phase four-pole 60-Hz wound-rotor induction mo- 
tor develops a maximum internal torque of 225 percent at a slip of 18 percent 
when operating at rated voltage and frequency with its rotor short-circuited 
directly at the slip rings. Stator resistance and rotational losses may be ne- 
glected, and the rotor resistance may be assumed to be constant, indepen- 
dent of rotor frequency. Determine (a) the slip at full load in percent, 
(b) the rotor J’R loss at full load in watts, and (c) the starting torque at 
rated voltage and frequency in newton-meters. 

If the rotor resistance is now doubled (by inserting external series re- 
sistances), determine (d) the torque in newton-meters when the stator cur- 
rent has its full-load value and (e) the corresponding slip. 
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8-3. A 50-hp three-phase 440-V six-pole wound-rotor induction motor de- 
velops its rated full-load output at a speed of 1164 r/min when operated at 
rated voltage and frequency with its slip rings short-circuited. The maxi- 
mum torque it can develop at rated voltage and frequency is 250 percent of 
full-load torque. The resistance of the rotor winding is 0.10 Q/phase Y. Ne- 
glect rotational and stray load losses and stator resistance. 


(a) Compute the rotor I?R loss at full load. 

(b) Compute the speed at maximum torque. 

(c) How much resistance must be inserted in series with the rotor to 
produce maximum starting torque? 


The motor is now run from a 50-Hz supply with the applied voltage ad- 
justed so that the air-gap flux wave has the same amplitude at the same 
torque as on 60 Hz. 


(d) Compute the 50-Hz applied voltage. 
(e) Compute the speed at which the motor will develop a torque equal 
to its 60-Hz full-load value with its slip rings short-circuited. 


8-4. A 230-V three-phase four-pole 60-Hz wound-rotor induction motor de- 
velops an internal torque of 180 percent with a line current of 190 percent 
at a slip of 5.5 percent when running at rated voltage and frequency with 
its rotor terminals short-circuited. (Torque and current are expressed as 
percentages of their full-load values.) The rotor resistance is 0.175 Q be- 
tween each pair of rotor terminals and may be assumed to be constant. 
What should be the resistance of each of three balanced Y-connected resis- 
tors inserted in series with each rotor terminal if the starting current at 
rated voltage and frequency is to be limited to 190 percent? What internal 
starting torque will be developed? 


8-5. The resistance measured between each pair of slip rings of a three- 
phase 60-Hz 300-hp 16-pole induction motor is 0.065 Q. With the slip rings 
short-circuited, the full-load slip is 0.035, and it may be assumed that the 
slip-torque curve is a straight line from no load to full load. This motor 
drives a fan which requires 300 hp at the full-load speed of the motor. The 
torque required to drive the fan varies as the square of the speed. What re- 
sistances should be connected in series with each slip ring so that the fan 
will run at 325 r/min? 


8-6. A polyphase induction motor has negligible rotor rotational losses and 
is driving a pure-inertia load. The moment of inertia of the rotor plus load 
is J SI units. 


(a) Obtain an expression for the rotor energy loss during starting. Ex- 
press the result in terms of J and the synchronous angular velocity 
W,. 


Problems 3 8 3 


(b) Obtain an expression for the rotor energy loss associated with re- 
versal from full speed forward by reversing the phase sequence of 
the voltage supply (a process known as plugging). Express the re- 
sult in terms of J and w,. 

(c) State and discuss the degree of dependence of the results in parts 
(a) and (b) on the current-limiting scheme which can be used dur- 
ing starting and reversal. 

(d) A 20-hp three-phase four-pole 60-Hz squirrel-cage induction motor 
has a full-load efficiency of 89.0 percent. The total inertia of rotor 
plus load is 0.51 kg - m’. The total motor losses for a reversal may 
be assumed to be 2.25 times the rotor losses. The impairment of 
ventilation arising from the lower average speed during reversing 
is to be ignored. 

Using the result in part (b), compute the number of times per 
minute that the motor can be reversed without exceeding its allow- 
able temperature rise. 

(e) Discuss the optimism or pessimism of the result in part (d). 


8-7. A 460-V three-phase Y-connected six-pole 60-Hz wound-rotor induc- 
tion motor has a stator-plus-rotor leakage reactance of 0.22 Q/phase re- 
ferred to the stator, a rotor-plus-load moment of inertia of 1.3 kg - m’, 
negligible losses (except for rotor I?R loss), and negligible exciting current. 
It is connected to a balanced 460-V source and drives a pure-inertia load. 
Across-the-line starting is used, and the rotor-circuit resistance is to be ad- 
justed so that the motor brings its load from rest to one-half synchronous 
speed in the shortest possible time. 

Determine the value of the rotor resistance referred to the stator and 
the minimum time to reach one-half of synchronous speed. 


8-8. Consider an induction machine with equivalent-circuit parameters 
which can be considered to be constant independent of slip. 


(a) Show that in the limit of negligible armature resistance R,, the 
torque expression of Eq. 7-27 can be written as 


T 2 


Views S/SmaxT F SmaxT/S 


where Tmax is the maximum torque and Smar is the slip at maxi- 
mum torque, defined by Eqs. 7-29 and 7-30. 

(b) The period of heavy current inrush to an induction motor during 
starting usually lasts for about the time required to reach the slip 
Smaxr at maximum torque, after which it decreases to the normal 
running value. Develop an expression for the time ¢ required to 
reach the speed corresponding to Smaxr for an induction motor being 


384 Polyphase-induction-Machine Dynamics and Control 


started at full voltage. The combined inertia of the rotor and the 
connected mechanical equipment is J. The motor is unloaded at 
starting, and rotational losses are to be neglected. 


8-9. A three-phase induction motor is operating in the steady state at slip 
s,. By suddenly interchanging two stator leads, the motor is to be plugged 
to a quick stop. Use the notation and assumptions of Prob. 8-8 and consider 
the motor to be unloaded. 


(a) Develop an expression for the braking time of the motor. 
(b) Suppose that the motor is to be reversed instead of simply brought 
to a stop. Develop an expression for the reversing time. 


8-10. A 4160-V 3000-hp two-pole three-phase 60-Hz squirrel-cage induction 
motor is driving a boiler-feed pump in an electric generating plant. The 
table below lists points on the motor torque-speed curve at rated voltage, 
speed being in percentage of synchronous speed and torque in percentage 
of rated torque. Also listed are the torque requirements of the boiler-feed 
pump expressed in percentage of motor rated torque. The drive is started 
at rated voltage with the discharge valve open but working against a 
check valve until the pump head equals the system head. The straight-line 
portion of the pump characteristic between 0 and 10 percent speed repre- 
sents the breakaway-torque requirements. At 92 percent speed the check 
valve opens, and there is a discontinuity in the slope of the pump curve. At 
98 percent speed the motor produces its maximum torque. 


Percent speed 0 10 30 50 70 90 92 98 99.5 
Percent motor torque 75 75 75 75 80 125 155 240 100 
Percent pump torque 15 0+ 4 12 26 42 4 87 100 


The inertia of the drive is such that 6700 kW - s of energy is stored in 
the rotating mass at synchronous speed. Determine (a) the time required 
for the check valve to open after rated voltage is applied to the motor and 
(b) the time required to reach the motor maximum-torque point. 


8-11. For the boiler-feed-pump drive in Prob. 8-10, consider that the motor 
must occasionally be started with the motor voltage at 75 percent of its 
rated value. The motor torque may be assumed to be proportional to the 
square of the voltage. 


(a) Determine the time required for the check valve to open. 

(6) To what value may the motor starting voltage be reduced without 
making it impossible to reach a speed at which water is delivered 
to the system? 
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8-12. A frequency-changer set is to be designed for supplying variable- 
frequency power to induction motors driving the propellers on scale-model 
airplanes for wind-tunnel testing, as described in Art. 8-36. The frequency 
changer is a wound-rotor induction machine driven by a de motor whose 
speed can be controlled. The three-phase stator winding of the induction 
machine is excited from a 60-Hz source, and variable-frequency three- 
phase power is taken from its rotor winding. The set must meet the follow- 
ing specifications: 


Output frequency range = 100 to 475 Hz 
Maximum speed = 3000 r/min 
Maximum power output = 75 kW at 0.85 power factor and 475 Hz 


The power required by the induction-motor load drops off rapidly with de- 
creasing frequency, so that the maximum-speed condition determines the 
sizes of the machines. 

On the basis of negligible exciting current, losses, and voltage drops in 
the induction machine, find (a) the minimum number of poles for the in- 
duction machine, (b) the corresponding maximum and minimum speeds, 
(c) the kVA rating of the stator winding of the induction machine, and 
(d) the horsepower rating of the de machine. 


8-13. An adjustable-speed drive is to be furnished for a large fan in an in- 
dustrial plant. The fan is to be driven by two wound-rotor induction motors 
coupled mechanically to the fan shaft and arranged so that lower speeds 
will be carried on the smaller motor and higher speeds on the larger motor. 
The speed control is to be arranged in steps so that the control will be un- 
interrupted from minimum to maximum speed and so that there will not be 
a sudden change in speed during the transfer from one motor to the other. 

The larger motor is to be a 2300-V three-phase 500-hp 60-Hz six-pole 
motor; the smaller motor is to be a 200-hp 60-Hz eight-pole motor. The fol- 
lowing motor data are furnished by the manufacturer: 


Constant 200-hp motor 500-hp motor 
Stator resistance, 2 0.55 0.13 
Rotor resistance, 2 0.91 0.21 
Stator plus rotor leakage reactance, 2 2.4 0.93 


These values are per phase values (Y connection) referred to the stator. 
Motor rotational losses and exciting requirements may be ignored. 

The minimum operating speed of the fan is to be 460 r/min; the maxi- 
mum speed is to be approximately 1165 r/min. The fan requires 460 hp at 
1165 r/min, and the power required at other speeds varies nearly as the 
cube of the speed. 
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The proposed control scheme is based on the stators of both motors be- 
ing connected to the line at all times when the drive is in operation. In the 
lower speed range, the rotor of the 500-hp motor is open-circuited. This 
lower range is obtained by adjustment of external resistance in the rotor of 
the 200-hp motor. Above this lower speed range, the rotor of the 200-hp 
motor is open-circuited; speed adjustment in the upper range is obtained 
by adjustment of external resistance in the rotor of the 500-hp motor. 

The transition between motors from the lower to the upper speed 
range is to be handled as follows: 


1 All external rotor resistance is cut out of the 200-hp motor. 

2 By means of a closed-before-open type of contactor, the rotor circuit of the 
500-hp motor is closed, and then the rotor circuit of the 200-hp motor is 
opened. The external rotor resistance in the 500-hp motor for this step 
has such a value that the speed will be the same as in the first step. 

3 Higher speeds are obtained by cutting out rotor resistance in the 500- 
hp motor. 


This procedure is essentially reversed in going from the higher to the 
lower speed range. 

As plant engineer, you are asked to consider some features of this pro- 
posal. In particular, you are asked to (a) determine the range of external 
rotor resistance (referred to the stator) which must be available for inser- 
tion in the 200-hp motor, (b) determine the range of external rotor resis- 
tance which must be available for insertion in the 500-hp motor, and (c) 
discuss any features of the scheme which you do not like and suggest alter- 
natives. 


8-14. A six-pole 460-V 400-hp three-phase 60-Hz Y-connected squirrel- 
cage induction motor has the following constants in ohms per phase referred 
to the stator: X, = X, = 0.049, X, = 2.32, R, = 0.0048, and R, = 0.0069. 
The motor is supplied at normal terminal voltage through a series reac- 
tance of 0.025 (./phase representing a step-down transformer bank. It is 
fully loaded, the slip rings are short-circuited, and the efficiency and 
power factor are 92.3 and 90.0 percent, respectively. 

A three-phase short circuit occurs at the high-voltage terminals of the 
transformer bank. Determine the initial symmetric short-circuit current in 
the motor, and show how it is decremented. 


8-15. Following are points on the torque-speed curve of a three-phase 
squirrel-cage induction motor with balanced rated voltage applied: 


Torque, per unit 0 1.00 2.00 3.00 3.50 3.25 3.00 
Speed, per unit 1.00 0.97 0.93 0.80 0.47 0.20 0 
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Unit speed is synchronous speed; unit torque is rated torque. The motor is 
coupled to a machine tool which requires rated torque regardless of speed. 
The inertia of the motor plus load is such that it requires 1.3 s to bring 
them to rated speed with a constant accelerating torque equal to rated 
torque. 

With the motor driving the load under normal steady conditions, the 
voltage at its terminals suddenly drops to 45 percent of rated value be- 
cause of a short circuit in the neighborhood. It remains at this reduced 
value for 0.8 s and is then restored to its full value by clearing of the short 
circuit. The undervoltage relays on the motor do not operate. Will the mo- 
tor stop? If not, what is its lowest speed? If it does stop, find the maximum 
time that the motor could have operated at 45 percent terminal voltage 
without stopping. Neglect any effects of secondary importance. 


8-16. Induction-motor transient and dynamic considerations are important 
factors in the industrial application of these motors, as in refineries, chemi- 
cal process plants, auxiliary drives in steam stations, etc. It is common 
practice to provide two sources of electric power to critical drives, a normal 
source and an emergency source to which the motor bus is automatically 
transferred in the event of failure of the normal source. When the normal 
source has been tripped, flux linkages are “trapped” by the closed rotor cir- 
cuits of the operating motors. A motor terminal voltage (often called the 
residual voltage) is therefore produced which may require an appreciable 
time to decay to zero. If the motor is transferred almost immediately to the 
emergency source, the residual voltage and the emergency-source voltage 
may be so phase-displaced that the resulting heavy inrush current may 
damage the motor. One solution is to install a voltage-sensitive relay which 
delays transfer until the residual voltage has decayed to about 30 percent 
of normal motor voltage. In the meantime the motor is slowing down and 
may have real difficulty in reaccelerating when the emergency source 
is connected. 

To investigate these problems, consider a 4160-V 3000-hp two-pole 
three-phase 3570-r/min 60-Hz squirrel-cage induction motor driving a 
boiler-feed pump. The motor has an open-circuit transient time constant of 
3.9 s, short-circuit time constant of 0.14 s, and transient reactance of 
1.8 Q/phase Y. The motor is operating fully loaded at rated voltage and 
draws 2590 kVA at 0.90 power factor from the mains. (This problem is 
based on a single motor. In a practical case, the effects of other parallel 
motors must be considered.’) 


(a) Determine the time required after interruption of the normal sup- 
ply for the residual voltage to decay to 30 percent of the normal bus 
voltage. 


‘See D. G. Lewis and W. D. Marsh, “Transfer of Steam-Electric Generating Station Aux- 
iliary Buses,” Trans. AIEE, 74:322—330 (1955). 
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(b) Determine the speed to which the motor decelerates in this interval. 
The inertia of the motor rotor and pump impeller is 68.0 kg - m’. 
Consider that the load torque varies as the square of the speed, and 
neglect losses. 

(c) Assume that the emergency source consists of a constant 100 per- 
cent voltage behind a reactive impedance of 0.13 Q (representing a 
step-down transformer bank). Assume also that torque-slip and 
current-slip curves at rated voltage are available for the motor. Out- 
line a method by which a speed-time curve can be obtained for the 
reacceleration period. A step-by-step method arranged for either 
hand computation or digital-computer programming is suggested. 

(d) Let the torque-slip curve be that given for the motor in Prob. 8-10. 
Corresponding data for the current-slip curve are given below, the 
current being percentage of current under rated conditions. 


Percentage of speed 0 30 50 70 90 92 98 99.5 
Percentage of current 620 620 620 620 580 540 390 100 


By the method you have outlined in part (c), plot motor speed as a 
function of time during reacceleration. 

(e) The practical problem may be to determine the maximum allow- 
able impedance and hence the size of the emergency step-down 
transformer bank which will permit both motor starting and suc- 
cessful reacceleration of all the motor drives after transfer. De- 
scribe how you would carry out such an investigation. 


8-17. An induction motor is being selected to drive a pump. The speed of 
the motor and pump will be controlled by adjustment of the primary stator 
voltage. The motor slip is 0.03 per unit for rated torque. 

Sketch the profile of the allowable motor torque as a function of slip 
from s = 0 to 1.0 per unit for the following levels of rotor power dissipation: 
(a) nominal, corresponding to dissipation at s = 0.03 per unit; (b) twice the 
value for part (a); (c) 4 times the value for part (a). 


8-18. A variable-frequency variable-voltage three-phase ac motor drive is 
used to drive a squirrel-cage induction motor. The output frequency can be 
varied from 30 to 60 Hz and, in order to maintain essentially constant flux 
in the motor, the output voltage varies linearly with frequency (constant 
volts per hertz). 


(a) For this motor-drive-motor combination, rewrite Eq. 7-27 in terms 
of the synchronous speed w,, the shaft mechanical speed wm, Vio, 
the applied voltage at 60 Hz, and w = 27 X 60, the 60-Hz angular 
frequency. 
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(6) Show that in the limit of negligible stator resistance the magni- 
tude of the peak torque remains constant, independent of the ap- 
plied frequency. 

(c) Show that in the limit of negligible stator resistance the shape of 
the torque-speed characteristic is independent of the applied fre- 
quency and is simply shifted up or down in speed as determined by 
the applied frequency. 

(d) Express quantitatively the criterion for the validity of negligible- 
stator-resistance approximation used in parts (b) and (c). 


8-19. The motor drive of Prob. 8-18 is used to drive the three-phase 220-V 
(line-to-line) 10-hp 60-Hz six-pole induction motor of Examples 7-1 and 7-2. 
This problem repeats the calculations of Examples 7-1 and 7-2 with the 
motor-drive output at 30 Hz and 110 V (line to line). Assume that the total 
friction, windage, and core loss under these conditions is 100 W, indepen- 
dent of load. 


(a) Based on the results of part (c) of Prob. 8-18, the shaft torque at a 
slip of 4 percent should correspond to the 2 percent 60-Hz 220-V 
case of Example 7-1. Calculate the motor speed, output torque and 
power, stator current, power factor, and efficiency for a slip of 
4 percent. 

(6) Calculate the maximum torque and the corresponding speed and 
slip. 

(c) Calculate the starting torque and current. 


DC Machines: 
Steady State 


Dc machines are characterized by their versatility. By means of various 
combinations of shunt-, series-, and separately excited field windings they 
can be designed to display a wide variety of volt-ampere or speed-torque 
characteristics for both dynamic and steady-state operation. Because of the 
ease with which they can be controlled, systems of dc machines are often 
used in applications requiring a wide range of motor speeds or precise con- 
trol of motor output. In recent years, solid-state ac drive system technology 
has developed sufficiently that these systems are beginning to be found in 
applications previously associated almost exclusively with de machines. 
However, de machines will continue to find application because of their 
flexibility and the relative simplicity of their drive systems as compared 
with ac machines. 
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9-1 INTRODUCTION 


The essential features of a dc machine are shown schematically in Fig. 9-1. 
The stator has salient poles and is excited by one or more field coils. The air- 
gap flux distribution created by the field windings is symmetric about the 
centerline of the field poles. This axis is called the field axis or direct axis. 

As discussed in Art. 4-2c, the ac voltage generated in each rotating ar- 
mature coil is converted to dc in the external armature terminals by means 
of a rotating commutator and stationary brushes to which the armature 
leads are connected. The commutator-brush combination forms a mechani- 
cal rectifier, resulting in a dc armature voltage as well as an armature-mmf 
wave which is fixed in space. Commutator action is discussed in detail in 
Art. 9-2. 

The brushes are located so that commutation occurs when the coil 
sides are in the neutral zone, midway between the field poles. The axis of 
the armature-mmf wave then is 90 electrical degrees from the axis of the 
field poles, i.e., in the quadrature axis. In the schematic representation of 
Fig. 9-1a, the brushes are shown in the quadrature axis because this is the 
position of the coils to which they are connected. The armature-mmf wave 
then is along the brush axis, as shown. (The geometric position of the 
brushes in an actual machine is approximately 90 electrical degrees from 
their position in the schematic diagram because of the shape of the end 
connections to the commutator. For example, see Fig. 9-7.) For simplicity, 
the circuit representation usually will be drawn as in Fig. 9-10. 

Although the magnetic torque and the speed voltage appearing at the 
brushes are somewhat dependent on the spatial waveform of the flux dis- 
tribution, for convenience we continue to assume a sinusoidal flux-density 
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Fig. 9-1. Schematic representations of a dc machine. 
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wave in the air gap. The torque can then be found from the magnetic field 
viewpoint of Art. 4-70. 

The torque can be expressed in terms of the interaction of the direct- 
axis air-gap flux per pole ®, and the space-fundamental component F, of 
the armature-mmf wave, in a form similar to Eq. 4-85. With the brushes in 
the quadrature axis, the angle between these fields is 90 electrical degrees, 
and its sine equals unity. Substitution in Eq. 4-85 then gives for a P-pole 
machine 


2 
T=7 (5) DF, (9-1) 


in which the minus sign has been dropped because the positive direction of 
the torque can be determined from physical reasoning. The peak value of 
the sawtooth armature-mmf wave is given by Eq. 4-10, and its space fun- 
damental F„ is 8/7” times its peak. Substitution in Eq. 9-1 then gives 


_ PC, 


27m 


T 


Pala = K, D jl, (9-2) 


where i, = current in external armature circuit 


C, = total number of conductors in armature winding 
m = number of parallel paths through winding 
and 
K, = =. (9-3) 
2am 


is a constant fixed by the design of the winding. 

The rectified voltage generated in the armature has already been 
found in Art. 4-66 for an elementary single-coil armature, and its wave- 
form is shown in Fig. 4-33. The effect of distributing the winding in sev- 
eral slots is shown in Fig. 9-2, in which each of the rectified sine waves is 
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Fig. 9-2. Rectified coil voltages and resultant voltage between brushes in a dc machine. 
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the voltage generated in one of the coils, commutation taking place at the 
moment when the coil sides are in the neutral zone. The generated voltage 
as observed from the brushes is the sum of the rectified voltages of all the 
coils in series between brushes and is shown by the rippling line labeled e, 
in Fig. 9-2. With a dozen or so commutator segments per pole, the ripple 
becomes very small and the average generated voltage observed from the 
brushes equals the sum of the average values of the rectified coil voltages. 
From Eq. 4-58 the rectified voltage e, between brushes, known also as the 
speed voltage, is 


PC. 
2mm 


e, = PiOm = K,P,o,, (9-4) 


where K, is the winding constant defined in Eq. 9-3. The rectified voltage 
of a distributed winding has the same average value as that of a concen- 
trated coil. The difference is that the ripple is greatly reduced. 

From Eqs. 9-2 and 9-4, with all variables expressed in SI units, 


eala = To, (9-5) 


This equation simply says that the instantaneous electric power associated 
with the speed voltage equals the instantaneous mechanical power associ- 
ated with the magnetic torque, the direction of power flow being deter- 
mined by whether the machine is acting as a motor or generator. 

The direct-axis air-gap flux is produced by the combined mmf =N,i; of 
the field windings, the flux-mmf characteristic being the magnetization 
curve for the particular iron geometry of the machine. A magnetization 
curve is shown in Fig. 9-3a, in which it is assumed that the armature mmf 
has no effect on the direct-axis flux because the axis of the armature-mmf 
wave is perpendicular to the field axis. It will be necessary to reexamine 
this assumption later in this chapter, where the effects of saturation are 
investigated more thoroughly. Because the armature emf is proportional to 
flux times speed, it is usually more convenient to express the magnetiza- 
tion curve in terms of the armature emf e, at a constant speed wmo as 
shown in Fig. 9-3b. The voltage e, for a given flux at any other speed w,, is 
proportional to the speed; i.e., from Eq. 9-4 


fa = Kọ, = £2 (9-6) 
m Wmo 
or e= te (9-7) 
Omo 


Figure 9-3c shows the magnetization curve with only one field winding ex- 
cited. This curve can easily be obtained by test methods, no knowledge of 
any design details being required. 
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Fig. 9-3. Magnetization curves of a dc machine. 


Over a fairly wide range of excitation the reluctance of the iron is neg- 
ligible compared with that of the air gap. In this region the flux is linearly 
proportional to the total mmf of the field windings, the constant of propor- 
tionality being the direct-axis air-gap permeance P4; thus 


The dashed straight line through the origin coinciding with the straight 
portion of the magnetization curves in Fig. 9-3 is called the air-gap line. 
The outstanding advantages of dec machines arise from the wide vari- 
ety of operating characteristics which can be obtained by selection of the 
method of excitation of the field windings. The field windings may be sepa- 
rately excited from an external dc source, or they may be self-excited, i.e., 
the machine may supply its own excitation. Connection diagrams are 
shown in Fig. 9-4. The method of excitation profoundly influences both the 
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Fig. 9-4. Field circuit connections of dc machines: (a) separate excitation. (b) series, 
(c) shunt, (d) compound. 
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steady-state characteristics and the dynamic behavior of the machine in 
control systems. 

The connection diagram of a separately excited generator is given in 
Fig. 9-4a. The required field current is a very small fraction of the rated 
armature current —on the order of 1 to 3 percent in the average generator. 
A small amount of power in the field circuit may control a relatively large 
amount of power in the armature circuit; i.e., the generator is a power am- 
plifier. Separately excited generators are often used in feedback control sys- 
tems when control of the armature voltage over a wide range is required. 

The field windings of self-excited generators may be supplied in three 
different ways. The field may be connected in series with the armature 
(Fig. 9-46), resulting in a series generator. The field may be connected in 
shunt with the armature (Fig. 9-4c), resulting in a shunt generator, or the 
field may be in two sections (Fig. 9-4d), one of which is connected in series 
and the other in shunt with the armature, resulting in a compound genera- 
tor. With self-excited generators, residual magnetism must be present in 
the machine iron to get the self-excitation process started. The effects of 
residual magnetism can be clearly seen in Fig. 9-3, where the flux and volt- 
age are seen to have nonzero values when the field current is zero. 

Typical steady-state volt-ampere characteristics of de generators are 
shown in Fig. 9-5, constant-speed prime movers being assumed. The rela- 


tion between the steady-state generated emf E, and the terminal voltage 
V, is 


V,=E,-1R, (9-9) 


where J, is the armature current output and R, is the armature circuit re- 
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Fig. 9-5. Volt-ampere characteristics of dc generators. 
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sistance. In a generator, E, is larger than V,, and the electromagnetic 
torque T is a countertorque opposing rotation. 

The terminal voltage of a separately excited generator decreases 
slightly with an increase in the load current, principally because of the 
voltage drop in the armature resistance. The field current of a series gen- 
erator is the same as the load current, so that the air-gap flux and hence 
the voltage vary widely with load. As a consequence, series generators are 
not often used. The voltage of shunt generators drops off somewhat with 
load, but not in a manner which is objectionable for many purposes. Com- 
pound generators are normally connected so that the mmf of the series 
winding aids that of the shunt winding. The advantage is that through the 
action of the series winding the flux per pole can increase with load, re- 
sulting in a voltage output which is nearly constant or which even rises 
somewhat as load increases. The shunt winding usually contains many 
turns of relatively small wire. The series winding, wound on the outside, 
consists of a few turns of comparatively heavy conductor because it must 
carry the full armature current of the machine. The voltage of both shunt 
and compound generators can be controlled over reasonable limits by 
means of rheostats in the shunt field. 

Any of the methods of excitation used for generators can also be used 
for motors. Typical steady-state speed-torque characteristics are shown in 
Fig. 9-6, in which it is assumed that the motor terminals are supplied from 
a constant-voltage source. In a motor the relation between the emf E, gen- 
erated in the armature and the terminal voltage V, is 


V.=E,+LR, (9-10) 


or I, = (9-11) 
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Fig. 9-6. Speed-torque characteristics of dc motors. 
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where J, is now the armature current input. The generated emf E, is now 
smaller than the terminal voltage V,, the armature current is in the oppo- 
site direction to that in a generator, and the electromagnetic torque is in 
the direction to sustain rotation of the armature. 

In shunt and separately excited motors, the field flux is nearly con- 
stant. Consequently, increased torque must be accompanied by a very 
nearly proportional increase in armature current and hence by a small de- 
crease in counter emf E, to allow this increased current through the small 
armature resistance. Since counter emf is determined by flux and speed 
(Eq. 9-4), the speed must drop slightly. Like the squirrel-cage induction 
motor, the shunt motor is substantially a constant-speed motor having 
about 5 percent drop in speed from no load to full load. A typical speed-load 
characteristic is shown by the solid curve in Fig. 9-6. Starting torque and 
maximum torque are limited by the armature current that can be success- 
fully commutated. 

An outstanding advantage of the shunt motor is ease of speed control. 
With a rheostat in the shunt-field circuit, the field current and flux per 
pole can be varied at will, and variation of flux causes the inverse varia- 
tion of speed to maintain counter emf approximately equal to the im- 
pressed terminal voltage. A maximum speed range of about 4 or 5 to 1 can 
be obtained by this method, the limitation again being commutating condi- 
tions. By variation of the impressed armature voltage, very wide speed 
ranges can be obtained. 

In the series motor, increase in load is accompanied by increases in the 
armature current and mmf and the stator field flux (provided the iron is 
not completely saturated). Because flux increases with load, speed must 
drop in order to maintain the balance between impressed voltage and 
counter emf; moreover, the increase in armature current caused by in- 
creased torque is smaller than in the shunt motor because of the increased 
flux. The series motor is therefore a varying-speed motor with a markedly 
drooping speed-load characteristic of the type shown in Fig. 9-6. For appli- 
cations requiring heavy torque overloads, this characteristic is particularly 
advantageous because the corresponding power overloads are held to more 
reasonable values by the associated speed drops. Very favorable starting 
characteristics also result from the increase in flux with increased arma- 
ture current. 

In the compound motor, the series field may be connected either cumu- 
latively, so that its mmf adds to that of the shunt field, or differentially, so 
that it opposes. The differential connection is very rarely used. As shown 
by the broken-dash curve in Fig. 9-6, a cumulatively compounded motor 
has speed-load characteristics intermediate between those of a shunt and a 
series motor, the drop of speed with load depending on the relative number 
of ampere-turns in the shunt and series fields. It does not have the disad- 
vantage of very high light-load speed associated with a series motor, but it 
retains to a considerable degree the advantages of series excitation. 
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The application advantages of dc machines lie in the variety of perfor- 
mance characteristics offered by the possibilities of shunt, series, and com- 
pound excitation. Some of these characteristics have been touched upon 
briefly in this article. Still greater possibilities exist if additional sets of 
brushes are added so that other voltages can be obtained from the commu- 
tator. Thus the versatility of dc-machine systems and their adaptability to 
control, both manual and automatic, are their outstanding features. 


9-2 COMMUTATOR ACTION 


The de machine differs in several respects from the ideal model of Art. 4- 
2c. Although the basic concepts of Art. 4-2c are still valid, a reexamination 
of the assumptions and a modification of the model are desirable. The crux 
of the matter is the effect of the commutator shown in Figs. 4-1 and 4-16. 

Figure 9-7 shows diagrammatically the armature winding of Figs. 4- 
22 and 4-23a with the addition of the commutator, brushes, and connections 
of the coils to the commutator segments. The commutator is represented by 
the ring of segments in the center of the figure. The segments are insulated 
from each other and from the shaft. Two stationary brushes are shown by 
the black rectangles inside the commutator. Actually the brushes usually 
contact the outer surface, as shown in Fig. 4-16. The coil sides in the slots 
are shown in cross section by the small circles with dots and crosses in 
them, indicating currents toward and away from the reader, respectively, 
as in Fig. 4-22. The connections of the coils to the commutator segments 
are shown by the circular arcs. The end connections at the back of the ar- 
mature are shown dashed for the two coils in slots 1 and 7, and the connec- 
tions of these coils to adjacent commutator segments are shown by the 
heavy arcs. All coils are identical. The back end connections of the other 
coils have been omitted to avoid complicating the figure, but they can eas- 
ily be traced by remembering that each coil has one side in the top of a slot 
and the other side in the bottom of the diametrically opposite slot. 
site slot. 

In Fig. 9-7a the brushes are in contact with commutator segments 1 
and 7. Current entering the right-hand brush divides equally between two 
parallel paths through the winding. The first path leads to the inner coil 
side in slot 1 and finally ends at the brush on segment 7. The second path 
leads to the outer coil side in slot 6 and also finally ends at the brush on 
segment 7. The current directions in Fig. 9-7a can readily be verified by 
tracing these two paths. They are the same as in Fig. 4-22. The effect is 
identical to that of a coil wrapped around the armature with its magnetic 
axis vertical, and a clockwise magnetic torque is exerted on the armature, 
tending to align its magnetic field with that of the field winding. 

Now suppose the machine is acting as a generator driven in the coun- 
terclockwise direction by an applied mechanical torque. Figure 9-76 shows 
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Fig. 9-7. Dc machine armature winding with commutator and brushes. (a), (b) Current direc- 
tions for two positions of the armature. 
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the situation after the armature has rotated through the angle subtended 
by half a commutator segment. The right-hand brush is now in contact 
with both segments 1 and 2, and the left-hand brush is in contact with 
both segments 7 and 8. The coils in slots 1 and 7 are now short-circuited by 
the brushes. The currents in the other coils are shown by the dots and 
crosses, and they produce a magnetic field whose axis again is vertical. 

After further rotation, the brushes will be in contact with segments 2 
and 8, and slots 1 and 7 will have rotated into the positions which were 
previously occupied by slots 12 and 6 in Fig. 9-7a. The current directions 
will be similar to those of Fig. 9-7a except that the currents in the coils in 
slots 1 and 7 will have reversed. The magnetic axis of the armature is still 
vertical. 

During the time when the brushes are simultaneously in contact with 
two adjacent commutator segments, the coils connected to these segments 
are temporarily removed from the main circuits through the winding, 
short-circuited by the brushes, and the currents in them are reversed. Ide- 
ally, the current in the coils being commutated should reverse linearly 
with time. Serious departure from linear commutation will result in spark- 
ing at the brushes. Means for obtaining sparkless commutation are dis- 
cussed in Art. 9-8. With linear commutation the waveform of the current 
in any coil as a function of time is trapezoidal, as shown in Fig. 9-8. 

The winding of Fig. 9-7 is simpler than that used in most de machines. 
Ordinarily more slots and commutator segments would be used, and except 
in small machines, more than two poles are common. Nevertheless, the 
simple winding of Fig. 9-7 includes the essential features of more compli- 
cated windings. 


9-3 EFFECT OF ARMATURE MMF 


Armature mmf has definite effects on both the space distribution of the 
air-gap flux and the magnitude of the net flux per pole. The effect on flux 
distribution is important because the limits of successful commutation are 
directly influenced; the effect on flux magnitude is important because both 
the generated voltage and the torque per unit of armature current are in- 
fluenced thereby. These effects and the problems arising from them are de- 
scribed in this article. 
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Fig. 9-8. Waveform of current in an armature coil with linear commutation. 
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It was shown in Art. 4-36 and Fig. 4-23 that the armature-mmf wave 
can be closely approximated by a sawtooth, corresponding to the wave pro- 
duced by a finely distributed armature winding or current sheet. For a ma- 
chine with brushes in the neutral position, the idealized mmf wave is 
again shown by the dashed sawtooth in Fig. 9-9, in which a positive mmf 
ordinate denotes flux lines leaving the armature surface. Current direc- 
tions in all windings other than the main field are indicated by black and 
crosshatched bands. Because of the salient-pole field structure found in al- 
most all de machines, the associated space distribution of flux will not be 
triangular. The distribution of air-gap flux density with only the armature 
excited is given by the solid curve of Fig. 9-9. As can readily be seen, it is 
appreciably decreased by the long air path in the interpolar space. 

The axis of the armature mmf is fixed at 90 electrical degrees from the 
main-field axis by the brush position. The corresponding flux follows the 
paths shown in Fig. 9-10. The effect of the armature mmf is seen to be that 
of creating flux crossing the pole faces; thus its path in the pole shoes 
crosses the path of the main-field flux. For this reason, armature reaction 
of this type is called cross-magnetizing armature reaction. It evidently 
causes a decrease in the resultant air-gap flux density under one half of 
the pole and an increase under the other half. 

When the armature and field windings are both excited, the resultant 
air-gap flux-density distribution is of the form given by the solid curve of 
Fig. 9-11. Superimposed on this figure are the flux distributions with only 
the armature excited (long-dash curve) and only the field excited (short- 
dash curve). The effect of cross-magnetizing armature reaction in decreas- 
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Fig. 9-9. Armature-mmf and flux-density distribution with brushes on neutral and only the ar- 
mature excited. 
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Fig. 9-10. Flux with only the armature excited and brushes on neutral. 


ing the flux under one pole tip and increasing it under the other can be 
seen by comparing the solid and short-dash curves. In general, the solid 
curve is not the algebraic sum of the two dashed curves because of the non- 
linearity of the iron magnetic circuit. Because of saturation of the iron, the 
flux density is decreased by a greater amount under one pole tip than it is 
increased under the other. Accordingly, the resultant flux per pole is lower 
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Fig. 9-11. Armature, main-field, and resultant flux-density distributions with brushes on 
neutral. 
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than would be produced by the field winding alone, a consequence known 
as the demagnetizing effect of cross-magnetizing armature reaction. Since it 
is caused by saturation, its magnitude is a nonlinear function of both the 
field current and the armature current. For normal machine operation at 
the flux densities used commercially, the effect is usually significant, espe- 
cially at heavy loads, and must often be taken into account in analyses of 
performance. 

The distortion of the flux distribution caused by cross-magnetizing ar- 
mature reaction may have a detrimental influence on the ability to com- 
mutate the current, especially if the distortion becomes excessive. In fact, 
this distortion is usually an important factor limiting the short-time over- 
load of a de machine. Tendency toward distortion of the flux distribution is 
most pronounced in a machine, such as a shunt motor, where the field exci- 
tation remains substantially constant while the armature mmf may reach 
very significant proportions at heavy loads. The tendency is least pro- 
nounced in a series-excited machine, such as the series motor, for both the 
field and armature mmf increase with load. 

The effect of cross-magnetizing armature reaction can be limited in 
the design and construction of the machine. The mmf of the main field 
should exert predominating control on the air-gap flux, so that the condi- 
tion of weak-field mmf and strong armature mmf can be avoided. The re- 
luctance of the cross-flux path—essentially, the armature teeth, pole 
shoes, and the air gap, especially at the pole tips—can be increased by in- 
creasing the degree of saturation in the teeth and pole faces, by avoiding 
too small an air gap, and by using a chamfered or eccentric pole face, 
which increases the air gap at the pole tips. These expedients affect the 
path of the main flux as well, but the influence on the cross flux is much 
greater. The best, but also the most expensive, curative measure is to com- 
pensate the armature mmf by means of a winding embedded in the pole 
faces, a measure discussed in Art. 9-8. 

If the brushes are not in the neutral position, the axis of the armature- 
mmf wave is not 90° from the main-field axis. The armature mmf then pro- 
duces not only cross magnetization but also a direct demagnetizing or 
magnetizing effect, depending on the direction of brush shift. Shifting of 
the brushes from the neutral is usually inadvertent due to incorrect posi- 
tioning of the brushes or a poor brush fit. Before the invention of inter- 
poles, however, shifting the brushes was a common method of securing 
satisfactory commutation, the direction of the shift being such that demag- 
netizing action was produced. It can be shown that brush shift in the direc- 
tion of rotation in a generator or against rotation in a motor produces a 
direct demagnetizing mmf which may result in unstable operation of a mo- 
tor or excessive drop in voltage of a generator. Incorrectly placed brushes 
can be detected by a load test. If the brushes are on neutral, the terminal 
voltage of a generator or the speed of a motor should be the same for iden- 
tical conditions of field excitation and armature current when the direction 
of rotation is reversed. 
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9-4 ANALYTICAL FUNDAMENTALS: 
ELECTRIC CIRCUIT ASPECTS 


From Eqs. 9-1 and 9-4 the electromagnetic torque and generated voltage of 
a dc machine are, respectively, 


T = K,®,1, (9-12) 

and E, = K,®,0,, (9-13) 

where a= us (9-14) 
2am 


Here the capital-letter symbols Æ, for generated voltage and J, for arma- 
ture current are used to emphasize that we are primarily concerned with 
steady-state considerations in this chapter. The remaining symbols are as 
defined in Art. 9-1. These are basic equations for analysis of the machine. 
The quantity E,J, is frequently referred to as the electromagnetic power; 
from Eqs. 9-12 and 9-13 it is related to electromagnetic torque by 


— Eala 


Wm 


T (9-15) 


The electromagnetic power differs from the mechanical power at the 
machine shaft by the rotational losses and differs from the electric power 
at the machine terminals by the shunt-field and armature /’R losses. The 
electromagnetic power is that measured at the points across which E, ex- 
ists; numerical addition of the rotational losses for generators and subtrac- 
tion for motors yield the mechanical power at the shaft. 

The interrelations between voltage and current are immediately evi- 
dent from the connection diagram of Fig. 9-12. Thus, 


I, (motor) I; (motor) 
I, (generator) I (generator) 


Armature 


Series Shunt Field 
field field rheostat 


Fig. 9-12. Motor or generator connection diagram with current directions. 
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PrE ŁLR, (9-16) 
V, = E, + LR, + R, (9-17) 
and I, =1, + I; (9-18) 


where the plus sign is used for a motor and the minus sign for a generator 
and R, and R, are the resistances of the armature and series field, respec- 
tively. Some of the terms in Eqs. 9-16 to 9-18 may be omitted when the 
machine connections are simpler than those shown in Fig. 9-12. The resis- 
tance R, is to be interpreted as that of the armature plus brushes unless 
specifically stated otherwise. Sometimes R, is taken as the resistance of 
the armature winding alone and the brush-contact voltage drop is ac- 
counted for as a separate item, usually assumed to be 2 V. 


EXAMPLE 9-1 


A 25-kW 125-V separately excited dc machine is operated at a constant 
speed of 3000 r/min with a constant field current such that the open-cir- 
cuit armature voltage is 125 V. The armature resistance is 0.02 Q. 
Compute the armature current, terminal power, and electromagnetic 
power and torque when the terminal voltage is (a) 128 V and (b) 124 V. 


Solution 


(a) From Eq. 9-16, with V, = 128 V and E, = 125 V, the armature cur- 
rent is 


_V,-E, 128- 125 _ 
+“ R, 0.02 = 160A 


in the motor direction, and the terminal power is 
VI, = 128 x 150 = 19.20 kW 
The electromagnetic power is given by 
EI, = 125 x 150 = 18.75 kW 


It is smaller than the terminal power by the power dissipated in the arma- 
ture resistance because the machine is operating as a motor. 
Finally, the electromagnetic torque is given by Eq. 9-15: 


p = Eala _ 18.75 kW 


aha 1007 59.7 N-m 
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(b) In this case, the armature current is 


_E,-V, 1235-124 _ 
hs R, 002 — a 


in the generator direction, and the terminal power is 


VI, = 124 x 50 = 6.20 kW 
The electromagnetic power is 


E, 1, = 125 x 50 = 6.25 kW 


and the electromagnetic torque is 


6.25 kW 
T =— oo 7 199N m 


Note that in this case the machine is operating as a generator. 


For compound machines, another variation may occur. Figure 9-12 
shows a long-shunt connection in that the shunt field is connected directly 
across the line terminals with the series field between it and the armature. 
An alternative possibility is the short-shunt connection, illustrated in 
Fig. 9-13 for a compound generator, with the shunt field directly across the 
armature and the series field between it and the line terminals. The 
series-field current is then J, instead of J,, and the voltage equations are 
modified accordingly. There is so little practical difference between these 
two connections that the distinction can usually be ignored: unless other- 
wise stated, compound machines will be treated as though they were long- 
shunt-connected. 


Armature Shunt Field 
field rheostat 


Fig. 9-13. Short-shunt compound-generator connections. 
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Although the difference between terminal voltage V, and armature- 
generated voltage E, is comparatively small for normal operation, it has a 
definite bearing on performance characteristics. In effect, this difference, 
acting in conjunction with the circuit resistances and energy conversion re- 
quirements, affects the value of armature current J, and hence the rotor 
field strength. Complete determination of machine behavior requires a 
similar investigation of factors influencing the stator field strength or, 
more particularly, the net flux per pole ®,. 


9-5 ANALYTICAL FUNDAMENTALS: 
MAGNETIC CIRCUIT ASPECTS 


The flux per pole is that resulting from the combined armature and field 
mmf’s. The interdependence of armature-generated voltage E, and mag- 
netic circuit conditions in the machine is accordingly a function of the sum 
of all the mmf’s on the polar- or direct-axis flux path. First we consider the 
mmf purposely placed on the stator main poles to create the working flux, 
i.e., the main-field mmf, and then we include armature-mmf effects. 


a. Armature Reaction Neglected 


With no load on the machine or with armature-reaction effects ignored, 
the resultant mmf is the algebraic sum of the mmf’s on the main- or direct- 
axis poles. For the usual compound generator or motor having N; shunt- 
field turns per pole and N, series-field turns per pole, 


Main-field mmf = N;J; + N,J, (9-19) 


Additional terms will appear in this equation when there are additional 
field windings on the main poles and when, unlike the compensating wind- 
ings of Art. 9-9, they are wound concentric with the normal field windings 
to permit specialized control. In Eq. 9-19 the plus sign is used when the 
two mmf’s are aiding or when the two fields are cumulatively connected; 
the minus sign is used when the series field opposes the shunt field or for a 
differential connection. When either the series or the shunt field is absent, 
the corresponding term in Eq. 9-19 naturally is omitted. 

Equation 9-19 thus sums up in ampere-turns per pole the gross mmf of 
the main-field windings acting on the main magnetic circuit. The magne- 
tization curve for a dc machine is generally given in terms of current in 
only the principal field winding, which is almost invariably the shunt-field 
winding when one is present. The mmf units of such a magnetization curve 
and of Eq. 9-19 can be made the same by one of two rather obvious steps. 
The field current on the magnetization curve can be multiplied by the 
turns per pole in that winding, giving a curve in terms of ampere-turns per 
pole; or both sides of Eq. 9-19 can be divided by N+, converting the units to 
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the equivalent current in the N; coil alone which produces the same mmf. 
Thus 


Gross mmf = J, + Nar, equivalent shunt-field amperes (9-20) 
f N; 


The latter procedure is often the more convenient and the one more com- 
monly adopted. 

An example of a no-load magnetization characteristic is given by the 
curve for I, = 0 in Fig. 9-14. The numerical scales on the left-hand and 
lower axes give representative values for a 100-kW 250-V 1200-r/min gen- 
erator; the mmf scale is given in both shunt-field current and ampere- 
turns per pole, the latter being derived from the former on the basis of a 
1000-turns-per-pole shunt field. The characteristic can also be presented in 
normalized, or per unit, form, as shown by the upper mmf and right-hand 
voltage scale. On these scales, 1.0 per unit field current or mmf is that re- 
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Fig. 9-14. Magnetization curves for a 250-V 1200-r/min dc machine. 
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quired to produce rated voltage at rated speed when the machine is un- 
loaded; similarly, 1.0 per unit voltage equals rated voltage. 

Use of the magnetization curve with generated voltage rather than flux 
plotted on the vertical axis may be somewhat complicated by the fact that 
the speed of a de machine need not remain constant and that speed enters 
into the relation between flux and generated voltage. Hence generated- 
voltage ordinates correspond to a unique machine speed. The generated 
voltage E, at any speed w,, is, in accordance with Eq. 9-13, given by 


E, =g; (9-21) 


Wmo 


where wmo is the magnetization-curve speed and E, the corresponding ar- 
mature emf. 


EXAMPLE 9-2 


A 100-kW 250-V 400-A long-shunt compound generator has armature re- 
sistance (including brushes) of 0.025 Q, a series-field resistance of 0.005 Q, 
and the magnetization curve of Fig. 9-14. There are 1000 shunt-field turns 
per pole and 3 series-field turns per pole. 

Compute the terminal voltage at rated current output when the shunt- 
field current is 4.7 A and the speed is 1150 r/min. Neglect the armature 
reaction. 


Solution 


Now, I, = I, = I, + I; = 400 + 4.7 = 405 A. From Eq. 9-20 the main-field 
gross mmf is 


3 
4.7 + T000 409 = 5.9 equivalent shunt-field amperes 


By entering the J, = 0 curve of Fig. 9-14 with this current, one reads 274 V. 
Accordingly, the actual emf is 


1150 
E, = (274) T300 = 262 V 


Then 


V, = E, — 1,(R, + R,) = 262 — 405(0.025 + 0.005) = 250 V 
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b. Effect of Armature MMF 


As described in Art. 9-3, excitation of the armature winding gives rise to a 
demagnetizing effect caused by a cross-magnetizing armature reaction. 
Analytical inclusion of this effect is not a straightforward task because of 
the nonlinearities involved. One common approach is to base the work on 
experimentally determined data for the machine involved or for one of 
similar design and frame size. Data are taken with both the field and ar- 
mature excited, and the tests are conducted so that the effects on gener- 
ated emf of varying both the main-field excitation and the armature mmf 
can be noted. 

One form of summarizing and correlating the results is illustrated in 
Fig. 9-14. Curves are plotted not only for the no-load characteristic (J, = 0) 
but also for a family of values of J,. In the analysis of machine perfor- 
mance, then, the inclusion of armature reaction becomes simply a matter 
of using the magnetization curve corresponding to the armature current 
involved. Note that the ordinates of all these curves give values of arma- 
ture-generated voltage E,, not terminal voltage under load. Note also that 
all the curves tend to merge with the air-gap line as the saturation of the 
iron decreases. 

The load-saturation curves are displaced to the right of the no-load 
curve by an amount which is a function of J,. The effect of armature reac- 
tion then is approximately the same as a demagnetizing mmf AR acting on 
the main-field axis. The net direct-axis mmf is then assumed to be 


Net mmf = gross mmf — AR = N,I; + N,I, — AR (9-22) 


The no-load magnetization curve can then be used as the relation between 
generated emf and net excitation under load with the armature reaction 
accounted for as a demagnetizing mmf. Over the normal operating range 
(about 240 to about 300 V for the machine of Fig. 9-14), the demagnetizing 
effect of armature reaction may be assumed to be approximately propor- 
tional to the armature current. 

The amount of armature reaction present in Fig. 9-14 is chosen so that 
some of its disadvantageous effects will appear in a pronounced form in 
subsequent numerical examples and problems illustrating generator and 
motor performance features. It is definitely more than one would expect to 
find in a normal well-designed machine operating at normal currents. 


9-6 ANALYSIS OF STEADY-STATE PERFORMANCE 


Although exactly the same principles apply to the analysis of a de machine 
acting as a generator as to one acting as a motor, the general nature of the 
problems ordinarily encountered is somewhat different for the two meth- 
ods of operation. For a generator, the speed is usually fixed by the prime 
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mover, and problems often encountered are to determine the terminal volt- 
age corresponding to a specified load and excitation or to find the excita- 
tion required for a specified load and terminal voltage. For a motor, 
however, problems frequently encountered are to determine the speed cor- 
responding to a specific load and excitation or to find the excitation re- 
quired for specified load and speed conditions; terminal voltage is often 
fixed at the value of the available source. The routine techniques of apply- 
ing the common basic principles therefore differ to the extent that the 
problems differ. 


a. Generator Analysis 


Since the main-field current is independent of the generator voltage, sepa- 
rately excited generators are the simplest to analyze. For a given load, the 
main-field excitation is given by Eq. 9-20, and the associated armature- 
generated voltage E, is determined by the appropriate magnetization curve. 
This voltage, together with Eq. 9-16 or 9-17, fixes the terminal voltage. 

In self-excited generators, the shunt-field excitation depends on the 
terminal voltage and the series-field excitation on the armature current. 
Dependence of shunt-field current on terminal voltage can be incorporated 
graphically in an analysis by drawing the field-resistance line, the line 0a 
in Fig. 9-14, on the magnetization curve. The field-resistance line 0a is 
simply a graphical representation of Ohm’s law for the shunt field. It is the 
locus of the terminal voltage versus shunt-field-current operating point. 
Thus, the line 0a is drawn for R; = 50 Q and hence passes through the ori- 
gin and the point (1.0 A, 50 V). 

One instance of the interdependence of magnetic and electric circuit 
conditions can be seen by examining the buildup of voltage for an unloaded 
shunt generator. When the field circuit is closed, the small voltage from re- 
sidual magnetism (the 6-V intercept of the magnetization curve, Fig. 9-14) 
causes a small field current. If the flux produced by the resulting ampere- 
turns adds to the residual flux, progressively greater voltages and field 
currents are obtained. If the field ampere-turns oppose the residual mag- 
netism, the shunt-field terminals must be reversed to obtain buildup. 

This can be seen with the aid of Fig. 9-15. In Fig. 9-15, the generated 
voltage e, is shown in series with the armature inductance L, and resis- 
tance R.. The shunt-field winding, shown connected across the armature 
terminals, is represented by its inductance L; and resistance R;. The differ- 
ential equation describing the buildup of the field current i; is 


(La + L) = p = (Ra F Ry)iy (9-23) 


From this equation it is clear that as long as the net voltage across the 
winding inductances e, — i,(R, + Rp) is positive, the field current and the 
corresponding generated voltage will increase. Buildup continues until 
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Fig. 9-15. Equivalent circuit for analysis of voltage buildup in a self-excited dc generator. 


the volt-ampere relations represented by the magnetization curve and the 
field-resistance line are simultaneously satisfied, i.e., at their intersec- 
tion, 250 V for line Oa in Fig. 9-14. From Eq. 9-23, it is clear that the field- 
resistance line should also include the armature resistance. However, this 
resistance is in general much less than the field and is typically neglected. 

Notice that if the field resistance is too high, as shown by line 06 for 
R; = 100 Q, the intersection is at very low voltage and buildup is not ob- 
tained. Notice also that if the field-resistance line is essentially tangent to 
the lower part of the magnetization curve, corresponding to 57 Q in Fig. 9- 
14, the intersection may be anywhere from about 60 to 170 V, resulting in 
very unstable conditions. The corresponding resistance is the critical field 
resistance, beyond which buildup will not be obtained. The same buildup 
process and the same conclusions apply to compound generators; in a long- 
shunt compound generator, the series-field mmf created by the shunt-field 
current is entirely negligible. 

For a shunt generator, the magnetization curve for the appropriate 
value of J, is the locus of E, versus J;. The field-resistance line is the locus 
V, versus I;. With steady-state operation and at any value of I;, therefore, 
the vertical distance between the line and the curve must be the J, R, drop 
at the load corresponding to that condition. Determination of the terminal 
voltage for a specified armature current is then simply a matter of finding 
where the line and curve are separated vertically by the proper amount; 
the ordinate of the field-resistance line at that field current is then the ter- 
minal voltage. For a compound generator, however, the series-field mmf 
causes corresponding points on the line and curve to be displaced horizon- 
tally as well as vertically. The horizontal displacement equals the series- 
field mmf measured in equivalent shunt-field amperes, and the vertical 
displacement is still the J,R, drop. 

Great precision is evidently not obtained from the foregoing computa- 
tional process. The uncertainties caused by magnetic hysteresis in de 
machines make high precision unattainable in any event. In general, the 
magnetization curve on which the machine operates on any given occasion 
may range from the rising to the falling part of the rather fat hysteresis 
loop for the magnetic circuit of the machine, depending essentially on the 
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magnetic history of the iron. The curve used for analysis is usually the 
mean magnetization curve, and thus the results obtained are substantially 
correct on the average. Significant departures from the average may be 
encountered in the performance of any de machine at a particular time, 
however. 


EXAMPLE 9-3 


A 100-kW 250-V 400-A 1200-r/min de shunt generator has the magnetiza- 
tion curves (including armature-reaction effects) of Fig. 9-14. The armature- 
circuit resistance, including brushes, is 0.025 Q. The generator is driven at 
a constant speed of 1200 r/min, and the excitation is adjusted to give rated 
voltage at no load. 


(a) Determine the terminal voltage at an armature current of 400 A. 
(b) A series field of 4 turns per pole having a resistance of 0.005 Q is to be 
added. There are 1000 turns per pole in the shunt field. The generator is to 
be flat-compounded so that the full-load voltage is 250 V when the shunt- 
field rheostat is adjusted to give a no-load voltage of 250 V. Show how a re- 
sistance across the series field (a series-field diverter) can be adjusted to 
produce the desired performance. 


Solution 


(a) The field-resistance line Oa (Fig. 9-14) passes through the 250-V 
5.0-A point of the no-load magnetization curve. At I, = 400 A 


1,R,, = 400(0.025) = 10 V 


A vertical distance of 10 V exists between the magnetization curve for 
I, = 400 A and the field-resistance line at a field current of 4.1 A, corre- 
sponding to V, = 205 V. The associated line current is 


I, = I, — I; = 400 — 4 = 396 A 


Note that a vertical distance of 10 V also exists at a field current of 
1.2 A, corresponding to V, = 60 V. The voltage-load curve is accordingly 
double-valued in this region. The point for which V, = 205 V is the normal 
operating point. 

(6) For the no-load voltage to be 250 V, the shunt-field resistance must 
be 50 Q, and the field-resistance line is 0a (Fig. 9-14). At full load, I, = 
5.0 A because V, = 250 V. Then 


I, = 400 + 5.0 = 405A 


and 
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E, = 250 + 405(0.025 + R,) 


where R, is the parallel combination of the series-field resistance R, = 
0.005 Q and the diverter resistance R, [R, = R,R,/(R, + Ro). 

The series field and the diverter resistor are in parallel, and thus the 
shunt-field current can be calculated as 


z — 405R, _ 405R, 
i R, T Ri R, 


and the equivalent shunt-field amperes can be calculated from Eq. 9-20 as 


4 1.62R, 
In = 5.0 + FOGG Fe = 5.0 + 


This equation can be solved for R, which can be, in turn, substituted 
along with the numerical value for R, in the equation for E, to yield 


E, = 253.9 + 1.25] ye 


This can be plotted on Fig. 9-14 (E, on the vertical axis and Z e on the hori- 
zontal axis). Its intersection with the magnetization characteristic for I, = 
400 A (strictly speaking, of course, a curve for I, = 405 A should be used, 
but such a small distinction is obviously meaningless) gives Z e = 6.0 A. 
Thus 


-a ja R t = 5) pa 
p= = 8.1 mo 
and thus 
R, = 82 mQ 


b. Motor Analysis 


Since the terminal voltage of motors is usually substantially constant at a 
specific value, there is no dependence of shunt-field excitation on a vary- 
ing voltage as in shunt and compound generators. Hence, motor analysis 
most nearly resembles that for separately excited generators, although 
speed is now an important variable and often the one whose value is to be 
found. Analytical essentials include Eqs. 9-16 and 9-17 relating terminal 
voltage and generated voltage (counter emf), Eq. 9-20 for main-field exci- 
tation, the magnetization curve for the appropriate armature current as 
the graphical relation between counter emf and excitation, Eq. 9-12 show- 
ing the dependence of electromagnetic torque on flux and armature cur- 
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rent, and Eq. 9-13 relating counter emf with flux and speed. The last two 
relations are particularly significant in motor analysis. The former is per- 
tinent because the interdependence of torque and the stator and rotor field 
strengths must often be examined. The latter is the usual medium for de- 
termining motor speed from other specified operating conditions. 

Motor speed corresponding to a given armature current J, can be found 
by first computing the actual generated voltage E, from Eq. 9-16 or 9-17. 
Next obtain the main-field excitation from Eq. 9-20. Since the magnetiza- 
tion curve will be plotted for a constant speed wmo, which in general will be 
different from the actual motor speed w,,, the generated voltage read from 
the magnetization curve at the foregoing main-field excitation will corre- 
spond to the correct flux conditions but to speed wmo. Substitution in Eq. 9-21 
then yields the actual motor speed. 

Note that knowledge of the armature current is postulated at the start 
of this process. When, as is frequently the case, the speed at a stated shaft 
power or torque output is to be found, successive trials based on assumed 
values of J, usually form the simplest procedure. Plotting the successive 
trials permits speedy determination of the correct armature current and 
speed at the desired output. 


EXAMPLE 9-4 


A 100-hp 250-V de shunt motor has the magnetization curves (including 
armature-reaction effects) of Fig. 9-14. The armature circuit resistance, in- 
cluding brushes, is 0.025 Q. No-load rotational losses are 2000 W, and 
stray load losses equal 1.0 percent of the output. The field rheostat is ad- 
justed for a no-load speed of 1100 r/min. 


(a) As an example of computing points on the speed-load characteris- 
tic, determine the speed in revolutions per minute and output in horse- 
power corresponding to an armature current of 400 A. 

(b) Because the speed-load characteristic referred to in part (a) is con- 
sidered undesirable, a stabilizing winding consisting of 15 cumulative se- 
ries turns per pole is to be added. The resistance of this winding is 
negligible. There are 1000 turns per pole in the shunt field. Compute the 
speed corresponding to an armature current of 400 A. 


Solution 
(a) At no load, E, = 250 V. The corresponding point on the 1200-r/min 
no-load saturation curve is 


1200 
E. = 250 x Tino = 273 V 


for which J; = 5.90 A. The field current remains constant at this value. 
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At I, = 400 A, the actual counter emf is 
E, = 250 — 400(0.025) = 240 V 


From Fig. 9-14 with J, = 400 and I; = 5.90, the value of E, would be 261 V 
if the speed were 1200 r/min. The actual speed is then 


240 ' 
n= 961 (1209) = 1100 r/min 


The electromagnetic power is 
EI, = 240(400) = 96,000 W 


Deduction of the rotational losses leaves 94,000 W. With stray load losses 
accounted for, the power output P, is given by 


94,000 — 0.01P, = P, 
or P, = 93.1 kW = 124.7 hp 


Note that the speed at this load is the same as at no load, indicating that 
armature-reaction effects have caused an essentially flat speed-load curve. 

(6) With J, = 5.90 A and J, = I, = 400 A, the main-field mmf in 
equivalent shunt-field amperes is 


1.5 
90 + —— = 6. 
5.90 1000 (400) = 6.50 


From Fig. 9-14 the corresponding value of E, at 1200 r/min would be 
273 V. Accordingly, the speed is now 


240 : 
n= 979 (1200) = 1055 r/min 


The power output is the same as in part (a). The speed-load curve is now 
drooping, due to the effect of the stabilizing winding. 


EXAMPLE 9-5 


To limit the starting current to the value which the motor can commutate 
successfully (see Art. 9-8), all except very small de motors are started with 
external resistance in series with their armatures. This resistance is cut 
out either manually or automatically as the motor comes up to speed. In 
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Fig. 9-16, for example, the contactors 1A, 2A, and 3A cut out successive 
steps R,, R,, and R,, respectively, of the starting resistor. 

Consider that a motor is to be started with normal field flux. Arma- 
ture reaction and armature inductance are to be ignored. During starting, 
the armature current and hence the electromagnetic torque are not to ex- 
ceed twice the rated values, and a step of the starting resistor is to be cut 
out whenever the armature current drops to its rated value. Except in 
part (f), computations are to be made in the per unit system with magni- 
tudes expressed as fractions of base values. (Base voltage equals rated line 
voltage, base armature current equals full-load armature current, and 
base resistance equals the ratio of base voltage to base current.) 


(a) What is the minimum per unit value of armature resistance which 
will permit these conditions to be met by a three-step starting resistor? 

(b) Above what per unit value of armature resistance will a two-step 
resistor suffice? 

(c) For the armature resistance of part (a), what are the per unit resis- 
tance values R,, R, and R, of the starting resistor? 

(d) For a motor with the armature resistance of part (a), the contactors 
are to be closed by voltage-sensitive relays connected across the armature 
(called the counter-emf method). At what fractions of rated line voltage 
should the contactors close? 

(e) For a motor with the armature resistance of part (a), sketch ap- 
proximate curves of armature current, electromagnetic torque, and speed 
during the starting process, and label the ordinates with the appropriate 
per unit values at significant instants of time. 

(f) For a 10-hp 230-V 500 r/min de shunt motor having a full-load ar- 
mature current of 37 A and fulfilling the conditions of part (a), list numeri- 
cal values in their usual units for armature resistance, the results of 
parts (c) and (d), and the ordinate labelings of part (e). 


Solution 


(a) To prevent the armature current from exceeding 2.00 per unit at 
the instant the main contactor M closes, 


_V, 1.00 | 
hti ay Fy = 300 ~ 050 
,M R & 2 a 
Oo 
Arm 
1A 2A 3A 


Fig. 9-16. Starting resistors and accelerating contactors for a dc motor. 
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When the current has dropped to 1.00 per unit, 
Ea = V,-—1,(R,; + R: + R; + R.) = 1.00 — 1.00(0.50) = 0.50 


At the instant the accelerating contactor 1A closes, short-circuiting R,, the 
counter emf has attained this numerical value. Then, to prevent the allow- 
able armature current from being exceeded, 


V= Eu _ 1.00 - 0.50 _ 9 9. 


Mat i mT 2.00 


When the current has again dropped to 1.00 per unit, 
E.2. = V, —1,(R, + R; + R,) = 1.00 — 1.00(0.25) = 0.75 


Repetition of this procedure for the closing of accelerating contactors 2A 
and 3A yields 


R,+R,=0.125 E,,=0.875 R, = 0.0625 
and Final Æ, at full load = 0.938 


The desired minimum per unit value of R, is therefore 0.0625, because 
a lower value will allow the armature current to exceed twice the rated 
value when contactor 3A is closed. 

(6) If a two-step resistor is to suffice, R must be zero. Since, from 
part (a), 


R, + R, = 0.125 


it follows that a three-step resistor is not required when R, is equal to or 
greater than 0.125. 

Under the specified starting conditions, a three-step resistor is appro- 
priate for motors whose armature-circuit resistances are between 0.0625 
and 0.125 per unit. For general-purpose continuously rated shunt motors, 
these values correspond to the lower integral-horsepower sizes. On aver- 
age, motor sizes up to about 10 hp will conform to these requirements, al- 
though the size limit will be lower for high-speed motors and higher for 
low-speed motors. For larger motors, either additional steps must be pro- 
vided, or the limit on current and torque peaks must be relaxed. The re- 
sults of this analysis are conservative because the armature resistance 
under transient conditions is higher than the static value. 

(c) From the relations in part (a) the per unit starting resistances are 


R, = 0.125 — 0.0625 = 0.0625 
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R, = 0.25 — 0.0625 — 0.0625 = 0.125 
and R, = 0.50 — 0.0625 — 0.0625 — 0.125 = 0.25 


(d) Just before contactor 1A closes, 
Va = Ey, + LR. = 0.50 + 1.00(0.0625) = 0.563 
In like manner, 


V„ = 0.75 + 1.00(0.0625) = 0.813 
and Va = 0.875 + 1.00(0.0625) = 0.938 


Acceleration contactors 1A, 2A, and 3A, respectively, should pick up at 
these fractions of rated line voltage. 

(e) Consider that main contactor M closes at t = 0 and that accelerat- 
ing contactors 1A, 2A, and 3A close, respectively, at times ¢,, t,, and t. 
These values of time are not known (when armature and load inertias and 
torque-speed curve of the load are given, values of time can be computed nu- 
merically), so that only the general shapes of the current, electromagnetic 
torque, and speed curves can be given. They are indicated in Fig. 9-17. 

The labeling of the speed curve follows from the fact that a counter emf 
E, = 0.938 corresponds to rated speed at rated load and hence to unity speed. 
Other speeds are in proportion to E,; thus, at ¢,, tọ, and t,, respectively, 


0.50 
hy = 0.938 +00 = 0.534 
0.75 
Ng = 0.938 1:00 = 0.800 
0.875 
and ng = 0.938 100 = 0.933 


(f)Base quantities for this motor are as follows: 
Base voltage = 230 V Base armature current = 37 A 
Base armature-circuit resistance = = = 6.22 Q 
Base speed = 500 r/min 


Base electromagnetic torque = ey 
2mn 
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Per-unit armature current 
Per-unit 
electromagnetic torque 


Per-unit speed 


Time 


(c) 


Fig. 9-17. (a) Armature current, (b) electromagnetic torque, and (c) speed during starting of 
a dc motor. 


-60 
27(500) 


= 152N-m 


[230 — 37(0.0625) (6.22) ] (37) 


Note that rated electromagnetic torque will be greater than rated shaft 
torque because of rotational and stray load losses. 
The motor armature resistance is 


R, = 0.0625(6.22) = 0.389 Q 


Values for the other quantities desired are listed in Table 9-1. 
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TABLE 9-1 

ABSOLUTE VALUES FOR EXAMPLE 9-4 

Part (c), Q Part (d), V Part (e) scales of Fig. 9-17 

R, = 1.56 Relay 1A = 129 1.0 armature current = 37 A 

R, = 0.778 Relay 2A = 187 1.0 electromagnetic torque = 152 N-m 
R; = 0.389 Relay 3A = 216 1.0 speed = 500 r/min 


9-7 COMMUTATION AND INTERPOLES 


One of the most important limiting factors on satisfactory operation of a de 
machine is the ability to transfer the necessary armature current through 
the brush contact at the commutator without sparking and without exces- 
sive local losses and heating of the brushes and commutator. Sparking 
causes destructive blackening, pitting, and wear of both commutator and 
brushes, conditions which rapidly become worse and burn away the copper 
and carbon. It may be caused by faulty mechanical conditions, such as 
chattering of the brushes or a rough, unevenly worn commutator, or, as in 
any switching problem, by electrical conditions. The latter conditions are 
seriously influenced by the armature mmf and the resultant flux wave. 

As indicated in Art. 9-2, a coil undergoing commutation is in transi- 
tion between two groups of armature coils: at the end of the commutation 
period, the coil current must be equal but opposite to that at the begin- 
ning. Figure 9-7b shows the armature in an intermediate position during 
which the coils in slots 1 and 7 are being commutated. The commutated 
coils are short-circuited by the brushes. During this period the brushes 
must continue to conduct the armature current J, from the armature wind- 
ing to the external circuit. The short-circuited coil constitutes an inductive 
circuit with time-varying resistances at the brush contact, with, in gen- 
eral, rotational voltages induced in the coil and with both conductive and 
inductive coupling to the rest of the armature winding. 

The attainment of good commutation is more an empirical art than a 
quantitative science. The principal obstacle to quantitative analysis lies in 
the electrical behavior of the carbon-copper (brush-commutator) contact 
film. Its resistance is nonlinear and is a function of current density, cur- 
rent direction, temperature, brush material, moisture, and atmospheric 
pressure. Its behavior in some respects is like that of an ionized gas or 
plasma. The most significant fact is that an unduly high current density in 
a portion of the brush surface (and hence an unduly high energy density in 
that part of the contact film) results in sparking and a breakdown of the 
film at that point. The boundary film also plays an important part in the 
mechanical behavior of the rubbing surfaces. At high altitudes, definite 
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steps must be taken to preserve it, or extremely rapid brush wear takes 
place. 

The empirical basis of securing sparkless commutation, then, is to 
avoid excessive current densities at any point in the copper-carbon contact. 
This basis, combined with the principle of utilizing all material to the 
fullest extent, indicates that optimum conditions are obtained when the 
current density is uniform over the brush surface during the entire com- 
mutation period. A linear change of current with time in the commutated 
coil, corresponding to linear commutation as shown in Fig. 9-8, brings 
about this condition and is accordingly the optimum. 

The principal factors tending to produce linear commutation are 
changes in brush-contact resistance resulting from the linear decrease in 
area at the trailing brush edge and linear increase in area at the leading 
edge. Several electrical factors militate against linearity. Resistance in the 
commutated coil is one example. Usually, however, the voltage drop at the 
brush contacts is sufficiently large (of the order of 1.0 V) in comparison 
with the resistance drop in a single armature coil to permit the latter to be 
ignored. Coil inductance is a much more serious factor. Both the voltage of 
self-induction in the commutated coil and the voltage of mutual induction 
from other coils (particularly those in the same slot) undergoing commuta- 
tion at the same time oppose changes in current in the commutated coil. 
The sum of these two voltages is often referred to as the reactance voltage. 
Its result is that current values in the short-circuited coil lag in time the 
values dictated by linear commutation. This condition is known as under- 
commutation or delayed commutation. 

Armature inductance thus tends to produce high losses and sparking 
at the trailing brush tip. For best commutation, inductance must be held to 
a minimum by using the fewest possible number of turns per armature coil 
and by using a multipolar design with a short armature. The effect of a 
given reactance voltage in delaying commutation is minimized when the 
resistive brush-contact voltage drop is significant compared with it. This 
fact is one of the main reasons for the use of carbon brushes with their ap- 
preciable contact drop. When good commutation is secured by virtue of re- 
sistance drops, the process is referred to as resistance commutation. It is 
used today as the exclusive means only in fractional-horsepower machines. 

Another important factor in the commutation process is the rotational 
voltage induced in the short-circuited coil. Depending on its sign, this volt- 
age may hinder or aid commutation. In Fig. 9-11, for example, cross- 
magnetizing armature reaction creates a definite flux in the interpolar 
region. The direction of the corresponding rotational voltage in the com- 
mutated coil is the same as the current under the immediately preceding 
pole face. This voltage then encourages the continuance of current in the 
old direction and, like the resistance voltage, opposes its reversal. To aid 
commutation, the rotational voltage must oppose the reactance voltage. 
The general principle of producing in the coil undergoing commutation a 
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rotational voltage which approximately compensates for the reactance volt- 
age, a principle called voltage commutation, is used in almost all modern 
commutating machines. The appropriate flux density is introduced in the 
commutating zone by means of small, narrow poles located between the 
main poles. These auxiliary poles are called interpoles or commutating poles. 

The general appearance of interpoles and an approximate map of the 
flux produced when they alone are excited are shown in Fig. 9-18. (The in- 
terpoles are the smaller poles between the larger main poles in Fig. 9-20.) 
The polarity of a commutating pole must be that of the main pole just 
ahead of it, i.e., in the direction of rotation for a generator, and just behind 
it for a motor. The interpole mmf must be sufficient to neutralize the cross- 
magnetizing armature mmf in the interpolar region and enough more to 
furnish the flux density required for the rotational voltage in the short- 
circuited armature coil to cancel the reactance voltage. Since both the ar- 
mature mmf and the reactance voltage are proportional to the armature 
current, the commutating winding must be connected in series with the ar- 
mature. To preserve the desired linearity, the commutating pole should op- 
erate at low saturations. By the use of commutating fields, then, sparkless 
commutation is secured over a wide range in modern machines. In accor- 
dance with the performance standards of NEMA, general-purpose de 
machines must be capable of carrying for one minute, with successful com- 
mutation, loads of 150 percent of the current corresponding to the continu- 
ous rating with the field rheostat set for rated-load excitation. 


9-8 COMPENSATING WINDINGS 


For machines subjected to heavy overloads, rapidly changing loads, or op- 
eration with a weak main field, there is the possibility of trouble other 


Commutating or 
interpole winding 
Interpole leakage flux Field iron 


Effective interpole flux Armature iron 


Commutating pole 
or interpole 


Fig. 9-18. Interpoles and their associated component flux. 
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than simply sparking at the brushes. At the instant when an armature coil 
is located at the peak of a badly distorted flux wave, the coil voltage may 
be high enough to break down the air between the adjacent segments to 
which the coil is connected and result in flashover, or arcing, between seg- 
ments. The breakdown voltage here is not high, because the air near the 
commutator is in a condition favorable to breakdown. The maximum al- 
lowable voltage between segments is of the order of 30 to 40 V, a fact which 
limits the average voltage between segments to lower values and thus de- 
termines the minimum number of segments which can be used in a pro- 
posed design. Under transient conditions, high voltages between segments 
may result from the induced voltages associated with growth and decay of 
armature flux. Inspection of Fig. 9-10, for instance, may enable one to vi- 
sualize very appreciable voltages of this nature being induced in a coil un- 
der the pole centers by the growth or decay of the armature flux shown in 
the sketch. Consideration of the sign of this induced voltage will show that 
it adds to the normal rotational emf when load is dropped from a generator 
or added to a motor. Flashing between segments may quickly spread 
around the entire commutator and, in addition to its possibly destructive 
effects on the commutator, constitutes a direct short circuit on the line. 
Even with interpoles present, therefore, armature reaction under the poles 
definitely limits the conditions under which a machine can operate. 

These limitations can be considerably extended by compensating or 
neutralizing the armature mmf under the pole faces. Such compensation can 
be achieved by means of a compensating, or pole-face, winding (Fig. 9-19) 
embedded in slots in the pole face and having a polarity opposite to that of 
the adjoining armature winding. The physical appearance of such a wind- 
ing can be seen in the stator of Fig. 9-20. Since the axis of the compensat- 
ing winding is the same as that of the armature, it will almost completely 
neutralize the armature reaction of the armature conductors under the 
pole faces when it is given the proper number of turns. It must be con- 
nected in series with the armature in order to carry a proportional current. 
The net effect of the main field, armature, commutating winding, and com- 


Commutating field 
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Fig. 9-19. Section of dc machine showing compensating winding. 


9-9 DC Motor Speed Control 4 2 5 


pensating winding on the air-gap flux is that, except for the commutation 
zone, the resultant flux-density distribution is substantially the same as 
that produced by the main field alone (Fig. 9-11). Furthermore, the addi- 
tion of a compensating winding improves the speed of response because it 
reduces the armature-circuit time constant. 

The main disadvantage of pole-face windings is their expense. They 
are used in machines designed for heavy overloads or rapidly changing 
loads (steel-mill motors are a good example of machines subjected to severe 
duty cycles) or in motors intended to operate over wide speed ranges by 
shunt-field control. By way of a schematic summary, Fig. 9-21 shows the 
circuit diagram of a compound machine with a compensating winding. The 
relative position of the coils in this diagram indicates that the commutat- 
ing and compensating fields act along the armature axis and the shunt 
and series fields act along the axis of the main poles. Rather complete con- 
trol of air-gap flux around the entire armature periphery is thus achieved. 


9-9 DC MOTOR SPEED CONTROL 


Dc machines are generally much more adaptable to adjustable-speed ser- 
vice than the ac machines associated with a constant-speed rotating field. 
Indeed, the ready susceptibility of de motors to adjustment of their operat- 
ing speed over wide ranges and by a variety of methods is one of the impor- 


Fig. 9-20. Section of a dc motor stator or field showing shunt and series coils, interpoles, 
and pole-face compensating winding. (Westinghouse Electric Company. ) 
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Fig. 9-21. Schematic connection diagram of a dc machine. 


tant reasons for the strong competitive position of dc machinery in modern 
industrial applications. 

The three most common speed-control methods are adjustment of the 
flux, usually by means of field-current control, adjustment of the resis- 
tance associated with the armature circuit, and adjustment of the arma- 
ture terminal voltage. 

Field-current control is the most common method and forms one of the 
outstanding advantages of shunt motors. The method is, of course, also ap- 
plicable to compound motors. Adjustment of field current and hence the 
flux and speed by adjustment of the shunt-field circuit resistance or with a 
solid-state control when the field is separately excited is accomplished sim- 
ply, inexpensively, and without much change in motor losses. 

The lowest speed obtainable is that corresponding to maximum field 
current; the highest speed is limited electrically by the effects of armature 
reaction under weak-field conditions in causing motor instability or poor 
commutation. Addition of a stabilizing winding increases the speed range 
appreciably, and the alternative addition of a compensating winding still 
further increases the range. A stabilizing winding ensures attainment of a 
drooping speed-load characteristic even at weak shunt-field currents and 
heavy loads. It is used with adjustable-speed motors intended for operation 
over a wide speed range by shunt-field resistance control; its performance 
was illustrated in Example 9-4. With a compensating winding, the overall 
range may be as high as 8 to 1 for a small integral-horsepower motor. Eco- 
nomic factors limit the feasible range for very large motors to about 2 to 1, 
however, with 4 to 1 often being regarded as the limit for the average- 
size motor. 

To examine approximately the limitations on the allowable continuous 
motor output as the speed is changed, neglect the influence of changing 
ventilation and changing rotational losses on the allowable output and 
consider the armature terminal voltage to remain constant. The maximum 
armature current J, is then fixed at the nameplate value so that the motor 
will not overheat, and the speed voltage E, remains constant because the 
effect of a speed change is compensated by the change of flux causing it as 
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the field current is varied. Then the EJ, product and hence the allowable 
motor output remain substantially constant over the speed range. The de 
motor with shunt-field-rheostat speed control is accordingly referred to as 
a constant-horsepower drive. Torque, however, varies directly with flux and 
therefore has its highest allowable value at the lowest speed. Field-current 
control is thus best suited to drives requiring increased torque at low 
speeds. When a motor so controlled is used with a load requiring constant 
torque over the speed range, the rating and size of the machine are deter- 
mined by the product of the torque and the highest speed. Such a drive is 
inherently oversize at the lower speeds, which is the principal economic 
factor limiting the practical speed range of large motors. 

Armature-circuit-resistance control consists of obtaining reduced 
speeds by the insertion of external series resistance in the armature cir- 
cuit. It can be used with series, shunt, and compound motors; for the last 
two types, the series resistor must be connected between the shunt field 
and the armature, not between the line and the motor. It is the common 
method of speed control for series motors and is generally analogous in ac- 
tion to wound-rotor induction-motor control by series rotor resistance. 

For a fixed value of series armature resistance, the speed will vary 
widely with load, since the speed depends on the voltage drop in this resis- 
tance and hence on the armature current demanded by the load. For ex- 
ample, a 1200-r/min shunt motor whose speed under load is reduced to 
750 r/min by series armature resistance will return to almost 1200-r/min 
operation when the load is thrown off because the effect of the no-load cur- 
rent in the series resistance is insignificant. The disadvantage of poor 
speed regulation may not be important in a series motor, which is used 
only where varying speed service is required or satisfactory anyway. 

Also, the power loss in the external resistor is large, especially when 
the speed is greatly reduced. In fact, for a constant-torque load, the power 
input to the motor plus resistor remains constant, while the power output 
to the load decreases in proportion to the speed. Operating costs are there- 
fore comparatively high for long-time running at reduced speeds. Because 
of its low initial cost, however, the series-resistance method (or the varia- 
tion of it discussed in the next paragraph) will often be attractive economi- 
cally for short-time or intermittent slowdowns. Unlike shunt-field control, 
armature-resistance control offers a constant-torque drive because both 
flux and, to a first approximation, allowable armature current remain con- 
stant as speed changes. 

A variation of this control scheme is given by the shunted-armature 
method, which may be applied to a series motor, as in Fig. 9-22a, or a 
shunt motor, as in Fig. 9-226. In effect, resistors R, and R, act as a voltage 
divider applying a reduced voltage to the armature. Greater flexibility is 
possible because two resistors can now be adjusted to provide the desired 
performance. For series motors, the no-load speed can be adjusted to a fi- 
nite, reasonable value, and the scheme is therefore applicable to the pro- 
duction of slow speeds at light loads. For shunt motors, the speed 
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Fig. 9-22. Shunted-armature method of speed control applied to (a) a series motor and (b) a 
shunt motor. 


regulation in the low-speed range is appreciably improved because the no- 
load speed is definitely lower than the value with no controlling resistors. 

Armature-terminal-voltage control utilizes the fact that a change in 
the armature terminal voltage of a shunt motor is accompanied in the 
steady state by a substantially equal change in the speed voltage and, with 
constant motor flux, a consequent proportional change in motor speed. 
Usually the power available is constant-voltage alternating current, so 
that auxiliary equipment in the form of a rectifier or a motor-generator set 
is required to provide the controlled armature voltage for the motor. The 
development of solid-state controlled rectifiers capable of handling many 
kilowatts has opened up a whole new field of applications where precise 
control of motor speed is required. 

One common scheme, called the Ward Leonard system, shown sche- 
matically in Fig. 9-23, requires an individual motor-generator set to sup- 
ply power to the armature of the motor whose speed is to be controlled. 
Control of the armature voltage of the main motor M is obtained by field- 
rheostat adjustment in the separately excited generator G, permitting 
close control of speed over a wide range. An obvious disadvantage is the 
initial investment in three full-size machines in contrast to that in a single 
motor. The speed-control equipment is located in low-power field circuits, 
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Fig. 9-23. Ward Leonard system of dc motor speed control. 
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however, rather than in the main power circuits. The smoothness and ver- 
satility of control are such that the method or one of its variants is often 
applied. 

Frequently the control of generator voltage is combined with motor- 
field control, as indicated by the rheostat in the field of motor M in Fig. 9- 
23, in order to achieve the widest possible speed range. With such dual 
control, base speed can be defined as the normal-armature-voltage full- 
field speed of the motor. Speeds above base speed are obtained by motor- 
field control; speeds below base speed are obtained by armature-voltage 
control. As discussed in connection with field-current control, the range 
above base speed is that of a constant-horsepower drive. The range below 
base speed is that of a constant-torque drive because, as in armature-resis- 
tance control, the flux and the allowable armature current remain ap- 
proximately constant. The overall output limitations are therefore as 
shown in Fig. 9-24a for approximate allowable torque and in Fig. 9-246 for 
approximate allowable horsepower. The constant-torque characteristic is 
well suited to many applications in the machine-tool industry, where many 
loads consist largely in overcoming the friction of moving parts and hence 
have essentially constant torque requirements. 

The speed regulation and the limitations on the speed range above 
base speed are those already presented with reference to field-current con- 
trol; the maximum speed thus does not ordinarily exceed 4 times base 
speed and preferably not twice base speed. In the region of armature-volt- 
age control, the principal limitation in the basic system is residual magne- 
tism in the generator, although considerations of speed regulation may 
also be determining. For conventional machines, the lower limit for reli- 
able and stable operation is about one-tenth of base speed, corresponding 
to a total maximum-to-minimum range not exceeding 40 to 1. With arma- 
ture reaction ignored, the decrease in speed from no-load to full-load 
torque is caused entirely by the full-load armature-resistance voltage drop 
in the de generator and motor. This full-load armature-resistance voltage 
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Fig. 9-24. (a) Torque and (b) power limitations of combined armature-voltage and field- 
rheostat methods of speed control. 
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drop is constant over the voltage-control range, since full-load torque and 
hence full-load current are usually regarded as constant in that range. 
When measured in revolutions per minute, therefore, the speed decrease 
from no-load to full-load torque is a constant, independent of the no-load 
speed. The torque-speed curves accordingly are closely approximated by a 
series of parallel straight lines for the various generator-field adjustments. 
Note that a speed decrease of, say, 40 r/min from a no-load speed of 
1200 r/min is often of little importance; a decrease of 40 r/min from a no- 
load speed of 120 r/min, however, may at times be of critical importance 
and require corrective steps in the layout of the system. 


9-10 METADYNES AND AMPLIDYNES 


So far we have considered de machines with brushes located only in the 
quadrature axis. The purpose of this article is to examine the effects of ad- 
ditional brushes located in the direct axis. By these means the armature 
mmf can be used to provide most of the excitation, and high-power gains 
can be achieved. Machines with more than two brush sets per pair of poles 
are called metadynes. This article is concerned with metadyne generators, 
with emphasis on the most common form, the amplidyne.' 


a. Basic Metadyne Generators 


A modification of the basic de machine is shown in Fig. 9-25. The stator 
has a control-field winding f on the direct axis. Brushes qq’ are located on 
the commutator so that commutation takes place along the quadrature 
axis, as in the normal de generator. With the generator driven at constant 
speed wmo and with magnetic saturation neglected, the voltage e., gener- 
ated in the armature between the quadrature-axis brushes is 


Cag — Kyi (9-24) 


where Kis a constant and i; is the field current. 

Now reduce the field current to a small value and short-circuit the 
quadrature-axis brushes, as shown in Fig. 9-25. Since the impedance of the 
short-circuited armature is small, a weak control-field current will produce 
a relatively much larger quadrature-axis armature current and a corre- 
sponding flux-density wave centered on the quadrature axis. By commuta- 
tor action this magnetic field is stationary in space. Its effect is similar to 
that of a fictitious stator winding on the quadrature axis. 


‘For a discussion of the steady-state theory and descriptions of a number of applications, 
see J.M. Pestarini, Metadyne Statics, M.I.T.-Wiley, New York, 1952. For discussions 
of the transient theory, see M. Riaz, “Transient Analysis of the Metadyne Generator,” 
Trans. AIEE, 72(3):52—62 (1953); K. A. Fegley, “Metadyne Transients,” Trans. AIEE, 
74(IIT):1179-1188 (1955). 
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Fig. 9-25. Basic metadyne. 


If brushes dd’ are now placed on the commutator in the direct axis, as 
shown in Fig. 9-25, an emf e,,, generated in the armature by its rotation in 
the quadrature-axis flux will appear across these brushes. With the contin- 
ued assumption of constant speed and negligible saturation 


ea = Kui (9-25) 


where i, is the quadrature-axis armature current and K,, is a constant. 

Now connect a load R, to the direct-axis brushes. The direct-axis ar- 
mature current i, produces an mmf which opposes the control-field mmf. 
Each stage of voltage generation results in a current whose magnetic field 
is spatially 90° ahead of the flux wave producing the voltage. With two 
stages of voltage generation, the mmf of the direct-axis output current is 
shifted 90° twice and therefore opposes the original field excitation. The 
quadrature-axis-generated emf now is 


Cag = Kyi; = Kala (9-26) 


where K,4 is a constant under the assumed conditions of constant speed 
and negligible saturation. 

Under the assumptions of constant speed, constant field current Io, 
and resistance R, short-circuiting the quadrature-axis brushes, Eqs. 9-25 
and 9-26 can be used to solve for the load current i, in terms of the load re- 
sistance R; and the direct-axis winding resistance Ra: 


à Kar Kar 

ii (RL P Ra) R; i A " sie 
Under these assumptions, which also neglect the effects of saturation, the 
load current can be seen to be constant independent of the load. 

The metadyne generator of Fig. 9-25 is therefore a two-stage power 
amplifier with strong negative current feedback from the final output stage 
to the input. For a fixed value of field current it maintains very nearly 
constant output current i, over a wide range of load impedance. Its power 
amplification, however, is reduced by the effect of the negative feedback. 
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b. Amplidynes 


The most common version of the metadyne, the amplidyne, consists of the 
basic metadyne generator plus a cumulative winding on the direct axis 
connected in series with the direct-axis load current, as shown by the 
winding labeled “Comp” in the schematic diagram of Fig. 9-26. This wind- 
ing, called a compensating winding, is carefully designed to provide a flux 
as nearly as possible equal and opposite to the flux produced by the direct- 
axis armature current. The negative-feedback effect of the load current is 
thereby canceled, and the control-field winding has almost complete con- 
trol over the direct-axis flux. Very little control-field power input is re- 
quired to produce a large current in the short-circuited quadrature axis of 
the armature. The quadrature-axis current then produces the principal 
magnetic field. The power required to sustain the quadrature-axis current 
and the load is supplied mechanically by the motor driving the amplidyne. 
Power amplification of the order of 20,000 to 1 can be easily obtained. This 
power amplification may be compared with values in the range from about 
20 to 1 and 100 to 1 for conventional generators. 

Various auxiliary or control-field windings can be added to either axis of 
an amplidyne to improve performance characteristics. For example, a cumu- 
lative series field can be wound on the quadrature axis and connected in 
series with the quadrature-axis current. This field decreases the quadrature- 
axis current for a specified direct-axis voltage output. Quadrature-axis 
commutation is thereby improved. 

Amplidynes are used to provide the power amplification in a variety of 
feedback control systems requiring controlled power output in the range 
from about 1 to 50 kW. For example, they are used as the voltage-regulating 
unit in the excitation systems of large ac generators to insert a buck-or- 
boost voltage in series with the field winding of the main exciter.’ Or the 
main exciter may be an amplidyne when the excitation requirements are 
within the range where amplidynes are competitive with other types of ex- 
citation systems. 


+ Uy =— 
Fig. 9-26. Basic amplidyne. 
"H.C. Barnes, J. A. Oliver, A.S. Rubenstein, and M. Temoshok, “Alternator-Rectifier 


Exciter for Cardinal Plant 724-MVA Generator,” IEEE Trans. Power Appar. Syst., 
87(4):1189-1198 (1968). 
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9-11 SUMMARY; DC MACHINE APPLICATIONS 


Discussion of dec machine applications involves recapitulation of the high- 
lights of the machine’s performance features, together with economic and 
technical evaluation of the machine’s position with respect to competing 
energy conversion devices. For dec machines in general, the outstanding ad- 
vantage lies in their flexibility and versatility. The principal disadvantage 
is likely to be the initial investment concerned. Yet the advantages of dc 
motors are such that they retain a strong competitive position for indus- 
trial applications. 

De generators are the obvious answer to the problem of converting me- 
chanical energy to electric energy in de form. When the consumer of elec- 
tric energy is geographically removed from the site of energy conversion by 
any appreciable distance, however, the advantages of ac generation, volt- 
age transformation, and transmission are such that energy conversion and 
transmission in ac form are almost always adopted, ac-to-de transforma- 
tion taking place at or near the consumer. For ac-to-de transformation the 
de generator as part of an ac-to-de motor-generator set must compete with 
semiconductor rectifier systems. When large-power rectification from ac to 
constant-voltage dc form is involved, the electronic methods usually offer 
determining economic advantages. The principal applications of de genera- 
tors, therefore, are to cases where the primary energy conversion occurs 
very near the point of consumption and cases where the ability to control 
output voltage in a prescribed manner is necessary, although solid-state 
controlled rectification using silicon controlled rectifiers (SCRs) and Triacs 
is finding widespread application. 

Among dc generators themselves, separately excited and cumulatively 
compounded self-excited machines are the most common. Separately ex- 
cited generators have the advantage of permitting a wide range of output 
voltages, whereas self-excited machines may produce unstable voltages in 
the lower ranges, where the field-resistance line becomes essentially tan- 
gent to the magnetization curve. Cumulatively compounded generators 
may produce a substantially flat voltage characteristic or one which rises 
with load, whereas shunt or separately excited generators (assuming no se- 
ries field in the latter, which, of course, is not at all a practical restriction) 
produce a drooping voltage characteristic unless external regulating means 
are added. So far as the control potentialities of de generators are con- 
cerned, the control-type generators (amplidynes and similar machines) dis- 
cussed in Art. 9-10 represent the results of a fuller exploration of the 
inherent possibilities. 

Among dc motors, the outstanding characteristics of each type are as 
follows. The series motor operates with a decidedly drooping speed as load 
is added, the no-load speed usually being prohibitively high; the torque is 
proportional to almost the square of the current at low saturations and to 
some power between 1 and 2 as saturation increases. The shunt motor at 
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constant field current operates at a slightly drooping but almost constant 
speed as load is added, the torque being almost proportional to armature 
current; equally important, however, is the fact that its speed can be con- 
trolled over wide ranges by shunt-field control, armature-voltage control, or 
a combination of both. Depending on the relative strengths of shunt and se- 
ries field, the cumulatively compounded motor is intermediate between the 
other two and may be given essentially the advantages of one or the other. 

By virtue of its ability to handle heavy torque overloads while cush- 
ioning the associated power overload with a speed drop, and by virtue of its 
ability to withstand severe starting duties, the series motor is best adapted 
to hoist-, crane-, and traction-type loads. Its ability is almost unrivaled in 
this respect. Speed changes are usually achieved by armature-resistance 
control. In some instances, the wound-rotor induction motor with rotor- 
resistance control competes with the series motor, but the principal argu- 
ment concerns the availability and economics of a de power supply rather 
than inherent motor characteristics. 

Compound motors with a heavy series field have performance features 
approaching those of series motors except that the shunt field limits the 
no-load speed to safe values; the general remarks for series motors there- 
fore apply. Compound motors with lighter series windings often find 
competition from squirrel-cage induction motors with high-resistance 
rotors—high-slip motors (referred to in Chap. 7 as class D induction mo- 
tors). Both motors provide a definitely drooping speed-load characteristic 
such as is desirable, for example, when flywheels are used as load equaliz- 
ers to smooth out intermittent load peaks. Complete economic comparison 
of the two competing types must reflect both the usually higher initial cost 
of a compound-motor installation and the usually higher cost of losses in 
the high-slip induction motor. 

Because of the comparative simplicity, cheapness, and ruggedness of 
the squirrel-cage induction motor, the shunt motor is not in a favorable 
competitive position for constant-speed service except at low speeds, where 
it becomes difficult and expensive to build high-performance induction mo- 
tors with the requisite number of poles. The comparison at these low 
speeds is often likely to be between synchronous and de motors. The out- 
standing feature of the shunt motor is its adaptability to adjustable-speed 
service as discussed in Art. 9-9, by means of armature-resistance control 
for speeds below the full-field speed, field-rheostat control for speeds above 
the full-field speed, and armature-voltage, or Ward Leonard, control for 
speeds below (and, at times, somewhat above) the normal-voltage full-field 
speed. The combination of armature-voltage control and shunt-field con- 
trol, together with the possibility of additional field windings in either the 
motor or the associated generator to provide desirable inherent character- 
istics, gives the de drives an enviable degree of flexibility. The use of solid- 
state motor drives reinforces the competitive position of dec machines where 
complete control of operation is important. 
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It should be emphasized that the choice of equipment for an engineer- 
ing application of adjustable-speed drives is rarely a cut-and-dried matter 
or one to be decided from a mere verbal list of advantages and disadvan- 
tages. In general, specific, quantitative, economic, and technical comparison 
of all possibilities should be undertaken. Local conditions and the charac- 
teristics of the driven equipment (e.g., constant-horsepower, constant- 
torque, and variable-horsepower variable-torque requirements) invariably 
play an important role. 

Dc machines have seen widespread use in electromechanical systems 
because of the relative ease with which their dynamics can be controlled 
by variable levels of de voltage applied to their armature and/or field ter- 
minals. However, solid-state technology now permits the generation of 
variable-frequency ac voltages of significant power level, resulting in the 
use of ac machines in applications once considered almost exclusively the 
domain of dc machines. One should also remember that comparative stud- 
ies of motor cost and characteristics are based on the combination of motor 
and control equipment, for the latter plays an important part in determin- 
ing motor performance under specific conditions and represents a by no 
means negligible portion of the total initial cost. 


PROBLEMS 


9-1. (a) Compare the effect on the speed of a de shunt motor of varying the 
line voltage with that of varying only the armature terminal voltage, so 
that the field current remains fixed. (b) Compare both these effects with 
that of varying only the shunt-field current, the armature terminal volt- 
age remaining fixed. 


9-2. State approximately how the armature current and speed of a dc 
shunt motor would be affected by each of the following changes in the op- 
erating conditions: 


(a) Halving the armature terminal voltage while the field current and 
load torque remain constant 

(b) Halving the armature terminal voltage while the field current and 
horsepower output remain constant 

(c) Doubling the field flux while the armature terminal voltage and 
load torque remain constant 

(d)Halving both the field flux and armature terminal voltage while 
the horsepower output remains constant 

(e) Halving the armature terminal voltage while the field flux remains 
constant and the load torque varies as the square of the speed 


Only brief quantitative statements of the order of magnitude of the changes 
are expected, e.g., “speed approximately doubled.” 


4 36 DC Machines: Steady State 


9-3. The constant-speed magnetization curve for a 25-hp 250-V de machine 
at a speed of 1100 r/min is shown in Fig. 9-27. This machine is separately 
excited and has an armature resistance of 0.12 Q. This machine is to be op- 
erated as a de generator while driven from a synchronous motor at a con- 
stant speed of 1100 r/min. 


(a) Find the rated armature current of this machine. 

(b) If the armature current is limited to its rated value, calculate the 
maximum power output of the generator and the corresponding ar- 
mature voltage for constant field currents of (i) 1.0 A, (ii) 2.0 A, 
and (iii) 2.5 A. 


(c) Repeat part (b) if the speed of the synchronous generator is reduced 
to 800 r/min. 
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Fig. 9-27. Magnetization curve at 1100 r/min for dc machine of Prob. 9-3. 


9-4. A 15-kW 250-V 1150 r/min shunt generator is driven by a prime 
mover whose speed is 1195 r/min when the generator delivers no load. The 
speed falls to 1150 r/min when the generator delivers 15 kW and may be 
assumed to decrease in proportion to the generator output. The generator 
is to be changed into a short-shunt compound generator by equipping it 
with a series field which will cause its voltage to rise from 230 V at no load 
to 250 V for a load of 65.2 A. It is estimated that the series field will have 
a resistance of 0.06 Q. The armature resistance (including brushes) is 
0.17 ©. The shunt-field winding has 1800 turns per pole. 

To determine the necessary series-field turns, the machine is run as a 
separately excited generator and the following load data are obtained: 


Armature terminal voltage = 254 V 


Armature current = 66.5 A 
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Field current = 1.95 A 
Speed = 1145 r/min 


The magnetization curve at 1195 r/min is as follows: 


Ea, V 230 240 250 260 270 280 


I, A 1.05 1.13 1.25 1.44 1.65 1.91 


Determine (a) the necessary number of series-field turns per pole and (b) the 
armature reaction in equivalent demagnetizing ampere-turns per pole for 
I, = 66.5 A. 


9-5. When operating from a 230-V dc supply, a de series motor operates at 
900 r/min with a line current of 75 A. Its armature-circuit resistance is 
0.13 Q, and its series-field resistance is 0.09 Q. Due to saturation effects, 
the flux at an armature current of 25 A is 45 percent of that at an arma- 
ture current of 75 A. Find the motor speed when the armature voltage is 
230 V and the armature current is 25 A. 


9-6. (a) A 230-V de shunt-wound motor is used as an adjustable-speed drive 
over the range from 0 to 1500 r/min. Speeds from 0 to 750 r/min 
are obtained by adjusting the armature terminal voltage from 0 to 
230 V with the field current kept constant. Speeds from 750 to 
1500 r/min are obtained by decreasing the field current with the 
armature terminal voltage maintained at 230 V. Over the entire 
speed range the torque required by the load remains constant. 
Show the general form of the curve of armature current versus 
speed over the entire range. Ignore machine losses and armature- 
reaction effects. 

(b) Suppose that, instead of keeping the load torque constant, the ar- 
mature current is not to exceed a specified value. Show the general 
form of the curve of allowable load torque versus speed assuming 
conditions otherwise are as in part (a). 


9-7. Two adjustable-speed de shunt motors have maximum speeds of 
1850 r/min and minimum speeds of 550 r/min. Speed adjustment is ob- 
tained by field-rheostat control. Motor A drives a load requiring constant 
horsepower over the speed range; motor B drives one requiring constant 
torque. All losses and armature reaction may be neglected. 


(a) If the horsepower outputs are equal at 1850 r/min and the arma- 
ture currents are each 100 A, what will the armature currents be 
at 550 r/min? 
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(b) If the horsepower outputs are equal at 550 r/min and the armature 
currents are each 100 A, what will the armature currents be at 
1850 r/min? 

(c) Answer parts (a) and (b) for speed adjustment by armature-voltage 
control with conditions otherwise the same. 


9-8. Consider a dc shunt motor connected to a constant-voltage source and 
driving a load requiring constant electromagnetic torque. Show that if 
E, > 0.5V, (the normal situation), increasing the resultant air-gap flux 
decreases the speed, whereas if E, < 0.5V, (as might be brought about by 
inserting a relatively high resistance in series with the armature), increas- 
ing the resultant air-gap flux increases the speed. 


9-9. A de shunt motor is mechanically coupled to a three-phase cylindrical- 
rotor synchronous generator. The de motor is connected to a 230-V con- 
stant-voltage dc supply, and the ac generator is connected to a 460-V 
(line-to-line) constant-voltage constant-frequency three-phase supply. The 
four-pole Y-connected synchronous machine is rated 25 kVA, 460 V, and 
has a synchronous reactance of 5.85 Q/phase. The four-pole de machine is 
rated 25 kW, 230 V. All losses are to be neglected. 


(a) If the two machines act as a motor-generator set receiving power 
from the dc mains and delivering power to the ac supply, what is 
the excitation voltage of the ac machine in volts per phase (line 
to neutral) when it delivers rated kilovoltamperes at 1.00 power 
factor? 

(b) Leaving the field current of the ac machine as in part (a), what ad- 
justment can be made to reduce the power transfer (between ac and 
dc) to zero? Under this condition of zero transfer, what is the arma- 
ture current of the dc machine? What is the armature current of 
the ac machine? 

(c) Leaving the field current of the ac machine as in parts (a) and (b), 
what adjustment can be made to cause 25 kW to be taken from the 
ac supply and delivered to the de supply? Under these conditions, 
what is the armature current of the dc machine? What are the 
magnitude and phase of the current of the ac machine? 


9-10. A 150-hp 600-V 600-r/min de series-wound railway motor has a com- 
bined field and armature resistance (including brushes) of 0.165 Q. The 


full-load current at rated voltage and speed is 186 A. The magnetization 
curve at 400 r/min is as follows: 


Generated emf, V 375 400 425 450 475 


Field amperes 169 194 225 261 300 
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Determine the internal starting torque when the starting current is 
limited to 340 A. Assume the armature reaction to be equivalent to a de- 
magnetizing mmf which varies as the square of the current. 


9-11. A 15-hp 230-V shunt motor has an armature-circuit resistance of 
0.19 Q and a field resistance of 145 Q. At no load and rated voltage, the 
speed is 1150 r/min, and the armature current is 7.65 A. At full load and 
rated voltage, the line current is 56.1 A, and because of armature reaction, 
the flux is 5 percent less than its no-load value. What is the full-load speed? 


9-12. A 36-in axial-flow disk pressure fan is rated to deliver air at 27,120 ft?/ 
min against a static pressure of į in H,O when rotating at a speed of 
1165 r/min. This fan has the following speed-load characteristics: 


Speed, r/min 700 800 900 1000 1100 1200 
Input, hp 2.9 3.9 5.2 6.7 8.6 FLA 


It is proposed to drive the fan by a 10-hp 230-V 37.5-A four-pole de shunt 
motor. The motor has an armature winding with two parallel paths and 
C, = 666 active conductors. Armature-circuit resistance is 0.267 Q. The ar- 
mature flux per pole is $; = 10° Wb; armature reaction is negligible. No- 
load rotational losses (considered constant) are estimated at 600 W, a 
typical value for such a motor. Determine the shaft-horsepower output and 
the operating speed of the motor when it is connected to the fan load. 


9-13. A shunt motor operating from a 230-V line draws a full-load arma- 

ture current of 38.5 A and runs at a speed of 1200 r/min at both no load 

and full load. The following data are available on this motor: 
Armature-circuit resistance (including brushes) = 0.21 Q 


Shunt-field turns per pole = 1800 turns 


The magnetization curve taken as a generator at no load and 1200 r/min is 


Ea, V 180 200 220 240 250 
I;, A 0.82 0.96 1.22 1.61 1.89 


(a) Determine the shunt-field current of this motor at no load and 
1200 r/min when connected to a 230-V line. Assume negligible ar- 
mature-circuit resistance drop and armature reaction at no load. 

(b) Determine the effective armature reaction at full load in ampere- 
turns per pole. | 
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(c) How many series-field turns should be added to make this machine 
into a long-shunt cumulatively compounded motor whose speed 
will be 1115 r/min when the armature current is 38.5 A and the 
applied voltage is 230 V? The series field will have a resistance of 
0.046 Q. 

(d)If a series-field winding having 25 turns per pole and a resistance 
of 0.046 Q is installed, determine the speed when the armature 
current is 38.5 A and the applied voltage is 230 V. 


9-14. A 10-hp 230-V shunt motor has 1800 shunt-field turns per pole, an 
armature resistance (including brushes) of 0.23 Q, and a commutating- 
field resistance of 0.041 ©. The shunt-field resistance (exclusive of rheo- 
stat) is 275 Q. When the motor is operated at no load with rated terminal 
voltage and varying field resistance, the following data are taken: 


Speed, r/min 1110 1130 1160 1200 1240 
I, A 0.746 0.704 0.664 0.616 0.580 


The no-load armature current is negligible. When the motor is operated at 
full load and rated terminal voltage, the armature current is 37.5 A, the 
field current is 0.616 A, and the speed is 1180 r/min. 


(a) Calculate the full-load armature reaction in equivalent demagne- 
tizing ampere-turns per pole. 

(b) Calculate the full-load electromagnetic torque. 

(c) What starting torque will the motor exert with maximum field cur- 
rent if the starting armature current is limited to 75 A? The arma- 
ture reaction under these conditions is 160 A- turns per pole. 

(d) Design a series field to give a full-load speed of 1075 r/min when 
the no-load speed is 1200 r/min. 


9-15. When operated at rated voltage, a 230-V shunt motor runs at 1800 r/ 
min at full load and at no load. The full-load armature current is 50.0 A. 
The shunt-field winding has 1500 turns per pole. The resistance of the ar- 
mature circuit (including brushes and interpoles) is 0.20 Q. The magne- 
tization curve at 1800 r/min is 


Bz V 200 210 220 230 240 250 
I;, A 0.53 059 0.65 0.73 0.81 0.95 


(a) Compute the demagnetizing effect of armature reaction at full load 
in ampere-turns per pole. 
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(b) A long-shunt cumulative series-field winding having six turns per 
pole and a resistance of 0.055 Q is added to the machine. Compute 
the speed at full-load current and rated voltage, with the same 
shunt-field circuit resistance as in part (a). 

(c) With the series-field winding of part (b) installed, compute the in- 
ternal starting torque in newton-meters if the starting armature 
current is limited to 90 A and the shunt-field current has its nor- 
mal value. Assume that the corresponding demagnetizing effect of 
armature reaction is 230 A -turns per pole. 


9-16. A 230-V de shunt motor has an armature-circuit resistance of 0.15 Q. 
This motor operates from a 230-V supply and takes an armature current of 
75 A. An external resistance of 0.9 Q is now inserted in series with the ar- 
mature, and the electromagnetic torque and field-rheostat setting are un- 
changed. Give the percentage change in (a) the total current taken by the 
motor from the supply and (b) the speed of the motor; (c) state whether this 
will be an increase or a decrease. 


9-17. A punch press is found to operate satisfactorily when driven by a 10- 
hp 230-V compound motor having a no-load speed of 1800 r/min and a full- 
load speed of 1200 r/min when the torque is 43.8 lb-ft. The motor is 
temporarily out of service, and the only available replacement is a com- 
pound motor with the following characteristics: 


Rating = 230 V, 12.5 hp No-load current = 4 A 
No-load speed = 1820 r/min Full-load speed = 1600 r/min 
Full-load current = 57.0 A Full-load torque = 43.8 lb - ft 


Armature-circuit resistance = 0.2 Q Shunt-field current = 1.6 A 


It is desired to use this motor as an emergency drive for the press without 
making any change in its field windings. 


(a) How can it be made to have the desired speed regulation? 
(b) Draw the pertinent circuit diagram and give complete specifica- 
tions of the necessary apparatus. 


9-18. Two identical 10-hp 230-V 36-A dc shunt machines are to be used as 
the generator and motor, respectively, in a Ward Leonard system. The gen- 
erator is driven by a synchronous motor whose speed is constant at 1200 r/ 
min. The armature-circuit resistance of each machine is 0.22 Q (including 
brushes). Armature reaction is negligible. Data for the magnetization 
curve of each machine at 1200 r/min are as follows: 
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I;, A 0.3 0.6 0.9 1.2 1.5 1.8 


Ea, V 108 183 230 254 267 276 


(a)Compute the maximum and minimum values of generator-field 
current needed to give the motor a speed range from 300 to 1500 r/ 
min at full-load armature current (36.0 A) with the motor-field 
current held constant at 0.80 A. 

(b) Compute the speed regulation of the motor for the conditions of 
maximum speed and minimum speed found in part (a). 

(c) Compute the maximum motor speed obtainable at full-load arma- 
ture current if the motor-field current is reduced to 0.30 A and the 
generator-field current is not allowed to exceed 1.60 A. 


9-19. One of the most common industrial applications of de series motors is 
crane and hoist drives. This problem relates to the computation of selected 
motor performance characteristics for such a drive. The specific motor con- 
cerned is a series-wound 230-V totally enclosed motor having a 35-hour 
crane rating of 65 hp with a 75°C temperature rise. The performance char- 
acteristics of the motor alone at 230 V as taken from the manufacturer’s 
catalog are listed in Table 9-2. The resistance of the armature (including 
brushes) plus commutating field is 0.105 , and that of the series-field 
winding is 0.050 Q. Armature reaction should be ignored. 

The motor is to be connected as in Fig. 9-28a for hoisting and Fig. 9-285 
for lowering. The former connection is simply one for series-resistance con- 
trol. The latter connection is one for lowering by dynamic braking with the 
field reconnected in shunt and having an adjustable resistance in series 
with it. 

A few samples of the torque-speed curves determining the suitability 
of the motor and control for its particular application are to be plotted. Plot 
all these curves on the same sheet, torque horizontally and speed verti- 


TABLE 9-2 

Line current, Shaft torque, Speed, 
lb -ft r/min 

50 80 940 

100 210 630 

150 380 530 

200 545 475 

250 730 438 

300 910 407 

350 1105 385 


400 1265 370 
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Fig. 9-28. Series crane motor (Prob. 9-19): (a) hoisting connection and (b) lowering connec- 
tion. 


cally, covering about the torque-magnitude range embraced in Table 9-2. 
Provide for both positive and negative values of speed, corresponding, re- 
spectively, to hoisting and lowering; provide also for both positive and 
negative values of torque, corresponding, respectively, to torque in the di- 
rection of raising the load and torque in the direction of lowering the load; 
thus, use all four quadrants of the conventional rectangular coordinate 
system. 


(a) For the hoisting connection, plot torque-speed curves for the con- 
trol resistor R, set at 0, 0.60, and 1.20 Q. If any of these curves ex- 
tend into the fourth quadrant within the range of torques covered, 
plot them in that region and interpret physically what operation 
there means. 

(b) For the lowering connection, plot a torque-speed curve for R, = 
0.60 Q and R, set at 0.60 Q. The most important portion of this curve 
is in the fourth quadrant, but if it extends into the third quadrant, 
that region should also be plotted and interpreted physically. 

(c) In part (b) what is the lowering speed corresponding to rated torque? 

(d) How is the speed in part (c) affected by decreasing R,? Why? 

(e) How would the speed of part (c) be affected by adding resistance in 
series with the motor armature? Why? 


9-20. A weak shunt-field winding is to be added to a 50-hp 230-V 
600 r/min series hoist motor for the purpose of preventing excessive speeds 
at very light loads. Its resistance will be 230 Q. The combined resistance of 
the interpole and armature winding (including brushes) is 0.046 Q. The 
series-field winding has 26 turns per pole with a total resistance of 0.023 Q. 
To determine its design, the following test data were obtained before the 
shunt field was installed: 


Load test as a series motor (output not measured): 
V,=2380V I[,= 184A n = 600 r/min 


No-load test with series field separately excited: 
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Voltage applied Speed, Armature current, Series-field 


to armature, V r/min A current, A 
230 1500 10.0 55 
230 1200 9.2 68 
230 900 8.0 95 
215 700 7 125 
215 600 7.5 162 
215 550 7.2 186 
215 525 Tek 208 
215 500 7.0 244 


(a) Determine the number of shunt-field turns per pole if the no-load 
speed at rated voltage is to be 1450 r/min. The armature, series- 
field, and interpole winding resistance drops are negligible at no 
load. 

(b) Determine the speed after installation of the shunt field when the 
motor is operated at rated voltage with a load which results in a 
line current of 175 A. Assume that the demagnetizing mmf of ar- 
mature reaction is unchanged by addition of the shunt field. 


9-21. A 20-hp 230-V shunt motor has an armature resistance of 0.124 Q 
and a field-circuit resistance of 95 Q. The motor delivers rated output 
power at rated voltage when its armature current is 73.5 A. When the mo- 
tor is operating at rated voltage, the speed is observed to be 1150 r/min 
when the machine is loaded such that the armature current is 41.5 A. 


(a) Calculate the rated-load speed of this motor. 


In order to protect both the motor and the de supply under starting 
conditions, an external resistance will be connected in series with the 
armature winding (with the field winding remaining directly across the 
230-V supply). This resistance will then be automatically adjusted in steps 
so that the armature current does not exceed 200 percent of rated current. 
The step size will be determined such that, until all the external resistance 
is switched out, the armature current will not be permitted to drop below 
rated value. In other words, the machine is to start with 200 percent of 
rated armature current, and as soon as the current falls to rated value, suf- 
ficient series resistance is to be cut out to restore the current to 200 per- 
cent. This process will be repeated until all the series resistance has been 
eliminated. 


(6) Find the maximum value of the series resistance. 
(c) How much resistance should be cut out at each step in the starting 
operation, and at what speed should each step occur? 


9-22. A 2-kW 200-V metadyne generator of the type shown in Fig. 9-25 is 
driven by a synchronous motor at 1800 r/min and has the following con- 
stants: 
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Control-field resistance R; = 20 Q 
Control-field inductance Ly = 2 H 

Voltage constant K,, = 240 V/field amperes 
Armature resistances R,, = Ra = 4 0 
Armature inductance L,, = 1.0 H 

Voltage constants Ka, = K,, = 60 V/A 


The metadyne supplies a 20-2 resistive load at a voltage of 200 V. Find the 
power input to the control field and the power amplification. 


9-23. A compensating winding is added to the metadyne of Prob. 9-22, con- 
verting it to an amplidyne. The amplidyne supplies 200 V to a 20- load. 
Find the power input to the control field, and compare with the result of 
Prob. 9-22. Neglect the resistance of the compensating winding. 


Variable 
Reluctance 
Machines 


Variable-reluctance machines’ (often abbreviated VRMs) are perhaps the 
simplest of electrical machines. They consist of a stator with excitation 
windings and a magnetic rotor with saliency. Rotor conductors are not re- 
quired because torque is produced by the tendency of the rotor to align 
with the stator-produced flux wave in such a fashion as to maximize the 
stator flux linkages that result from a given applied stator current. Torque 
production in these machines can be evaluated by using the techniques of 
Chap. 3 and the fact that the stator winding inductances are functions of 
the angular position of the rotor. 

Although the concept of the VRM has been around for a long time, 
only recently have these machines begun to see widespread use in engi- 


‘Variable-reluctance machines are often referred to as switched reluctance machines 
(SRMs) to indicate the combination of a VRM and the switching inverter required to 
drive it. This term is popular in the technical literature. 
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neering applications. This is due in large part to the fact that although 
they are simple in construction, they are somewhat complicated to control. 
For example, the position of the rotor must be known in order to properly 
energize the phase windings to produce torque. It is only relatively re- 
cently that the widespread availability and low cost of micro and power 
electronics have brought the cost of the sensing and control required to 
successfully operate VRM drive systems down to a level where these sys- 
tems can be competitive with systems based on dc- and induction-motor 
technologies. 


10-1 BASICS OF VRM ANALYSIS 


Variable-reluctance machines can be categorized into two types: singly sa- 
lient and doubly salient. In either case, their most noticeable features are 
that there are no windings or permanent magnets on their rotors and that 
their only source of excitation consists of stator windings. This can be a 
significant feature because it means that all the resistive winding losses in 
the VRM occur on the stator. Because the stator can typically be cooled 
much more effectively and easily than the rotor, the result is often a 
smaller motor for a given rating and frame size. 

To produce torque, VRMs must be designed such that the stator wind- 
ing inductances vary with the position of the rotor. Figure 10-la shows a 
cross-sectional view of a singly salient VRM which can be seen to consist of 
a nonsalient stator and a two-pole salient rotor, both constructed of high- 
permeability magnetic material. In the figure, a two-phase stator winding 
is shown although any number of phases are possible. Notice that the in- 
ductance of each stator-phase winding varies with rotor position such that 
the inductance is maximum when the rotor axis is aligned with the magnetic 
axis of that phase and minimum when the two axes are perpendicular. 

Figure 10-16 shows the cross-sectional view of a two-phase doubly sa- 
lient VRM. Note that the salient stator has four poles, each with a winding. 
However, the windings on opposite poles are of the same phase and can be 
considered to be connected in either series or parallel for the purposes of 
this analysis. Thus this machine is quite similar to that of Fig. 10-la in 
that there is a two-phase stator winding and a two-pole salient rotor. Simi- 
larly, the phase inductance of this configuration varies from a maximum 
value when the rotor axis is aligned with the axis of that phase to a mini- 
mum when they are perpendicular. In fact, the only significant difference 
between the two machine configurations is that the saliency of the stator 
enhances the difference between the maximum and minimum inductances, 
which in turn further enhances the torque-producing characteristics of the 
machine. 

The relationship between flux linkage and current for these two ma- 
chines is particularly simple because symmetry arguments can be used to 
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Fig. 10-1. Basic two-phase VRMs: (a) singly salient and (b) doubly salient. 


show that if the reluctance of the machine iron is negligible, then there is 
negligible mutual flux linkage between the two phase windings and hence 
that their phase-phase mutual inductance can be considered to be zero. 
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Thus, 


A, = L,,(0)i, = L(0)i, (10-1) 
and 


Ào — Lo(0)iz = L(0 = 90°)i, (10-2) 


Here L,,(6) and L(0) are the self-inductances of phases 1 and 2, re- 
spectively, and L(@) is an inductance which depends on the angle 0 between 
the magnetic axis of phase 1 and the rotor axis as defined in Fig. 10-1. 
Figure 10-2 shows typical variations of L(6) for the singly and doubly sa- 
lient configurations of Fig. 10-1. Note that both of these inductances are 
periodic with a period of 180° because rotation of the rotor through 180° 
from any given angular position results in no change in the magnetic cir- 
cuit of the machine. 

From Eq. 3-53 the electromagnetic torque of this system can be deter- 
mined from the coenergy as 


a aW nalii, lo, 0) 


4 06 


(10-3) 


where the partial derivative is taken while holding currents i, and i, con- 
stant. The coenergy can be found from Eq. 3-55, using Eqs. 10-1 and 10-2 
and the fact that the mutual inductance between the windings is zero, as 


Wha = 5L(0)i? + $L(0 — 90°)? (10-4) 


— — — Singly salient machine of Fig. 10-14 
Doubly salient machine of Fig. 10-16 


—180° —90° 90° 
(—7/2) (—1/2) (1/2) (r) 


Fig. 10-2. Plots of inductance versus @ for the VRMs of Fig. 10-1. 
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Thus, combining Eqs. 10-3 and 10-4 gives the torque as 


2 dL(0) 


o1, „dL(0 — 90°) 
ear 


ed 
a dé 


(10-5) 


Equation 10-5 illustrates an important characteristic of variable-reluc- 
tance machines. Notice that the torque is proportional to the square of the 
phase currents and that as a result it depends on only the magnitude of the 
phase currents and not on their direction. Thus the motor drive which sup- 
plies the phase currents can be unidirectional, i.e., it is not required to sup- 
ply bidirectional currents. Since the phase currents are typically switched 
on and off by solid-state switches such as transistors or thyristors and 
since each switch need only handle currents in a single direction, this 
means that the motor drive requires only half the number of switches (as 
well as half the corresponding control electronics) that would be required 
in a corresponding bidirectional drive. The result is a drive system which 
is less complex and may be less expensive. Typical motor drives are dis- 
cussed in Art. 10-4. 

Note that Eqs. 10-4 and 10-5 are valid under the assumption that 
there is no mutual inductance between the phases. Such an assumption is 
valid for VRMs of Fig. 10-1 in part because of the symmetry of the machine 
geometry. Such a symmetry argument cannot be made for most VRM ge- 
ometries. In such machines, the mutual inductance can be shown to be zero 
only under restrictive assumptions such as the infinite permeability of the 
rotor and stator magnetic material. 

As a result, in practical VRMs there is typically a small mutual flux 
linkage between the phases. Often this term can be ignored, and as a re- 
sult expressions for coenergy and torque of the form of Eqs. 10-4 and 10-5 
can be assumed valid. However, in some cases this assumption cannot be 
justified. In practice, it is common to drive the machine iron significantly 
into saturation such that the relationship between flux linkages and cur- 
rents becomes more complex than those considered here. In these cases, a 
mutual inductance term can be included, and coenergy expression will 
take the form of Eq. 3-55 from which the torque can then be found by using 
Eq. 10-3. Although the techniques of Chap. 3 and indeed torque expres- 
sions of the form of Eq. 10-3 remain valid, analytical expressions are often 
difficult to obtain (see Art. 10-5). 

At the design and analysis stage, the winding flux-current relation- 
ships and torque can be determined by using numerical analysis packages 
which can account for the nonlinearity of the machine magnetic material. 
Once a machine has been constructed, measurements can be made, both to 
validate the various assumptions and approximations which have been 
made and to obtain an accurate measure of actual machine performance. 

From this point on, we use the symbol m to indicate the number of sta- 
tor poles and n to indicate the number of rotor poles, and the corresponding 
machine is called an m/n machine. Example 10-1 examines a 4/2 VRM. 
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EXAMPLE 10-1 
A 4/2 VRM is shown in Fig. 10-3. Its dimensions are 


R = 3.8 cm a = B = 60° = 7/8 rad 
g = 2.54 x 10°°cm D=0.13m 


and the phase windings are connected in series such that there are a total 
of N = 100 turns (50 turns per pole) in each phase winding. Assume the ro- 
tor and stator to be of infinite magnetic permeability. 


(a) Neglecting leakage and fringing fluxes, plot the phase-1 induc- 
tance L(@) as a function of 0. 

(b) Plot the torque, assuming (i) i, = J, and i, = 0 and (ii) i, = 0 and 
i, = I. 

(c) Calculate the net torque (in newton-meters) acting on the rotor 
when both windings are excited such that i, = i, = 5 A and at angles 
(i) 6 = 0°, (ii) 0 = 45°, (iii) 0 = 75°C. 


Solution 


(a) Using the magnetic circuit techniques of Chap. 1, we see that the 
maximum inductance Lmax for phase 1 occurs when the rotor axis is aligned 
with the phase-1 magnetic axis. From Eq. 1-23, we see that Lmax is equal to 


# Rotor axis 


Magnetic axis 
of phase 1 


Length D 
g<<R 


Fig. 10-3. A 4/2 VRM for Example 10-1. 
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_ N’ maRD 


lees F 


where aRD is the cross-sectional area of the air gap and 2g is the total gap 
length in the magnetic circuit. For the values given, 


L = N’ maRD 
max 2g 


7 2 x (2.54 x 107%) 


= 0.128 H 


Neglecting fringing, the inductance L(@) will vary linearly with the 
air-gap cross-sectional area as shown in Fig. 10-4a. Note that this idealiza- 
tion predicts that the inductance is zero when there is no overlap when, in 
fact, there will be some small value of inductance, as shown in Fig. 10-2. 

(6) From Eq. 10-5, the torque consists of two terms 


_1.,dL@) 


..adL(@ — 90°) 
2°: do 


1 
r 22 do 
and dL/dé@ can be seen to be the stepped waveform of Fig. 10-4b whose 
maximum values are given by +L,,,,/a@ (with a expressed in radians!). 
Thus the torque is as shown in Fig. 10-4c. 
(c) The peak torque due to each of the windings is given by 


(i) From the plot in Fig. 10-4c, at 0 = 0°, the torque contribution 
from phase 2 is clearly zero. Although the phase-1 contribution appears to 
be indeterminate, in an actual machine the torque change from Tmax, to 
-Tmax at 0 = 0° would have a finite slope and the torque would be zero at 
0 = 0°. Thus the net torque from phases 1 and 2 at this position is zero. 

Notice that the torque at 6 = 0° is zero independent of the current lev- 
els in phases 1 and 2. This is a problem with the 4/2 configuration of 
Fig. 10-3 since the rotor can get “stuck” at this position (as well as at 
0 = +90°, +180°) and there is no way that electrical torque can be applied 
to move it. 


(ii) At 0 = 45° both phases are providing torque. That of phase 1 is 
negative while that of phase 2 is positive. Because the phase currents are 
equal, the torques are thus equal and opposite and the net torque is zero. 
However, unlike the case of 0 = 0°, the torque at this point can be made 
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(c) 
Fig. 10-4. (a) L(@) versus 9, (b) dL(@)/d@ versus @, and (c) torque versus 6. 


either positive or negative simply by appropriate selection of the phase 
currents. 


(iii) At 0 = 75° phase 1 produces no torque while phase 2 produces 
a positive torque of magnitude Tmax: Thus the net torque at this position is 
positive and of magnitude 1.53 N - m. Notice that there is no combination 
of phase currents that will produce a negative torque at this position since 
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the phase-1 torque is always zero while that of phase 2 can be only positive 


(or zero). 
m ee E E e ee cee Se ee ee ee O E eee 


Example 10-1 illustrates a number of important characteristics of 
VRMs. Clearly these machines must be designed to avoid the occurrence of 
absolute zero-torque positions at which the torque is zero in all phases 
simultaneously, independent of the magnitude of the phase currents. This 
is of concern in the design of 4/2 machines which will always have such 
torque zeros if they are constructed with uniform, symmetric air gaps. 

It is also clear that to operate VRMs with specified torque characteris- 
tics, the phase currents must be applied in a fashion consistent with the 
rotor position. For example, positive torque production from each phase 
winding in Example 10-1 can be seen from Fig. 10-4c to occur only for spe- 
cific values of 6. Thus operation of VRMs must include some sort of control 
which determines both the sequence and the waveform of the phase cur- 
rents to achieve the desired operation. This is typically implemented by 
using electronic switching devices (transistors, thyristors, gate-turn-off 
devices, etc.) under the supervision of a microprocessor-based controller. 

Although a 4/2 VRM such as in Example 10-1 can be made to work, as 
a practical matter it is not particularly useful because of undesirable char- 
acteristics such as its zero-torque positions and the fact that there are an- 
gular locations at which it is not possible to achieve a positive torque. For 
example, because of these limitations, this machine cannot be made to gen- 
erate a constant torque independent of rotor angle; certainly no combina- 
tion of phase currents can result in torque at the zero-torque positions or in 
positive torque in the range of angular locations where only negative 
torque can be produced. As discussed in Art. 10-2, these difficulties can be 
eliminated by 4/2 designs with asymmetric geometries, and so practical 
4/2 machines can be constructed. 

As has been seen in this article, the analysis of VRMs is conceptually 
straightforward. In the case of linear machine iron (no magnetic satura- 
tion), finding the torque is simply a matter of finding the stator-phase in- 
ductances (self and mutual) as a function of rotor position and then 
calculating the derivative of the coenergy with respect to angular position 
(holding the phase currents constant when taking the derivative). Simi- 
larly, as discussed in Art. 3-7, the electric terminal voltage for each of the 
phases can be found from the sum of the time derivative of the phase flux 
linkage and the iR drop across the phase resistance. 

In the case of nonlinear machine iron (where saturation effects are im- 
portant), as is discussed in Art. 10-5, the coenergy can be found by appro- 
priate integration of the phase flux linkages, and the torque can again be 
found from the derivative of the coenergy. In either case, there are no rotor- 
windings and typically no other rotor currents in a well-designed variable- 
reluctance motor, and hence unlike other ac machine types (synchronous 
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and induction), there are no electrical dynamics associated with the ma- 
chine rotor. This greatly simplifies their analysis. 

Although VRMs are simple in concept and construction, their operation 
is somewhat complicated and requires sophisticated control and motor- 
drive electronics to achieve useful and desired operating characteristics. 
These issues and others are discussed in the following articles. 


10-2 PRACTICAL VRM CONFIGURATIONS 


Practical VRM drives (the motor and its inverter) are designed to meet op- 
erating criteria such as 


* Low cost 

* Constant torque independent of rotor angular position 
e A desired operating speed range 

e High efficiency 

* A large torque-to-mass ratio 


As in any engineering situation, the final design for a specific application 
will involve a compromise between the variety of options available to the 
designer. Because VRMs require some sort of electronics and control to op- 
erate, often the designer is concerned with optimizing a characteristic of 
the complete drive system (the VRM and its drive electronics and control), 
and this will impose additional constraints on the motor design. 

VRMs can be built in a wide variety of configurations. In Fig. 10-1, 
two forms of a 4/2 machine are shown: a singly salient machine in Fig. 10- 
la and a doubly salient machine in Fig. 10-1b. Although both types of de- 
sign can be made to work, a doubly salient design is often the superior 
choice because it can generally produce a larger torque for a given frame 
size. 

This can be seen qualitatively (under the assumption of a high-perme- 
ability, nonsaturating magnetic structure) by reference to Eq. 10-5, which 
shows that the torque is a function of dL(6)/d6, the derivative of the phase 
inductance with respect to angular position of the rotor. Clearly, all else 
being equal, the machine with the largest derivative will produce the 
largest torque. 

This derivative can be thought of as being determined by the ratio of 
the maximum to minimum phase inductances L,,,./Lmmin. In other words, 
we can write, 


— Lmax ( = fen) (10-6) 
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where 49 is the angular displacement of the rotor between the positions of 
maximum and minimum phase inductance and is a function of the rotor 
geometry only. From Eq. 10-6, we see that the largest value of Lmax/Lmin 
will give the largest torque. Because of its geometry, a doubly salient 
structure will typically have a lower minimum inductance and thus a 
larger value of Lmax/Lmin and hence will produce a larger torque for the 
same rotor structure. 

For this reason doubly salient machines are the predominant type of 
VRM, and hence for the remainder of this chapter we consider only doubly 
salient VRMs. In general, doubly salient machines can be constructed with 
two or more poles on each stator and rotor. It should be pointed out that once 
the basic structure of a VRM is determined, Lmax is fairly well determined 
by such quantities as the number of turns, air-gap length, and basic pole 
dimensions. The challenge to the VRM designer is to achieve a small value 
of Lmin: This is a difficult task because Lmin is dominated by leakage fluxes 
and other quantities which are difficult to calculate and analyze. 

As shown in Example 10-1, the geometry of a symmetric 4/2 VRM 
with a uniform air gap gives rise to rotor positions for which no torque can 
be developed for any combination of excitation of the rotor-phase windings. 
These torque zeros can be seen to occur at rotor positions where all the sta- 
tor phases are simultaneously at a position of either maximum or mini- 
mum inductance. Since the torque depends on the derivative of inductance 
with respect to angular position, this simultaneous alignment of maximum 
and minimum inductance points necessarily results in zero torque. 

Figure 10-5 shows a 6/4 VRM from which we see that a fundamental 
feature of the 6/4 machine is that no such simultaneous alignment of 
phase inductances is possible. As a result, this machine does not have any 
zero-torque positions. This is a significant point because it eliminates the 
possibility that the rotor might get stuck in one of these positions at stand- 
still and that it would then have to be mechanically moved to a new posi- 
tion before it could be started. In addition to the fact that there are not po- 
sitions of simultaneous alignment for the 6/4 VRM, it can be seen that 
there also are no rotor positions at which only a torque of a single sign (ei- 
ther positive or negative) can be produced. Hence by proper control of the 
phase currents, it should be possible to achieve a constant-torque output 
independent of rotor position. 

In the case of a symmetric VRM with m stator poles and n rotor poles, 
a simple test can be used to determine if zero-torque positions exist. If the 
ratio m/n (or alternatively n/m if n is larger than m) is an integer, there 
will be zero-torque positions. For example, for a 6/4 machine the ratio is 
1.5, and there will be no zero-torque positions. However, the ratio is 2.0 for 
a 6/3 machine, and there will be zero-torque positions. 

In some instances, design constraints may dictate that a machine with 
an integral pole ratio is desirable. In these cases, it is possible to eliminate 
the torque-zero positions by constructing a machine with an asymmetric 
rotor. For example, the rotor radius can be made to vary with angle as 
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Fig. 10-5. Cross-sectional view of a 6/4 three-phase VRM. 


shown in grossly exaggerated fashion in Fig. 10-6a. This design, which also 
requires that the width of the rotor pole be wider than that of the stator, 
will not produce zero torque at positions of alignment because dL(0)/d6 is 
not zero at these points, as can be seen with reference to Fig. 10-6b. 

An alternative procedure for constructing an integral-pole-ratio VRM 
without zero-torque positions is to construct a stack of two or more VRMs 
in series, aligned such that each of the VRMs is displaced in angle from 
the others and with all rotors sharing a common shaft. In this fashion, the 
torque-zero positions of the individual machines will not align, and thus 
the complete machine will not have any torque zeros. For example, a series 
stack of two two-phase, 4/2 VRMs such as that of Example 10-1 (Fig. 10-3) 
with a 45° angular displacement between the individual VRMs will result 
in a four-phase VRM without torque-zero positions. 

Generally VRMs are wound with a single coil on each pole. Although 
it is possible to control each of these windings separately as individual 
phases, it is common practice to combine them into groups of poles which 
are excited simultaneously. For example, the 4/2 VRM of Fig. 10-3 is 
shown connected as a two-phase machine. As shown in Fig. 10-5, a 6/4 
VRM is commonly connected as a three-phase machine with opposite poles 
connected to the same phase and in such a fashion that the windings drive 
flux in the same direction through the rotor. 

In some cases, VRMs are wound with a parallel set of windings on 
each phase. This configuration, known as a bifilar winding, in some cases 
can result in a simple inverter configuration and thus a simple, inexpen- 
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(b) 


Fig. 10-6. A 4/2 VRM with nonuniform air gap: (a) exaggerated schematic view and (b) plots 
of L(@) and dL(@)/dé@ versus 8. 


sive motor drive. The use of a bifilar winding in VRM drives is discussed 
in Art. 10-4. 

In general, when a given phase is excited, the torque is such that the 
rotor is pulled to the nearest position of maximum flux linkage. As excita- 
tion is removed from this phase and the next phase is excited, the rotor 
“follows” as it is then pulled to a new maximum flux-linkage position. 
However, unlike a conventional synchronous machine, the relationship be- 
tween the rotor speed and the frequency and sequence of stator-winding 
excitation can be quite complex, depending on the number of rotor poles 
and the number of stator poles and phases. This is illustrated in the follow- 
ing example. 
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EXAMPLE 10-2 


Consider a four-phase 8/6 VRM. If the stator phases are excited sequen- 
tially with a total time of T, s required to excite the four phases (i.e., each 
phase is excited for a time of T,/4 s), find the angular velocity of the stator 
flux wave and the corresponding angular velocity of the rotor. 


Solution 


Figure 10-7 shows in schematic form an 8/6 VRM. The details of the pole 
shapes are not of importance for this example, and thus the rotor and sta- 
tor poles are shown simply as arrows indicating their locations. The figure 
shows the rotor aligned with the stator phase-1 poles. This position corre- 
sponds to that which would occur if there were no load on the rotor and the 
stator phase-1 windings were excited, since it corresponds to a position of 
maximum phase-1 flux linkage. 

Consider next that the excitation on phase 1 is removed and phase 2 is 
excited. At this point, the stator flux wave has rotated 45° in the clockwise 
direction. Similarly, as the excitation on phase 2 is removed and phase 3 is 
excited, the stator flux wave will move an additional 45° clockwise. Thus 
the angular velocity w, of the stator flux wave can be calculated quite sim- 
ply as 7/4 rad (45°) divided by T,/4 s, or w, = 7/T) rad/s. 

Note, however, that this is not the angular velocity of the rotor itself. 
As the phase-1 excitation is removed and phase 2 is excited, the rotor will 
move in such a fashion as to maximize the phase-2 flux linkages. In this 
case, Fig. 10-7 shows that the rotor will move 15° counterclockwise since 
the nearest rotor poles to phase 2 are actually 15° ahead of the phase-2 


Fig. 10-7. Schematic view of a four-phase 8/6 VRM. Pole locations are indicated by arrows. 
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poles. Thus the angular velocity of the rotor can be calculated as —7/12 rad 
(15° with the minus sign indicating counterclockwise rotation) divided by 
To/4 s, or w, = —m/(8To) rad/s. 

In this case, the rotor travels at one-third the angular velocity of the 
stator excitation and in the opposite direction! 


Example 10-2 illustrates the complex relationship that can exist be- 
tween the excitation frequency of a VRM and the “synchronous” rotor 
frequency. This relationship is directly analogous to that between two me- 
chanical gears for which the choice of different gear shapes and configura- 
tions gives rise to a wide range of speed ratios. It is difficult to derive a 
single rule which will describe this relationship for the immense variety of 
VRM configurations which can be envisioned. It is, however, a fairly simple 
matter to follow a procedure similar to that shown in Example 10-2 to in- 
vestigate any particular configuration of interest. 

Further variations on VRM configurations are possible if the main sta- 
tor and rotor poles are subdivided by the addition of individual teeth (which 
can be thought of as a set of small poles excited simultaneously by a single 
winding). The basic concept is illustrated in Fig. 10-8, which shows a sche- 
matic view of three poles of a three-phase VRM with a total of six main sta- 
tor poles. Such a machine, with the stator and rotor poles subdivided into 
teeth, is known as a castleated VRM, the name resulting from the fact that 
the stator teeth appear much like the towers on a medieval castle. 

In Fig. 10-8 each stator pole has been divided into four subpoles by the 
addition of four teeth of width 65° (indicated by the angle 8 in the figure), 
with a slot of the same width between each tooth. The same tooth/slot spac- 


60° 60 | s 
— Stator 


| 
| | | 
| 2 | Ibs 
| | 
| | 
| 
| 


26/34 H- 463 e 


Rotor 


Fig. 10-8. Schematic view of a three-phase castleated VRM with six stator poles and four 
teeth per pole and 28 rotor poles. 
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ing is chosen for the rotor, resulting in a total of 28 teeth on the rotor. No- 
tice that this number of rotor teeth and the corresponding value of B were 
chosen so that when the rotor teeth are aligned with those of the phase-1 
stator pole, they are not aligned with those of phases 2 and 3. In this fash- 
ion, successive excitation of the stator phases will result in a rotation of 
the rotor. 

Castleation further complicates the relationship between the rotor 
speed and the frequency and sequence of the stator-winding excitation. For 
example, from Fig. 10-8 it can be seen that for this configuration, when the 
excitation of phase 1 is removed and phase 2 is excited (corresponding to a 
rotation of the stator flux wave by 60° in the clockwise direction), the rotor 
will rotate by an angle of (28/3)° = 42° in the counterclockwise direction. 

From the preceding analysis, we see that the technique of castleation 
can be used to create VRMs capable of operating at low speeds (and hence 
high torque for a given stator power input) and with very precise rotor po- 
sition accuracy. For example, the machine of Fig. 10-8 can be rotated pre- 
cisely by angular increments of (28/3)°. The use of more teeth can further 
increase the position resolution of these machines. Such machines can be 
found in applications where low speed, high torque, and precise angular 
resolution are required. 


10-3 CURRENT WAVEFORMS FOR TORQUE PRODUCTION 


As is seen in Art. 10-1, the torque produced by a VRM in which saturation 
and mutual inductance effects can be neglected is determined by the 
derivatives of the phase inductances with respect to the rotor angular posi- 
tion, each multiplied by the square of the corresponding phase current. For 
example, from Eq. 10-5, the torque for the 4/2 machines of Fig. 10-1 is 
given by 


aL (9) 
dé 


dL i? dL (6) 
2° dé 


1 
T = oii (10-7) 
For each phase of a VRM, the phase inductance is periodic in rotor an- 


gular position and thus the area under the curve of dL/dé@ calculated over 
a complete period of L(6) is zero, i.e., 


—— dé = L(2z7/n) — L(0) = 0 (10-8) 
0 dé 


{~ dL(@) 
where n is the number of rotor poles. l 
The average torque produced by a VRM can be found by integrating 
the torque equation (Eq. 10-7) over a complete period of rotation. Clearly, if 
the stator currents are held constant, Eq. 10-8 shows that the average 
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torque will be zero. Thus, to produce a time-averaged torque, the stator 
currents must vary with rotor position. The desired average output torque 
for a VRM depends on the nature of the application. For example, motor 
operation requires a positive time-averaged shaft torque. Similarly, brak- 
ing or generator action requires negative time-averaged torque. 

Positive torque is produced when a phase is excited at angular posi- 
tions with positive dL/dé for that phase, and negative torque is produced 
by excitation at positions at which dL/dé@ is negative. Consider a three- 
phase, 6/4 VRM (similar to that shown in Fig. 10-5) with 40° rotor and sta- 
tor poles. The inductance versus rotor position for this machine will be 
similar to the idealized representation shown in Fig. 10-9. 

Operation of this machine as a motor requires a net positive torque. Al- 
ternatively, it can be operated as a generator under conditions of net nega- 
tive torque. Noting that positive torque is generated when excitation is 
applied at rotor positions at which dL /dé is positive, we see that a control 
system is required that determines rotor position and applies the phase- 
winding excitations at the appropriate time. It is, in fact, the need for this 
sort of control that makes VRM drive systems more complex than might 
perhaps be thought, considering only the simplicity of the VRM itself. 

One of the reasons that VRM drive systems have begun to find appli- 
cation in a wide variety of situations is because the widespread availabil- 
ity and low cost of micro and power electronics have brought the cost of the 
sensing and control required to successfully operate VRM drive systems 
down to a level where these systems can be competitive with systems 


—90° 


Fig. 10-9. Idealized inductance and dL/d6 curves for a three-phase 6/4 VRM with 40° rotor 
and stator poles. 
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based upon de and induction-motor technologies. Although the control of 
VRM drives is more complex than that required for dc, induction, and 
permanent-magnet ac motor systems, in many applications the overall 
VRM drive system turns out to be less expensive and more flexible than 
the competition. 

Assuming that the appropriate rotor-position sensor and control sys- 
tem is available, the question still remains as to how to excite the arma- 
ture phases. From Fig. 10-9, one possible excitation scheme would be to 
apply a constant current to each phase at those angular positions at which 
dL/d@ is positive and zero current otherwise. 

If this is done, the resultant torque waveform will be that of Fig. 10-10. 
Note that because the torque waveforms of the individual phases overlap, 
the resultant torque will not be constant but rather will have a pulsating 
component on top of its dc average value. In general, such pulsating torques 
are to be avoided both because they may produce damaging stresses in the 
machine and because they may result in the generation of excessive vibra- 
tion and noise from the machine. 

Consideration of Fig. 10-9 shows that there are alternative excitation 
strategies which can reduce the torque pulsations of Fig. 10-10. Perhaps 
the simplest strategy is to excite each phase for only 30° of angular posi- 
tion instead of the 40° which resulted in Fig. 10-9. Thus, each phase would 
simply be turned off as the next phase were turned on, and there would be 
no torque overlap between phases. 

Although this strategy would be an ideal solution to the problem, as a 
practical matter it is not possible to implement. The problem is that be- 
cause each phase winding has a self-inductance, it is not possible to instan- 
taneously switch on or off the phase currents. Specifically, for a VRM with 
independent (uncoupled) phases,’ the voltage-current relationship of the 
jth phase is given by 


oe Phase a 
EEE NOE IEN Phase b 
—.:—::— = Phase c 


Torque 


Fig. 10-10. Individual phase torques for the motor of Fig. 10-9. Each phase is excited with a 
constant current h only at positions where dL/dé@ > 0. 


‘The reader is reminded that in some cases the assumption of independent phases is not 
justified, and then a more complex analysis of the VRM is required (see the discussion 
following the derivation of Eq. 10-5). 
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¥, = Ri, + A (10-9) 
where 
Thus, 
. d . 
v; = R,i; + = [L;(0)i;] (10-11) 
Equation 10-11 can be rewritten as 
d ; dij 
or 
, di; 
v; = |z, + O d i; + L,() (10-13) 


Although Eqs. 10-11 through 10-13 are complex and often require nu- 
merical solution, they clearly indicate that some time is required to build 
up currents in the phase windings following application of voltage to that 
phase. A similar analysis can be done for conditions associated with re- 
moval of the phase currents. Because this typically occurs when the phase 
inductances are at their maximum, the time required for the removal of 
current may be even longer than that required for current buildup. These 
effects are illustrated in Example 10-3 which also shows that in cases 
where winding resistance can be neglected, an approximate solution to 
these equations can be found. 


EXAMPLE 10-3 


Consider the idealized 4/2 VRM of Example 10-1. Assume that it has a 
winding resistance of R = 1.5 Q/phase and a leakage inductance L; = 
5 mH in each phase. For a constant rotor speed of 4000 r/min, calculate 
(a) the phase-1 current as a function of time during the interval —60° < 
0 = 0°, assuming that a constant voltage of Va = 100 V is applied to 
phase 1 just as dL(@)/d@ becomes positive (i.e., at 6 = —60° = —7/3 rad), 
and (b) the decay of phase-1 current if a negative voltage of —100 V is ap- 
plied at 0 = 0° and maintained until the current reaches zero. 
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Solution 


(a) From Eq. 10-13, the differential equation governing the current 
buildup in phase 1 is given by 


_ dL(0) dê |, di 
y= |z a Al + LO) 


At 4000 r/min, 


do _ 4000—— x =. rad/s _ 4007 rad 


dt min’ 30r/min 3 s 


From Fig. 10-4 (for —60° < 6 < 0°) 


Dina m 
L(0) = L, + 7/3 (o+ z) 


= 0.005 + 0.122(0 + 7/3) 


Thus 


dL) g H 
do 0.122 E 


and 


dL(6) do _ 
ap gp 7 OL2n 


which is much greater than the resistance R = 1.5 Q. 
This will enable us to obtain an approximate solution for the current 
by neglecting the Ri term in Eq. 10-11. We must then solve 


d(Li) _ 
dt 


for which the solution is 


[va _ Vet 
Lit) L(t) 


B 100¢ 
~ 0.005 + 51.2¢ 


i(t) = 
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which is valid until 0 = 0 at t = 2.5 ms. This solution is plotted in Fig. 10- 
lla. 

(6) During the period of current decay the solution proceeds as in 
part (a). From Fig. 10-4, for 0° = 0 = 60° = w/3 rad, dL(@)/dt = —51.2 Q 
and the Ri term can again be ignored in Eq. 10-11. 

Thus since the applied voltage is Vọ = —100 V for this time period 
[t = 2.5 ms until i(t) = 0] and recognizing that the current must remain 
continuous at t = 2.5 ms, we see that the solution becomes 


Phase 1 
Current, A 


0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 Time, msec 
(a) 


Torque, Nem 


0.3 


0.2 


0.1 


4.0 Time, msec 


—0.2 


(b) 
Fig. 10-11. Example 10-3: (a) Phase-1 current and (b) torque profile. 
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t 
| vdt 
, =i 4 2.5x 1073 
u(t) 1.88 ~ Lit) 
_ ~§ 
— 1.88 — 100(t — 2.5 x 10°) A 


0.005 + 51.2(5 x 10°° — t) 


This current decay is also plotted in Fig. 10-1la, where we see that the 
current reaches zero at t = 3.77 ms. 

Notice from Fig. 10-1la that because much of the current increase oc- 
curs while the inductance is relatively low while the current decay begins 
when the phase inductance is at its maximum, the current buildup occurs 
more rapidly than does its decay. Also notice that just as the current wave- 
form differs significantly from the ideal, so does the torque profile (plotted 
in Fig. 10-116) differ from the ideal profile of Fig. 10-4c. In fact, we see 
that significant negative torque is generated due to the slow decay of the 
phase current following turn-off. 

This example also illustrates another important aspect of VRM opera- 
tion. For a system of resistance of 1.5 Q and constant inductance, one 
would expect a steady-state current of 100/1.5 = 66.7 A. Yet in this system 
the steady-state current is less than 2 A. The reason for this is evident 
from Eqs. 10-12 and 10-13 where we see that dL(@)/dt = 51.2 Q appears as 
an apparent resistance in series with the winding resistance and which is 
much larger than the winding resistance. The corresponding voltage drop 
(the speed voltage) is of sufficient magnitude to limit the steady-state cur- 
rent to a value of 100/51.2 = 1.90 A. 


Example 10-3 indicates important aspects of VRM performance which 
do not appear in an idealized analysis such as that of Example 10-1 but 
which play an extremely important role in practical applications. It is 
clear that it is not possible to readily apply phase currents of arbitrary 
waveshapes. Winding inductances (and their time derivatives) signifi- 
cantly affect the current waveforms that can be achieved for a given ap- 
plied voltage. 

In fact, the problem becomes more severe as the rotor speed is in- 
creased. Consideration of Example 10-3 shows, for a given applied voltage, 
(1) that as the speed is increased, the current will take a larger fraction of 
the available time during which dL/doé is positive to achieve a given level, 
and (2) that the steady-state current which can be achieved is progres- 
sively lowered. One common method for maximizing the available torque 
is to apply the phase voltage somewhat in advance of the time when dL/dé 
begins to increase. This gives the current time to build up to a significant 
level before torque production begins. 

Yet a more significant difficulty (also illustrated in Example 10-3) is 
that just as the currents require a significant amount of time to increase at 
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the beginning of a turn-on cycle, they also require time to decrease at the 
end. Because these currents are typically turned off when the rotor is near 
its maximum inductance position, the decay time is often longer than the 
time required for current buildup. As a result, if the phase excitation is re- 
moved at or near the end of the positive dL/dé period, it is likely that 
there will be phase current remaining as dL/d@ becomes negative, so there 
will be a period of negative torque production, reducing the effective 
torque-producing capability of the VRM. 

One way to avoid such negative torque production would be to turn off 
the phase excitation sufficiently early in the cycle that the current will 
have decayed to zero by the time that dL/d0 becomes negative. However, 
there is clearly a point of diminishing returns, because turning off the 
phase current while dL/dé is positive also reduces positive torque produc- 
tion. As a result, it is often necessary to accept a certain amount of nega- 
tive torque (to get the required positive torque) and to compensate for it by 
the production of additional positive torque from another phase. 

Another possibility is illustrated in Fig. 10-12. Figure 10-12a shows 
the cross-sectional view of a 4/2 VRM similar to that of Fig. 10-3 with the 
exception that the rotor pole angle has been increased from 60° to 75° with 
the result that the rotor pole overhangs that of the stator by 15°. As can be 
seen from Fig. 10-120, this results in a region of constant inductance sepa- 
rating the positive and negative dL/dé@ regions, which in turn provides ad- 
ditional time for the phase current to be turned off before the region of 
negative torque production is reached. 

Although Fig. 10-12 shows an example with 15° of rotor overhang, in 
any particular design the amount of overhang would be determined as part 
of the overall design process and would depend on such issues as the 
amount of time required for the phase current to decay and the operating 
speed of the VRM. Also included in this design process must be recognition 
that the use of wider rotor poles will result in a larger value of Lmin which 
itself tends to reduce torque production (see the discussion of Eq. 10-6) and 
to increase the time for current buildup. 

Under conditions of constant-speed operation, it is often desirable to 
achieve constant torque independent of rotor position. Such operation will 
minimize pulsating torques which may cause excessive noise and vibration 
and perhaps ultimately lead to component failure due to material fatigue. 
This means that as the torque production of one phase begins to decrease, 
that of another phase must increase to compensate. As can be seen from 
torque waveforms such as those found in Fig. 10-11, this represents a com- 
plex control problem for the phase excitation, and a totally ripple-free 
torque will be difficult to achieve in many cases. 


10-4 VRM DRIVES 


Unlike de and ac (synchronous or induction) machines, VRMs cannot be 
simply “plugged in” to a de or ac source and then be expected to run. As 
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(b) 


Fig. 10-12. A 4/2 VRM with 15° rotor overhang: (a) cross-sectional view and (b) plots of L(6) 
and dL(@)/d 6 versus 9. 


has been seen in this chapter, the phases must be excited with (typically 
unipolar) currents, and the timing of these currents must be carefully cor- 
related with the position of the rotor poles in order to produce a useful, 
time-averaged torque. The result is that although the VRM itself is per- 
haps the simplest of rotating machines, a practical VRM drive system is 
relatively complex. 

VRM drive systems are competitive only because this complexity can 
be realized easily and inexpensively through power and microelectronic 
circuitry. Because these drive systems require a fairly sophisticated level 
of controllability for even the simplest modes of VRM operation, fairly so- 
phisticated control features can be added (typically in the form of addi- 
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tional software) at little additional cost, further increasing the competitive 
position of VRM drives. 

In addition to the VRM itself, the basic VRM drive system consists 
of the following components: a rotor-position sensor, a controller, and an 
inverter. 

The function of the rotor-position sensor is to provide an indication of 
shaft position which can be used to control the timing and waveform of the 
phase excitation. This is directly analogous to the timing signal used to 
control the firing of the cylinders in an automobile engine. 

The controller is typically implemented in software in microelectronic 
(microprocessor) circuitry. Its function is to determine the sequence and 
waveforms of the phase excitation required to achieve the desired motor 
speed-torque characteristics. In addition to set points of desired speed and/ 
or torque and shaft position (from the shaft-position sensor), sophisticated 
controllers often employ additional inputs including shaft-speed and 
phase-current magnitude. Along with the basic control function of deter- 
mining the desired torque for a given speed, the more sophisticated con- 
trollers attempt to provide excitations which are in some sense optimized 
(for maximum efficiency, stable transient behavior, etc.). 

The control circuitry consists typically of low-level electronics which 
cannot be used to directly supply the currents required to excite the motor 
phases. Rather its output consists of signals which control the inverter 
which in turn supplies the phase currents. In general, the inverter consists 
of a de source and a set of controllable switches whose function is to con- 
nect the various phases to the de source at appropriate times as deter- 
mined by the controller. 

Control of the VRM is achieved by the application of currents to the 
VRM phase windings. A phase winding of a VRM can be thought of as a 
nonlinear (due to magnetic saturation effects), time-varying (due to 
changes in rotor position with time) inductance. Many of the issues associ- 
ated with the control of current in these systems can be investigated by 
considering the situation of a constant inductance supplied by a de source. 
This has the additional advantage of being easily analyzed. 

Figure 10-13a shows such a system in which an inductor of constant 
inductance L is connected to a de source of voltage V,. The resistance of the 
inductor is R while the source resistance is R,. An ideal switch is shown 
connecting the source and the inductor. Finally a flyback diode is shown 
connected across the inductor. 

Figure 10-13b shows the system configuration when the switch is closed. 
Under this condition, the diode is back-biased and carries no current, and 
the inductor current is governed by the differential equation 


LI +(R+R,)i = V, (10-14) 


Assuming that the inductor is carrying an initial current J, at time t, 
when the switch is closed, the subsequent current is given by 
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(c) 


Fig. 10-13. Simplified drive circuit for an inductive load: (a) complete circuit, (b) equivalent 
circuit with the switch closed, and (c) equivalent circuit with the switch open. 


n a Vo = Vo —(t-ty)/r 
u(t) = RGR R, + (z Ro z) (10-15) 
where 


L 


"Fa R, (10-16) 


> 


is the time constant associated with the inductance and the total de resis- 
tance of the circuit. 

If there were no flyback diode present in the circuit, as the switch is 
opened, the current would begin to drop and a negative voltage would ap- 
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pear across the inductor (L di/dt < 0) in order to maintain current flow 
through the inductor. Typically this voltage will become large enough to 
maintain current flow through the switch (often in the form of an arc) un- 
til all the energy has been dissipated from the inductor. 

The presence of the flyback diode changes matters considerably. As 
the inductor voltage becomes negative, it forward-biases the diode, turning 
it on, and provides an alternate path for the inductor current. Figure 10-13c 
shows the effective configuration which exists under these conditions. The 
diode is assumed to be ideal and thus appears as a short circuit across the 
inductor terminals. In addition to providing an alternative current path for 
inductor current, the diode prevents excessive voltages from damaging the 
switch upon opening. 

From Fig. 10-13c it can be seen that the inductor current will decay 
with the L/R time constant of the inductor. Thus if the switch is opened at 
time ¢, when the inductor is carrying a current J,, the inductor will dis- 
charge and the subsequent inductor current will be given by 


i(t) = e MRI (10-17) 


Thus we can see that by alternately closing and opening the switch it 
is possible to charge and discharge the inductor. If the switch is operated at 
a rate slow compared to the time constants of the charge and discharge 
transients, the resulting current waveform will be as shown in Fig. 10-14a. 
While the switch is closed, the current will increase with time constant 
L/(R + R,) to a de value of V,/(R + R,). When the switch is then opened, 
the current will in turn decay to zero with time constant L/R. 

As is discussed in Art. 10-3, VRM operation requires control of the cur- 
rent applied to each phase. For example, one control strategy for constant- 
torque production is to apply constant current to each phase during the 
time that dL/dé for that phase is constant. This results in constant torque 
proportional to the square of the phase-current magnitude. The magnitude 
of the torque can be controlled by changing the magnitude of the phase 
current. 

Clearly, a current waveform of the form of Fig. 10-14a does not provide 
sufficient flexibility to achieve arbitrary levels of direct current from a dc 
voltage source of fixed magnitude. For example, if the time constants asso- 
ciated with charging and discharging the inductor are short compared with 
the desired on-time of the direct current, turning on the switch will essen- 
tially apply a direct current of magnitude V,/(R + R,) to the inductor and 
turning off the switch will remove it. The resultant waveform will be that 
of Fig. 10-14b. 

Figure 10-15 shows a technique that can be used to achieve arbitrary 
values of direct current J, [o < V,)/(R + R,)]. This technique is known as 
chopping. By alternately turning the switch on and off, the current can be 
made to vary around a dc level. In Fig. 10-15, the switch is first turned on 
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Fig. 10-14. Current waveforms for system of Fig. 10-13. (a) Inductor current following closing 
and opening of switch; (b) inductor current when switch is closed for time T [T > L/R, 
L/(R + R,)). 


Switch on 


Switch off 


Ton T on 


Fig. 10-15. Inductor current showing the effects of chopping for the system of Fig. 10-13. 


474 Variable-Reluctance Machines 


until the current i(t) reaches the value Imax It is then turned off for a time 
Ts during which the current decays to a value Imin following which it is 
again turned on for a time T,» until the current reaches Imax This cycle is 
repeated until a time when the switch is left off and the current is allowed 
to decay to zero. 

Depending on the choice of Te and T,,,, the current waveform upon 
chopping may be more complex than that of Fig. 10-15. In many cases, Tte 
and T „ may be varied during the course of the switching operation, and in 
the case of a VRM, the winding inductance will vary with time, further 
complicating the waveform. However, in all such situations, the basic idea 
remains the same. By alternately opening and closing the switch, the cur- 
rent can be made to vary around an average value J). Depending on how 
rapidly the switch can be turned on and off subject to practical limits asso- 
ciated with the switching devices and their control circuitry, the current 
ripple (Imax — Imin) can be made arbitrarily small. 


EXAMPLE 10-4 


Consider the system of Fig. 10-13a with the following parameter values: 
Y=100V L=250mH R=25Q0 R,= 2.50 


The system is to be operated in a chopping mode to produce a current 
waveform such as that of Fig. 10-15. 

Calculate the switching times T and T, such that the inductor cur- 
rent varies between Imin = 10 A and J,,,, = 12 A. 


Solution 


Initially the switch is held closed until the current reaches the value Inas = 
12 A. At this point the current begins to decay. From Eq. 10-17, with 
I, = Imax and assuming the switch is turned off at time t; = 0, the subse- 
quent current decay is given by 


i(t) = Imex” 


Setting t = Ts then gives i(t = Ty) = Imin. This can be solved for Tse 
to give 
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At this point the switch is closed until the current reaches the value 
Imax at time t = Ty + Ton From Eq. 10-15, by setting J, = Imin and t; = Ts, 
T» can be found as 


L Law = VAR +R) 


Pon 7 R + R, n Fits ~ V,/(R F R,) 
0.25. 12 — 20 
= -g Inj 20 = 11.2 ms 


Example 10-4 shows a typical current waveform which can be achieved 
with a simple chopping circuit driving a constant-value inductor. This sys- 
tem can be operated “open loop” in that the switching times can be prede- 
termined and the controller can achieve the desired current level based 
upon these calculated times. 

The control required to drive the phase windings of a VRM is made 
more complex because the phase-winding inductances change both with ro- 
tor position and with current levels due to saturation effects in the mag- 
netic material. As a result, it is not possible in general to perform the 
chopping open-loop based on a precalculated algorithm. However, chopping 
can be readily accomplished through the use of feedback. The instanta- 
neous phase current can be measured and a switching scheme can be de- 
vised such that the switch can be opened when the current has been found 
to reach the desired level J,,,,, and the switch can be turned on when the 
current decays to Imin 

Figure 10-16a to c shows three common configurations found in in- 
verter systems for driving VRMs.* In these figures, the switching device is 
indicated by the symbol for an ideal switch. In practical inverters, the switch 
will be a solid-state device such as a thyristor, a transistor [bipolar or field 
effect (FET)], or a GTO (gate-turn-off) device. Each inverter is shown in a 
two-phase configuration. As is clear from the figure, extension of each con- 
figuration to drive additional phases can be readily accomplished. 

The configuration of Fig. 10-16a is perhaps the simplest. There are two 
switches and two diodes per phase. To energize phase 1, for example, both 
switches S,, and S,, must be closed. This places the phase winding directly 
across the supply and causes current i; to flow in the direction indicated. 
When the switches are opened, di,/dt becomes negative and a voltage is 
developed across the phase winding in such a direction as to forward-bias 
diodes D,, and D,,. As a result, although current continues to flow through 


‘For a detailed discussion of these inverter systems, see R. M. Davis, W. F. Ray, and R.J. 
Blake, “Inverter Drive for Switched Reluctance Motor: Circuits and Component Rat- 
ings,” JEE Proc., 128B(2) (Mar. 1981). 
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Phase 1 


Sip 


Phase 1 


(c) 


Fig. 10-16. Inverter configurations. (a) Two-phase inverter which uses two switches per 
phase. (b) Two-phase inverter which uses a split supply and one switch per phase. (c) Two- 
phase inverter with bifilar phase windings and one switch per phase. 


the phase winding, it is now connected across the supply with a reverse po- 
larity, forcing the current to decay to zero. 

It is interesting to note an important distinction between this circuit 
and that of Fig. 10-13a. In the circuit of Fig. 10-13a, all the magnetic en- 
ergy which is initially stored in the inductor is dissipated (in the resistance 
of the inductor and in the flyback diode) when the switch is opened and the 
current decays through the flyback diode. When the switches open in the 
inverter circuit of Fig. 10-16a, the current flows back through the dc source 
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and much of the energy is returned to the source. This process is known as 
regeneration and clearly results in an inverter which is much more effi- 
cient than one in which all excess magnetic stored energy is dissipated in 
the form of heat. Similarly, this circuit will permit generator operation 
with the predominant energy exchange consisting of power being delivered 
from the VRM to the de source. 

The inverter configuration of Fig. 10-16a is perhaps the simplest of 
configurations which provide regeneration capability. Its main disadvan- 
tage is that it requires two switches per phase. In many applications, the 
cost of the switches (and their associated drive circuitry) dominates the 
cost of the inverter, and the result is that this configuration is less attrac- 
tive in terms of cost when compared to other configurations which require 
one switch per phase. 

Figure 10-166 shows one such configuration. This configuration re- 
quires a split supply (i.e., two supplies of voltage V,) but only a single 
switch and diode per phase. Closing switch S, connects the phase-1 wind- 
ing to the upper de source. Opening the switch causes the phase current to 
transfer to diode D,, connecting the winding to the bottom de source. 
Phase 1 is thus supplied by the upper de source and regenerates through 
the bottom source. Note that to maintain symmetry and to balance the en- 
ergy supplied from each source equally, phase 2 is connected oppositely so 
that it is supplied from the bottom source and regenerates into the top 
source. 

The major disadvantages of the configuration of Fig. 10-166 are that it 
requires a split supply and that when the switch is opened, the switch 
must withstand a voltage of 2V,. This can be readily seen by recognizing 
that when diode D, is forward-biased, the switch is connected across the 
two supplies. Such switches are likely to be more expensive than the 
switches required by the configuration of Fig. 10-16a. Both of these issues 
will tend to offset some of the economic advantage which can be gained by 
the elimination of one switch and one diode as compared with the inverter 
circuit of Fig. 10-16a. 

A third inverter configuration is shown in Fig. 10-16c. This configura- 
tion requires only a single de source and uses only a single switch and 
diode per phase. This configuration achieves regeneration through the use 
of bifilar phase windings. In a bifilar winding, each phase is wound with 
two separate windings which are closely coupled magnetically (this can be 
achieved by winding the two windings at the same time) and can be 
thought of as the primary and secondary windings of a transformer. 

When switch S, is closed, the primary winding of phase 1 is energized, 
exciting the phase winding. Opening the switch induces a voltage in the 
secondary winding (note the polarity indicated by the dots in Fig. 10-16c) 
in such a direction as to forward-bias D,. The result is that current is 
transferred from the primary to the secondary winding with a polarity 
such that the current in the phase decays to zero and energy is returned to 
the source. 
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Although this configuration requires only a single de source, it requires 
a switch which must withstand a voltage in excess of 2V, (the degree of ex- 
cess being determined by the voltage developed across the primary leakage 
reactance as current is switched from the primary to the secondary wind- 
ings) and requires the more complex bifilar winding in the machine. In ad- 
dition, the switches in this configuration must include snubbing circuitry 
(typically consisting of a resistor-capacitor combination) to protect them 
from transient overvoltages. These overvoltages result from the fact that 
although the two windings of the bifilar winding are wound such that they 
are as closely coupled as possible, perfect coupling cannot be achieved. As a 
result, there will be energy stored in the leakage fields of the primary 
winding which must be dissipated when the switch is opened. 

This section has provided a brief introduction to the topic of drive sys- 
tems for variable-reluctance machines. In most cases, many additional 
issues must be considered before a practical drive system can be imple- 
mented. For example, accurate rotor position sensing is required for proper 
control of the phase excitation, and the control loop must be properly com- 
pensated to ensure its stability. In addition, the finite rise and fall times of 
current buildup in the motor phase windings will ultimately limit the 
maximum achievable rotor torque and speed. 

The performance of a complete VRM drive system is intricately tied to 
the performance of all its components, including the VRM, its controller, 
and its inverter. In this sense, the VRM is quite different from the induc- 
tion, synchronous, and de machines discussed earlier in this book. As a re- 
sult, it is useful to design the complete drive system as an integrated 
package and not to design the individual components (VRM, inverter, con- 
troller, etc.) separately. The inverter configurations of Fig. 10-16 are repre- 
sentative of a number of possible inverter configurations which can be 
used in VRM drive systems. The choice of an inverter for a specific applica- 
tion must be made based on engineering and economic considerations as 
part of an integrated VRM drive system design. 
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Like most electric machines, VRMs employ magnetic materials both to di- 
rect and shape the magnetic fields in the machine and to increase the mag- 
netic flux density that can be achieved from a given amount of current. To 
obtain the maximum benefit from the magnetic material, the magnetic 
flux density in practical VRMs is high enough so that the magnetic mate- 
rial is in saturation under normal operating conditions. 

The actual operating flux density is determined by trading off such 
quantities as cost, efficiency, and torque/mass ratio. As with the synchro- 
nous, induction, and dc machines discussed earlier, these trade-offs con- 
tinue to exist in the design of VRMs. However, because the VRM and its 
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inverter are quite closely interrelated, VRMs involve additional trade-offs 
that in turn affect the choice of operating flux density. 

Figure 10-2 shows typical inductance versus angle curves for the 
VRMs of Fig. 10-1. Such curves are characteristic of all VRMs. It must be 
recognized that use of the concept of inductance assumes that the magnetic 
circuit in the machine is linear so that the flux density (and hence the 
winding flux linkage) is proportional to the winding current. This linear 
analysis is based on the assumption that the magnetic material in the mo- 
tor has constant magnetic permeability. This assumption was used for all 
the analyses earlier in this chapter. 

An alternate representation of the flux linkage versus current charac- 
teristic of a VRM is shown in Fig. 10-17. This representation consists of a 
series of plots of the flux linkage versus current at various rotor angles. In 
this figure, the curves correspond to a machine with a two-pole rotor such 
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Fig. 10-17. Plots of à versus / for VRM with (a) linear and (b) nonlinear magnetics. 
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as in Fig. 10-1, and hence a plot of curves from 0° to 90° is sufficient to com- 
pletely characterize the machine. 

Figure 10-17a shows the set of A-i characteristics which would be mea- 
sured in a machine with linear magnetics, i.e., constant magnetic perme- 
ability and no magnetic saturation. For each rotor angle, the curve is a 
straight line whose slope corresponds to the inductance L(@) at that angu- 
lar position. In fact, a plot of L(@) versus @ such as in Fig. 10-2 is an equiva- 
lent representation to that of Fig. 10-17a. 

In practice, VRMs do operate with their magnetic material in satura- 
tion, and their A-i characteristics take on the form of Fig. 10-176. Notice 
that for low current levels, the curves are linear, corresponding to the as- 
sumption of linear magnetics of Fig. 10-17a. However, for higher current 
levels, saturation begins to occur and the curves bend over steeply, with 
the result that there is significantly less flux linkage for a given current 
level. Finally, note that saturation effects are maximum at 0 = 0° (the ro- 
tor and stator poles are aligned) and minimal for higher angles as the rotor 
approaches the nonaligned position. 

Saturation has two important effects on VRM performance. On the 
one hand, saturation limits flux densities for a given current level and 
thus tends to limit the amount of torque available from the VRM. On the 
other hand, it can be shown that saturation tends to lower the required in- 
verter power rating for a given VRM output power and thus tends to make 
the inverter smaller and less costly. A well-designed VRM system will be 
based on a trade-off between the two effects.’ 

These effects of saturation can be investigated by considering the two 
machines of Fig. 10-17a and b operating at the same rotational speed and 
under the same operating condition. For the sake of simplicity, we assume 
a somewhat idealized condition in which the phase-1 current is instanta- 
neously switched on to a value J, at 6 = —90° (the unaligned position for 
phase 1) and is instantaneously switched off at 0 = 0° (the aligned posi- 
tion). This operation is similar to that discussed in Example 10-1 in that 
we will neglect the complicating effects of the current buildup and decay 
transients which are illustrated in Example 10-3. 

Because of rotor symmetry, the flux linkages for negative rotor angles 
are identical to those for positive angles. Thus, the flux linkage—current 
trajectories for one current cycle can be determined from Fig. 10-17a and b 
and are shown for the two machines in Fig. 10-18a and b. 

As each trajectory is traversed, the power input to the winding is 
given by its volt-ampere product (see Chap. 3) 


Pin = ÙU = io (10-18) 


‘For a discussion of saturation effects in VRM drive systems, see T. J. E. Miller, “Con- 
verter Volt-Ampere Requirements of the Switched Reluctance Motor,” IEEE Trans. Ind. 
Appl., [A-21:1136-—1144 (1985). 
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Fig. 10-18. (a) Flux-linkage—current trajectory for the (a) linear and (b) nonlinear machines 
of Fig. 10-17. 


The net electric energy input to the machine (the energy that is con- 
verted to mechanical work) in a cycle can be determined by integrating 
Eq. 10-18 around the trajectory 


Net work = f Pan dt = fiar (10-19) 


This can be seen graphically as the area enclosed by the trajectory, labeled 
We in Fig. 10-18a and b. Note that the saturated machine converts less 
useful work per cycle than the unsaturated machine. As a result, to get a 
machine of the same power output, the saturated machine will have to be 
larger than a corresponding (hypothetical) unsaturated machine. This 
analysis demonstrates the effects of saturation in lowering torque and 
power output. 
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The peak energy input to the winding from the inverter can also be 
calculated. It is equal to the integral of the input power from the start of 
the trajectory to the point (Io, max): 


Amax 


Peak energy = idà (10-20) 
0 


This is the total area under the \-i curve, shown in Fig. 10-18a and b as the 
sum of the areas labeled W,,, and Wnet- 

Since we have seen that the energy represented by the area Wet corre- 
sponds to useful output energy, it is clear that the energy represented by 
the area W,,. corresponds to energy input that is required to make the 
VRM operate (i.e., it goes into creating the magnetic fields in the VRM) 
but must be recycled back into the inverter at the end of the trajectory. 

The inverter rating is determined by the average power per phase pro- 
cessed by the inverter as the motor operates, equal to the peak energy in- 
put to the VRM divided by the time T between cycles. Similarly, the 
average output power per phase of the VRM is given by the net energy in- 
put per cycle divided by T. Thus the ratio of the inverter rating to power 
output is 


Inverter power rating _ area(W,.. + Wnet) (10-21) 
Net output power area Wet j 

In general, the inverter rating determines its cost and size. Thus, for a 
given power output from the VRM, a smaller ratio of inverter power rating 
to output power means that the inverter will be both smaller and cheaper. 
Comparison of Fig. 10-18a and b shows that this ratio is smaller in the ma- 
chine which saturates; the effect of saturation is to lower the amount of en- 
ergy which must be recycled each cycle and hence the power rating of the 
inverter required to supply the VRM. 

It should be emphasized again that, in the design of the VRM system, 
a trade-off must be made. On the one hand, saturation tends to increase 
the size of the VRM for a given power output. On the other hand, on com- 
paring two VRM systems with the same power output, the system with the 
higher level of saturation will require an inverter with a lower power rat- 
ing. Thus the ultimate design will be determined by a trade-off between 
VRM size, cost, and efficiency and inverter size, cost, and efficiency. 

In Example 10-4 and the preceding analysis, we considered the calcu- 
lation of the excitation requirements for achieving a specific current level 
in a constant-value inductor. We then recognized that in a VRM, where ro- 
tor position and hence inductances are constantly changing, these calcula- 
tions are significantly complicated. Clearly, saturation effects further 
complicate these calculations. 
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The objective of this section has been to show the effects of saturation 
on the design performance of VRM systems. Because the VRM and its 
power inverter and controller system are both strongly affected by satura- 
tion effects, consideration of these effects becomes much more critical in 
the design of VRM drive systems than in conventional systems based on 
induction, synchronous, or de motors. This typically requires the use of 
computer-based analytical techniques as the systems are designed in order 
to achieve competitive performance. 


10-6 SUMMARY 


Variable-reluctance machines are perhaps the simplest of electrical ma- 
chines. They consist of a stator with excitation windings and a magnetic 
rotor with saliency. Torque is produced by the tendency of the salient-pole 
rotor to align with excited magnetic poles on the stator. 

VRMs are synchronous machines in that they produce net torque only 
when the rotor motion is in some sense synchronous with the applied sta- 
tor mmf. This synchronous relationship may be complex, with the rotor 
speed being some specific fraction of the applied electrical frequency as de- 
termined not only by the number of stator and rotor poles but also by the 
number of stator and rotor teeth on these poles. In fact, in some cases, the 
rotor will be found to rotate in the direction opposite to the rotation direc- 
tion of the applied stator mmf. 

Successful operation of a VRM depends on exciting the stator-phase 
windings in a specific fashion correlated to the instantaneous position of 
the rotor. Thus, rotor position must be measured, and a controller must be 
employed to determine the appropriate excitation waveforms and to con- 
trol the output of the inverter. Typically chopping is required to obtain 
these waveforms. The net result is that although the VRM is itself a 
simple device, somewhat complex electronics is required to make a com- 
plete drive system. 

The significance of VRMs in engineering applications stems from their 
low cost, reliability, and controllability. Because their torque depends only 
on the square of the applied stator currents and not on their direction, 
these machines can be operated from unidirectional drive systems, reduc- 
ing the cost of the power electronics. However, it is only recently, with the 
advent of low-cost, flexible power electronic circuitry and microprocessor- 
based control systems that VRMs have begun to see widespread applica- 
tion in systems ranging from traction drives to high-torque, precision 
position control systems for robotics applications. 

Practical experience with VRMs has shown that they have the poten- 
tial for high reliability. This is due in part to the simplicity of their con- 
struction and to the fact that there are no windings on their rotors. In 
addition, VRM drives can be operated successfully (at a somewhat reduced 
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rating) following the failure of one or more phases, either in the machine 
or in the inverter. VRMs typically have a large number of rotor phases 
(four or more), and significant output can be achieved even if some of these 
phases are out of service. Because there is no rotor excitation, there will be 
no voltage generated in a phase winding which fails open-circuited or cur- 
rent generated in a phase winding which fails short-circuited, and thus the 
machine can continue to be operated without risk of further damage or ad- 
ditional losses and heating. 

Because VRMs can be readily manufactured with a large number of 
rotor and stator teeth (resulting in large inductance changes for small 
changes in rotor angle), they can be constructed to produce very large 
torques per unit volume. There is, however, a trade-off between torque and 
velocity, and such machines will have a low rotational velocity (consistent 
with the fact that only so much power can be produced by a given machine 
frame size). On the opposite extreme, the simple configuration of a VRM 
rotor and the fact that it contains no windings suggest that it is possible to 
build extremely rugged VRM rotors. These rotors can withstand high speeds, 
and motors which operate in excess of 200,000 r/min have been built. 

Finally, we have seen that saturation plays a large role in VRM per- 
formance. As recent advances in power electronic and microelectronic cir- 
cuitry have brought VRM drive systems into the realm of practicality, so 
have recent advances in computer-based analytical techniques for mag- 
netic field analysis. Use of these techniques now makes it practical to per- 
form optimized designs of VRM drive systems which are competitive with 
alternative technologies in many applications. 


PROBLEMS 


10-1. Repeat Example 10-1 for a machine identical to that considered in 
the example except that the stator pole-face angle is B = 50°. 


10-2. Consider the 4/2 VRMs of Fig. 10-1. In the paragraph preceding 
Kq. 10-1, the text states that “symmetry arguments can be used to show 
that if the reluctance of the machine iron is negligible, then there is negli- 
gible mutual flux linkage between the two phase windings and hence that 
their phase-phase mutual inductance can be considered to be zero.” Use 
magnetic circuit techniques to show that this statement is true. 


10-3. Use magnetic circuit techniques to show that the phase-phase mu- 
tual inductance in the 6/4 VRM of Fig. 10-5 is zero under the assumption 
of infinite rotor and stator-iron permeability. 


10-4. A 6/4 VRM of the form of Fig. 10-5 has the following properties: 


Stator pole angle 8 = 30° 
Rotor pole angle a = 30° 
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Air-gap length g = 3 x 10° cm 
Rotor outer radius R = 3.2 cm 
Active length D = 8 cm 


This machine is connected as a three-phase motor with opposite poles con- 
nected in series to form each phase winding. There are 40 turns per pole 
(80 turns per phase). The rotor and stator iron can be considered to be of in- 
finite permeability, and hence mutual inductance effects can be neglected. 


(a) Defining the zero of rotor angle @ at the position when the phase-1 
inductance is maximum, plot and label the inductance of phase 1 
as a function of rotor position. 

(b) On the plot of part (a), plot the inductances of phases 2 and 3. 

(c) Find the phase-1 current J, which results in a magnetic flux den- 
sity of 1.0 T in the air gap under the phase-1 pole face when the ro- 
tor is in a position of maximum phase-1 inductance. 

(d) Assuming that the phase-1 current is held constant at the value 
found in part (c) and that there is no current in phases 2 and 3, plot 
the torque as a function of rotor position. 


The motor is to be driven from a three-phase current-source inverter 
which can be switched on or off to supply either zero current or a constant 
current of magnitude J, to each phase. 


(e) Under the idealized assumption that the currents can be instanta- 
neously switched, determine the sequence of phase currents (as a 
function of rotor position) that will result in a constant positive mo- 
tor torque, independent of rotor position. 

(f) If the frequency of the stator excitation is such that a time T) = 
30 ms is required to sequence through all three phases under the 
excitation conditions of part (e), find the rotor angular velocity and 
its direction of rotation. 


10-5. In Sec. 10-2, when discussing Fig. 10-5, the text states: “In addition 
to the fact that there are not positions of simultaneous alignment for the 
6/4 VRM, it can be seen that there also are no rotor positions at which 
only a torque of a single sign (either positive or negative) can be pro- 
duced.” Show that this statement is true. 


10-6. Consider a three-phase 6/8 VRM. The stator phases are excited se- 
quentially with a total time of 25 ms required to excite the three phases. 
Find the angular velocity of the rotor. Express your answers both in radi- 
ans per second and revolutions per minute. 


10-7. The phase windings of the castleated machine of Fig. 10-8 are to be 
excited by turning the phases on and off individually (i.e., only one phase 
can be on at any given time). 
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(a) Describe the sequence of phase excitations required to move the ro- 
tor to the left (counterclockwise) by an angle of approximately 21.4°. 

(b) The stator phases are to be excited as a regular sequence of pulses. 
Calculate the phase order and the time between pulses required to 
produce a steady-state rotor rotation of 100 r/min in the clockwise 
direction. 


10-8. Replace the 28-tooth rotor of Prob. 10-7 with a rotor with 26 teeth. 


(a) Phase 1 is excited, and the rotor is allowed to come to rest. If the ex- 
citation on phase 1 is removed and excitation is applied to phase 2, 
calculate the resultant direction and magnitude (in degrees) of ro- 
tor rotation. 

(b) The stator phases are to be excited as a regular sequence of pulses. 
Calculate the phase order and the time between pulses required to 
produce a steady-state rotor rotation of 100 r/min in the clockwise 
direction. 


10-9. Repeat Example 10-3 for a rotor speed of 3500 r/min. 


10-10. The three-phase 6/4 VRM of Prob. 10-4 has a winding resistance of 
0.1 Q/phase and a leakage inductance of 4 mH in each phase. 


(a) Plot the phase-1 inductance as a function of the rotor angle 0. De- 
fine the zero of the rotor angle as occurring at the position of maxi- 
mum phase-1 inductance. 


Assume that the rotor is rotating at a constant angular velocity of 2000 
r/min. 


(b) A voltage of 75 V is applied to phase 1 as the rotor reaches the posi- 
tion 0 = —30° and is maintained constant until @ = 0°. Calculate 
and plot the phase-1 current as a function of time during this period. 

(c) When the rotor reaches 0 = 0°, the applied voltage is reversed so 
that a voltage of —75 V is applied to the winding. This voltage is 
maintained until the winding current reaches zero, at which point 
the winding is open-circuited. Calculate and plot the current decay 
during the time until the rotor reaches angle 0 = 30°. 

(d) Calculate and plot the torque during the periods investigated in 
parts (b) and (c). 


10-11. Assume that the VRM of Examples 10-1 and 10-3 is modified by re- 
placing its rotor by a rotor with 75° pole-face angles as shown in Fig. 10- 
12a. All other dimensions and parameters of the VRM are unchanged. 


(a) Calculate and plot L(@) for this machine. 
(b) Repeat Example 10-3 except that the constant voltage of 100 V is 
first applied at 6 = —67.5° when dL(6)/d6 becomes positive and the 


Problems 4 8 7 


constant voltage of —100 V is then applied at 0 = —7.5° [i.e., when 
dL(0)/d0 becomes zero] and is maintained until the winding cur- 
rent reaches zero. 

(c) Plot the corresponding torque. 


10-12. Consider the system of Fig. 10-13a with the following parameter 
values: 


V.=75V R,=1Q R=25Q L= 325mH 


The switch is to be alternately turned on and off for times T,» and T, re- 
spectively. Calculate these switching times such that the inductor current 
varies between a minimum current of 8 A and a maximum current of 
10.5 A. 


10-13. The system of Prob. 10-12 is to be operated such that the switch is 
alternately turned on and off for equal times of 15 ms. Calculate the maxi- 
mum and minimum currents when this system is operating in the steady 
state. 


Fractional- and 
Subfractional-Motors 


Fractional- and subfractional-horsepower motors are found in many types 
of equipment in the home, office, and industry. They differ from integral- 
horsepower motors in the wide variety of designs and characteristics avail- 
able, prompted by the economics and special requirements of their 
applications. Subfractional-horsepower motors, especially, come in a wide 
variety of designs and configurations. This chapter should not be consid- 
ered in any way an exhaustive study of these types of electric machines, 
but rather should be considered an introduction to this rapidly growing 
and expanding area of electric machinery. 

Many fractional-horsepower ac machines are designed for and used in 
single-phase applications. In the home, single-phase induction motors are 
found in refrigerators, air conditioners, fans, washers, and dryers. Al- 
though they are simple in construction, their single-phase operation makes 
them more difficult to analyze than larger three-phase motors. In this 
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chapter, we describe the various types of motors qualitatively in terms of 
rotating-field theory, and we develop a method of analysis appropriate for 
two-phase motors from which the starting and running characteristics of 
single-phase induction motors can be calculated.’ 

The series ac motor, also known as the universal motor, is widely used 
in portable tools, vacuum cleaners, and kitchen appliances where its high 
speed results in high horsepower per unit motor size. These motors are fre- 
quently used with solid-state circuitry for speed control. 

The proliferation of personal computers, auxiliary devices such as 
printers, and a wide range of personal entertainment equipment such as 
VCRs, video cameras, and compact disk players have resulted in the wide- 
spread application of stepping motors. These small ac motors, closely 
related to the variable-reluctance motor discussed in Chap. 10, in combina- 
tion with recent advances in digital control and processing electronics 
provide the flexibility and control required for these and many other appli- 
cations to come. 


11-1 SINGLE-PHASE INDUCTION MOTORS: 
QUALITATIVE EXAMINATION 


Structurally, the most common types of single-phase induction motors re- 
semble polyphase squirrel-cage motors except for the arrangement of the 
stator windings. An induction motor with a cage rotor and a single-phase 
stator winding is represented schematically in Fig. 11-1. Instead of being a 
concentrated coil, the actual stator winding is distributed in slots to pro- 
duce an approximately sinusoidal space distribution of mmf. Such a motor 
inherently has no starting torque, but if it is started by auxiliary means, it 
will continue to run. Before we consider auxiliary starting methods, the 
basic properties of the elementary motor of Fig. 11-1 are described. 


Stator 
winding 


l OO 
Squirrel-cage / O m 
rotor 9 S Q 
O00 


Fig. 11-1. Elementary single-phase induction motor. 


‘For an extensive treatment of fractional-horsepower ac motors, see C. B. Veinnott, Frac- 
tional- and Subfractional-Horsepower Electric Motors, McGraw-Hill, New York, 1970. 
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For the single-phase stator winding of Fig. 11-1, if the stator current is 
a cosinusoidal function of time, the mmf wave can be written as a function 
of space and time as 


F, = Fy max COS wt cos 0 (11-1) 


which, as shown in Eq. 4-21, can be written as the sum of a positive- and 
negative-traveling mmf wave of equal magnitude. The positive-traveling 
wave is given by 


F* = IF, max COS (0 — wt) (11-2) 
and the negative-traveling wave is given by 
F- = FF, max COS (0 + wt) (11-3) 


Each of these component mmf waves produces induction-motor action, 
but the corresponding torques are in opposite directions. With the rotor at 
rest, the forward and backward air-gap flux waves created by the com- 
bined mmf’s of the stator and rotor currents are equal, the component 
torques are equal, and no starting torque is produced. If the forward and 
backward air-gap flux waves remained equal when the rotor is revolving, 
each of the component fields would produce a torque-speed characteristic 
similar to that of a polyphase motor with negligible stator leakage imped- 
ance, as illustrated by the dashed curves f and b in Fig. 11-2a. The resul- 
tant torque-speed characteristic, which is the algebraic sum of the two 
component curves, shows that if the motor were started by auxiliary 
means, it would produce torque in whatever direction it was started. 

The assumption that the air-gap flux waves remain equal when the 
rotor is in motion is a rather drastic simplification of the actual state of 
affairs. First, the effects of stator leakage impedance are ignored. Second, 
the effects of induced rotor currents are not properly accounted for. Both 
these effects will ultimately be included in the detailed quantitative the- 
ory of Art. 11-3. The following qualitative explanation shows that the per- 
formance of a single-phase induction motor is considerably better than 
would be predicted on the basis of equal forward and backward flux waves. 

When the rotor is in motion, the component rotor currents induced by 
the backward field are greater than at standstill and their power factor is 
lower. Their mmf, which opposes that of the stator current, results in a re- 
duction of the backward flux wave. Conversely, the magnetic effect of the 
component currents induced by the forward field is less than at standstill 
because the rotor currents are less and their power factor is higher. As 
speed increases, therefore, the forward flux wave increases while the back- 
ward flux wave decreases, their sum remaining roughly constant since it 
must induce the stator counter emf, which is approximately constant if the 
stator leakage-impedance voltage drop is small. Hence, with the rotor in 
motion, the torque of the forward field is greater and that of the backward 
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Fig. 11-2. Torque-speed characteristic of a single-phase induction motor (a) on the basis of 
constant forward and backward flux waves, (b) taking into account changes in the flux waves. 


field is less than in Fig. 11-2a, the true situation being about as shown in 
Fig. 11-2b. In the normal running region at a few percent slip, the forward 
field is several times greater than the backward field, and the flux wave 
does not differ greatly from the constant-amplitude revolving field in the 
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air gap of a balanced polyphase motor. In the normal running region, 
therefore, the torque-speed characteristic of a single-phase motor is not too 
greatly inferior to that of a polyphase motor having the same rotor and 
operating with the same maximum air-gap flux density. 

In addition to the torques shown in Fig. 11-2, double-stator-frequency 
torque pulsations are produced by the interactions of the oppositely rotat- 
ing flux and mmf waves which glide past each other at twice synchronous 
speed. These interactions produce no average torque, but they tend to 
make the motor noisier than a polyphase motor. Such torque pulsations 
are unavoidable in a single-phase motor because of the pulsations in in- 
stantaneous power input inherent in a single-phase circuit. The effects of 
the pulsating torque can be minimized by using an elastic mounting for 
the motor. The torque referred to on the torque-speed curves is the time av- 
erage of the instantaneous torque. 


11-2 STARTING AND RUNNING PERFORMANCE OF 
SINGLE-PHASE INDUCTION AND SYNCHRONOUS MOTORS 


Single-phase induction motors are classified in accordance with the meth- 
ods of starting and are usually referred to by names descriptive of these 
methods. Selection of the appropriate motor is based on the starting- and 
running-torque requirements of the load, the duty cycle, and the limita- 
tions on starting and running current from the supply line for the motor. 
The cost of single-phase motors increases with the horsepower and with 
the performance, such as starting-torque-to-current ratio; hence, the appli- 
cation engineer selects the lowest horsepower and performance motor that 
meets his or her requirement to minimize the cost. Where a large number 
of motors are to be used for a specific purpose, a special motor is designed 
for the application to ensure least cost. In the fractional-horsepower motor 
business, differences of cost in pennies are important. Starting methods 
and resulting torque-speed characteristics are considered qualitatively in 
this article. 


a. Split-Phase Motors 


Split-phase motors have two stator windings, a main winding m and an 
auxiliary winding a, with their axes displaced 90 electrical degrees in 
space. They are connected as shown in Fig. 11-3a. The auxiliary winding 
has a higher resistance-to-reactance ratio than the main winding, so that 
the two currents are out of phase, as indicated in the phasor diagram 
of Fig. 11-3b, which is representative of conditions at starting. Since the 
auxiliary-winding current Î, leads the main-winding current i m the stator 
field first reaches a maximum along the axis of the auxiliary winding and 
then somewhat later in time reaches a maximum along the axis of the 
main winding. The winding currents are equivalent to unbalanced two- 
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Fig. 11-3. Split-phase motor: (a) connections, (b) phasor diagram at starting, and (c) typical 
torque-speed characteristic. 


phase currents, and the motor is equivalent to an unbalanced two-phase 
motor. The result is a rotating stator field which causes the motor to start. 
After the motor starts, the auxiliary winding is disconnected, usually by 
means of a centrifugal switch that operates at about 75 percent of synchro- 
nous speed. The simple way to obtain the high resistance-to-reactance ratio 
for the auxiliary winding is to wind it with smaller wire than the main 
winding, a permissible procedure because this winding is in circuit only 
during starting. Its reactance can be reduced somewhat by placing it in the 
tops of the slots. A typical torque-speed characteristic is shown in Fig. 11-3c. 

Split-phase motors have moderate starting torque with low starting 
current. Typical applications include fans, blowers, centrifugal pumps, and 
office equipment. Typical ratings are $ to å hp; in this range they are the 
lowest-cost motors available. 


b. Capacitor-Type Motors 


Capacitors can be used to improve the starting performance, running per- 
formance, or both, of the motor, depending on the size and connection of 
the capacitor. 

The capacitor-start motor is also a split-phase motor, but the time- 
phase displacement between the two currents is obtained by means of a ca- 
pacitor in series with the auxiliary winding, as shown in Fig. 11-4a. Again 
the auxiliary winding is disconnected after the motor has started, and con- 
sequently the auxiliary winding and capacitor can be designed at minimum 
cost for intermittent service. By using a starting capacitor of appropriate 
value, the auxiliary-winding current i a at standstill could be made to lead the 
main-winding current i m by 90 electrical degrees, as it would in a balanced 
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Fig. 11-4. Capacitor-start motor: (a) connections, (b) phasor diagram at starting, and (c) typi- 
cal torque-speed characteristic. 


two-phase motor (see Fig. 11-4b). Actually, the best compromise between 
the factors of starting torque, starting current, and costs results with a phase 
angle somewhat less than 90°. A typical torque-speed characteristic is shown 
in Fig. 11-4c, high starting torque being an outstanding feature. These mo- 
tors are used for compressors, pumps, refrigeration and air-conditioning 
equipment, and other hard-to-start loads. A cutaway view of a capacitor- 
start motor is shown in Fig. 11-5. 


Fig. 11-5. Cutaway view of a capacitor-start induction motor. The starting switch is at the 
right of the rotor. The motor is of dripproof construction. (General Electric Company.) 
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Fig. 11-6. Permanent-split-capacitor motor and typical torque-speed characteristic. 


In the permanent-split-capacitor motor, the capacitor and auxiliary 
winding are not cut out after starting; the construction can be simplified 
by omission of the switch, and the power factor, efficiency, and torque pul- 
sations improved. For example, the capacitor and auxiliary winding could 
be designed for perfect two-phase operation at any one desired load. The 
backward field would then be eliminated, with resulting improvement in 
efficiency. The double-stator-frequency torque pulsations also would be 
eliminated, the capacitor serving as an energy storage reservoir for smooth- 
ing out the pulsations in power input from the single-phase line. The re- 
sult is a quiet motor. Starting torque must be sacrificed because the ca- 
pacitance is necessarily a compromise between the best starting and 
running values. The resulting torque-speed characteristic and a schematic 
diagram are given in Fig. 11-6. 

If two capacitors are used, one for starting and one for running, theo- 
retically optimum starting and running performance can both be obtained. 
One way of accomplishing this result is shown in Fig. 11-7a. The small 
value of capacitance required for optimum running conditions is perma- 
nently connected in series with the auxiliary winding, and the much larger 
value required for starting is obtained by a capacitor connected in parallel 
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Fig. 11-7. Capacitor-start, capacitor-run motor and typical torque-speed characteristic. 
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with the running capacitor. The starting capacitor is disconnected after the 
motor starts. 

The capacitor for a capacitor-start motor has a typical value of 300 uF 
for a 5-hp motor. Since it must carry current for just the starting time, the 
capacitor is a special compact ac electrolytic type made for motor-starting 
duty. The capacitor for the same motor permanently connected has a typical 
rating of 40 uF; since it operates continuously, the capacitor is an ac paper, 
foil, and oil type. The cost of the motors is related to the performance: the 
permanent-capacitor motor has the lowest cost, the capacitor-start motor 
next, and the capacitor-start, capacitor-run motor the highest cost. 


EXAMPLE 11-1 


A +-hp 120-V 60-Hz capacitor-start motor has the following constants for 
the main and auxiliary windings (at starting): 


Zm = 4.5 + 53.7 0 main winding 
Z, = 9.5 + j38.50 auxiliary winding 


Find the value of starting capacitance that will place the main and auxil- 
iary winding currents in quadrature at starting. 


Solution 


The currents Î m and Î, are shown in Fig. 11-4a and b. The impedance angle 
of the main winding is 


The impedance angle of the auxiliary winding must be 
pa = 39.6° — 90.0° = —50.4° 


The reactance X, of the capacitor must satisfy the relationship 


tan 132 As = —50.4° 
22A = -1.21 


X. = 1.21(9.5) + 3.5 = 15.0 Q 
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The capacitance C is 


c= — 1" _ -1774F 
15.0(377) e 


c. Shaded-Pole Motors 


As illustrated schematically in Fig. 11-8a, the shaded-pole motor usually 
has salient poles with one portion of each pole surrounded by a short- 
circuited turn of copper called a shading coil. Induced currents in the shad- 
ing coil cause the flux in the shaded portion of the pole to lag the flux in 
the other portion. The result is like a rotating field moving in the direction 
from the unshaded to the shaded portion of the pole, and a low starting 
torque is produced. A typical torque-speed characteristic is shown in 
Fig. 11-86. The efficiency is low. Shaded-pole motors are the least expen- 
sive type of fractional-horsepower motor and are built up to about 5 hp. 


d. Self-Starting Reluctance Motors 


Any one of the induction-motor types described above can be made into a 
self-starting synchronous motor of the reluctance type. Anything which 
makes the reluctance of the air gap a function of the angular position of 
the rotor with respect to the stator coil axis will produce reluctance torque 
when the rotor is revolving at synchronous speed. For example, suppose 
some of the teeth are removed from a squirrel-cage rotor, leaving the bars 
and end rings intact, as in an ordinary squirrel-cage induction motor. Fig- 
ure 11-9a shows a lamination for such a rotor designed for use with a four- 
pole stator. The stator may be polyphase or any one of the single-phase 
types described above. The motor will start as an induction motor and at 
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Fig. 11-8. Shaded-pole motor and typical torque-speed characteristic. 
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Fig. 11-9. Rotor punching for four-pole reluctance-type synchronous motor and typical 
torque-speed characteristic. 


light loads will speed up to a small value of slip. The reluctance torque 
arises from the tendency of the rotor to try to align itself in the minimum- 
reluctance position with respect to the synchronously revolving forward 
air-gap flux wave, in accordance with the principles explained in Chap. 3. 
At a small slip, this torque alternates slowly in direction; the rotor is accel- 
erated during a positive half cycle of the torque variation and decelerated 
during the succeeding negative half cycle. If, however, the moment of iner- 
tia of the rotor and its mechanical load are sufficiently small, the rotor will 
be accelerated from slip speed up to synchronous speed during an acceler- 
ating half cycle of the reluctance torque. The rotor will then pull into step 
and continue to run at synchronous speed. The torque of the backward- 
revolving field affects the synchronous-motor performance in the same 
way as an additional shaft load. 

A typical torque-speed characteristic for a split-phase-start synchro- 
nous motor of the single-phase reluctance type is shown in Fig. 11-9b. No- 
tice the high values of induction-motor torque. The reason for this is that 
in order to obtain satisfactory synchronous-motor characteristics, it has 
been found necessary to build reluctance-type synchronous motors on 
frames which would be suitable for induction motors of 2 or 3 times the 
synchronous-motor rating. Also notice that the principal effect of the 
salient-pole rotor on the induction-motor characteristic is at standstill, 
where considerable “cogging” is evident; i.e., the torque varies consider- 
ably with rotor position. 
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e. Hysteresis Motors 


The phenomenon of hysteresis can be used to produce mechanical torque. 
In its simplest form, the rotor of a hysteresis motor is a smooth cylinder of 
magnetically hard steel, without windings or teeth. It is placed inside a 
slotted stator carrying distributed windings designed to produce as nearly 
as possible a sinusoidal space distribution of flux, since undulations in the 
flux wave greatly increase the losses. In single-phase motors, the stator 
windings usually are of the permanent-split-capacitor type, as in Fig. 11-6. 
The capacitor is chosen so as to result in approximately balanced two- 
phase conditions within the motor windings. The stator then produces a ro- 
tating field, approximately constant in space waveform and revolving at 
synchronous speed. 

Instantaneous magnetic conditions in the air gap and rotor are indi- 
cated in Fig. 11-10a for a two-pole stator. The axis SS’ of the stator-mmf 
wave revolves at synchronous speed. Because of hysteresis, the magneti- 
zation of the rotor lags behind the inducing mmf wave, and therefore the 
axis RR’ of the rotor flux wave lags behind the axis of the stator-mmf 
wave by the hysteretic lag angle ô (Fig. 11-10a). If the rotor is stationary, 
starting torque is produced proportional to the product of the fundamental 
components of the stator mmf and rotor flux and the sine of the torque 
angle ô. The rotor then accelerates if the countertorque of the load is less 
than the developed torque of the motor. As long as the rotor is turning at 
less than synchronous speed, each particle of the rotor is subjected to a re- 
petitive hysteresis cycle at slip frequency. While the rotor accelerates, the 
lag angle ô remains constant if the flux is constant, since the angle ô de- 
pends merely on the hysteresis loop of the rotor and is independent of the 
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Fig. 11-10. (a) General nature of the magnetic field in the air gap and rotor of a hysteresis 
motor; (b) idealized torque-speed characteristic. 
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rate at which the loop is traversed. The motor therefore develops constant 
torque right up to synchronous speed, as shown in the idealized torque- 
speed characteristic of Fig. 11-106. This feature is one of the advantages of 
the hysteresis motor. In contrast with a reluctance motor, which must 
“snap” its load into synchronism from an induction-motor torque-speed 
characteristic, a hysteresis motor can synchronize any load which it can 
accelerate, no matter how great the inertia. After reaching synchronism, 
the motor continues to run at synchronous speed and adjusts its torque 
angle so as to develop the torque required by the load. 

The hysteresis motor is inherently quiet and produces smooth rotation 
of its load. Furthermore, the rotor takes on the same number of poles as 
the stator field. The motor lends itself to multispeed synchronous-speed 
operation where the stator is wound with several sets of windings and uti- 
lizes pole-changing connections. The hysteresis motor can accelerate and 
synchronize high-inertia loads because its torque is uniform from stand- 
still to synchronous speed. 


11-3 REVOLVING-FIELD THEORY OF SINGLE-PHASE 
INDUCTION MOTORS 


In Art. 11-1 the stator-mmf wave of a single-phase induction motor is shown 
to be equivalent to two constant-amplitude mmf waves revolving in oppo- 
site directions at synchronous speed. Each of these component stator-mmf 
waves induces its own component rotor currents and produces induction- 
motor action just as in a balanced polyphase motor. This double-revolving- 
field concept not only is useful for qualitative visualization but also can 
be developed into a quantitative theory applicable to a wide variety of 
induction-motor types. A simple and important case is the single-phase 
induction motor running on only its main winding. 

First consider conditions with the rotor stationary and only the main 
stator winding m excited. The motor then is equivalent to a transformer 
with its secondary short-circuited. The equivalent circuit is shown in 
Fig. 11-1la, where R,,, and X,,, are, respectively, the resistance and leak- 
age reactance of the main winding, X, is the magnetizing reactance, and 
R, and X, are the standstill values of the rotor resistance and leakage re- 
actance referred to the main stator winding by use of the appropriate turns 
ratio. Core loss, which is omitted here, will be accounted for later as if it 
were a rotational loss. The applied voltage is V, and the main-winding cur- 
rent is Î m: Lhe voltage Ê, is the counter emf generated in the main winding 
by the stationary pulsating air-gap flux wave produced by the combined 
action of the stator and rotor currents. 

In accordance with the double-revolving-field concept of Art. 11-1, the 
stator mmf can be resolved into half-amplitude forward and backward ro- 
tating fields. At standstill the amplitudes of the forward and backward re- 
sultant air-gap flux waves both equal half the amplitude of the pulsating 
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field. In Fig. 11-116 the portion of the equivalent circuit representing the 
effects of the air-gap flux is split into two equal portions, representing the 
effects of the forward and backward fields, respectively. 

Now consider conditions after the motor has been brought up to speed 
by some auxiliary means and is running on only its main winding in the 
direction of the forward field at a per unit slip s. The rotor currents in- 
duced by the forward field are of slip frequency sf, where fis the stator fre- 
quency. Just as in any polyphase motor with a symmetric polyphase or 
cage rotor, these rotor currents produce an mmf wave traveling forward at 
slip speed with respect to the rotor and therefore at synchronous speed 
with respect to the stator. The resultant of the forward waves of stator and 
rotor mmf creates a resultant forward wave of air-gap flux which gener- 
ates a counter emf Bs in the main winding m of the stator. The reflected 
effect of the rotor as viewed from the stator is like that in a polyphase mo- 
tor and can be represented by an impedance 0.5R,/s + j0.5X, in parallel 
with j0.5X,, as in the portion of the equivalent circuit (Fig. 11-11c) labeled 
f. The factors of 0.5 come from the resolution of the pulsating stator mmf 
into forward and backward components. 

Now consider conditions with respect to the backward field. The rotor 
is still turning at a slip s with respect to the forward field, and its per unit 
speed n in the direction of the forward field is 


n=1-s (11-4) 


Re Xa 0.5X, 


0.5Ro 


0.5 R, 
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Fig. 11-11. Equivalent circuits for a single-phase induction motor: (a) rotor blocked; (b) rotor 
blocked, showing effects of forward and backward fields; (c) running conditions. 
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The relative speed of the rotor with respect to the backward field is 1 + n, 
or its slip with respect to the backward field is 


l+n=2-s8 (11-5) 


The backward field then induces rotor currents whose frequency is (2 — s)f. 
For small slips, these rotor currents are of almost twice stator frequency. 
At a small slip, an oscillogram of rotor current therefore will show a high- 
frequency component from the backward field superposed on a low- 
frequency component from the forward field. As viewed from the stator, 
the rotor-mmf wave of the backward-field rotor currents travels at syn- 
chronous speed but in the backward direction. The equivalent circuit rep- 
resenting these internal reactions from the viewpoint of the stator is like 
that of a polyphase motor whose slip is 2 — s and is shown in the portion of 
the equivalent circuit (Fig. 11-11c) labeled b. As with the forward field, the 
factors of 0.5 come from the resolution of the pulsating stator mmf into for- 
ward and backward components. The voltage E, across the parallel com- 
bination representing the backward field is the counter emf generated in 
the main winding m of the stator by the resultant backward field. 

By use of the equivalent circuit of Fig. 11-11c, the stator current, power 
input, and power factor can be computed for any assumed value of slip 
when the applied voltage and the motor impedances are known. To sim- 
plify the notation, let 


Z, = R; + JX; = E + iX,) in parallel with jX, (11-6) 


and 


Z, = R, + jX, = (5 + jx) in parallel with jX, (11-7) 


The impedances representing the reactions of the forward and backward 
fields from the viewpoint of the single-phase stator winding m are 0.5Z; 
and 0.5Z,, respectively, in Fig. 11-11c. 

Examination of the equivalent circuit (Fig. 11-11c) confirms the con- 
clusion, reached by qualitative reasoning in Art. 11-1 (Fig. 11-2b), that the 
forward air-gap flux wave increases and the backward wave decreases 
when the rotor is set in motion. When the motor is running at a small slip, 
the reflected effect of the rotor resistance in the forward field, 0.5R,/s, is 
much larger than its standstill value, while the corresponding effect in the 
backward field, 0.5R,/(2 — s), is smaller. The forward-field impedance 
therefore is larger than its standstill value, while that of the backward field 
is smaller. The forward-field counter emf £,,, therefore is larger than its 
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standstill value, while the backward-field counter emf En, is smaller; i.e., the 
forward air-gap flux wave increases, while the backward flux wave decreases. 

Moreover, mechanical output conditions can be computed by applica- 
tion of the torque and power relations developed for polyphase motors in 
Chap. 7. The torques produced by the forward and backward fields can 
each be treated in this manner. The interactions of the oppositely rotating 
flux and mmf waves cause torque pulsations at twice stator frequency but 
produce no average torque. 

As in Eq. 7-22, the internal torque T; of the forward field in newton- 
meters equals 1/w, times the power P,,; in watts delivered by the stator 
winding to the forward field, where w, is the synchronous angular velocity 
in mechanical radians per second; thus 


1 
T,= Py (11-8) 


When the magnetizing impedance is treated as purely inductive, P,, is the 
power absorbed by the impedance 0.5Z;; that is, 


where R; is the resistive component of the forward-field impedance defined 
in Eq. 11-6. Similarly, the internal torque T, of the backward field is 


T, = =P (11-10) 


where P,, is the power delivered by the stator winding to the backward 
field, or 


Pa = I70.5R, (11-11) 


where R, is the resistive component of the backward-field impedance Z, 
defined in Eq. 11-7. The torque of the backward field is in the opposite direc- 
tion to that of the forward field, and therefore the net internal torque T is 


1 
T = T; oa T, = > Eet a Pa) (11-12) 


Since the rotor currents produced by the two component air-gap fields 
are of different frequencies, the total rotor Z’R loss is the numerical sum of 
the losses caused by each field. In general, as shown by comparison of 
Eqs. 7-16 and 7-17, the rotor I?R loss caused by a rotating field equals the 
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slip of the field times the power absorbed from the stator, whence 


Forward-field rotor I'R = sP,, (11-13) 
Backward-field rotor J*R = (2 — s)P,, (11-14) 
Total rotor I'R = sP, + (2 — s)Px, (11-15) 


Since power is torque times angular velocity and the angular velocity 
of the rotor is (1 — s)w,, the internal power P converted to mechanical form, 
in watts, is 


P = (1 — s)w,T = (1 — 8) (Py — Pa) (11-16) 


As in the polyphase motor, the internal torque T and internal power P 
are not the output values because rotational losses remain to be accounted 
for. It is obviously correct to subtract friction and windage effects from T or 
P, and it is usually assumed that core losses can be treated in the same 
manner. For the small changes in speed encountered in normal operation, 
the rotational losses are often assumed to be constant.’ 


EXAMPLE 11-2 
A ;-hp 110-V 60-Hz four-pole capacitor-start motor has the following con- 
stants in ohms and losses in watts. 
Rin = 2.02 Xi =2.79 R,=412 X,=212 X,=668 
Core loss = 24 W Friction and windage = 13 W 
For a slip of 0.05, determine the stator current, power factor, power output, 


speed, torque, and efficiency when this motor is running as a single-phase 
motor at rated voltage and frequency with its starting winding open. 


Solution 


The first step is to determine the values of the forward- and backward- 
field impedances at the assigned value of slip. The following relations, 
derived from Eq. 11-6, simplify the computations: 


x 1 X,X, Ry 

= F EEEE == + 

Xo SQ. + 1/(sQ2) Xo sQ 

where Xoo =X: + X, and Q = es 
2 


‘For a treatment of the experimental determination of motor constants and losses, see 
Veinott, op. cit., chap. 18. 
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Substitution of numerical values gives, for s = 0.05, 

R; + JX; = 31.9 + 740.3 Q 
Corresponding relations for the backward-field impedance Z, are obtained 
by substituting 2 — s for s in these equations. When (2 — s)Q, is greater 


than 10, as is usually the case, less than 1 percent error results from use of 
the following approximate forms: 


BR ia. XX, R, 
R, = es AB) Ps X, = 2<*¢ TE s 
b 2 = $§¢ (=) j Xoo (2 E s)Q2 


Substitution of numerical values gives, for s = 0.05, 
R, + jX, = 1.98 + j2.12 Q 
Addition of the series elements in the equivalent circuit of Fig. 11-11c gives 


Rin + iXim = 2.02 + 2.79 
0.5(R, + jX;) = 15.95 + j20.15 
0.5(R, + jX;) = 0.99+ 1.06 
18.96 + j24.00 = 30.6 /51.7° 


110 
Stator current I„ = 306” 3.59 A 


Power factor = cos 51.7° = 0.620 
Power input = 110(3.59) (0.620) = 244 W 


Input Z = sum 


The power absorbed by the forward field (Eq. 11-19) is 
P; = (3.59)°(15.95) = 206 W 

The power absorbed by the backward field (Eq. 11-11) is 
P. = (3.59)*(0.99) = 12.8 W 

Internal mechanical power (Eq. 11-16) is 


P = 0.95(206 — 18) = 184 
Rotational loss = 24 + 13 _37 
Power output = difference = 147 W = 0.197 hp 


Synchronous speed = 1800 r/min = 30 r/s 
w, = 27(30) = 188.5 rad/s 
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Rotor speed = (1 — s)(synchronous speed) 
= 0.95(1800) = 1710 r/min 
= 0.95(188.5) = 179 rad/s 


power _ 147 


T = ——————— = —— = 0.821 N - m = 0.605 lb - ft 
— angular velocity 179 
= output 147 
Si CC 2 
Efficiency out Bad 0.60 


As a check on the power bookkeeping, compute the losses: 


Stator J?,R,,, = (3.59)°(2.02) = 26.0 

Forward-field rotor J’R, Eq. 11-13 = 0.05(206) = 10.3 
Backward-field rotor I’R, Eq. 11-14 = 1.95(12.8) = 25.0 
Rotational losses = 37.0 


98.3 W 


From input — output, total losses = 97 W, which checks within accuracy of 
computations. 


Examination of the order of magnitude of the numerical values in Ex- 
ample 11-2 suggests approximations which usually can be made. These ap- 
proximations pertain particularly to the backward-field impedance. Note 
that the impedance 0.5(R, + jX,) is only about 5 percent of the total motor 
impedance for a slip near full load. Consequently, an approximation as 
large as 20 percent of this impedance would cause only about 1 percent 
error in the motor current. Although, strictly speaking, the backward-field 
impedance is a function of slip, very little error usually results from com- 
puting its value at any convenient slip in the normal running region — say, 
5 percent—and then assuming R, and X, to be constants. With a slightly 
greater approximation, the shunting effect of jX, on the backward-field 
impedance can often be neglected, whence 


R, . 
Zym 5 + JX (11-17) 


This equation gives values of the backward-field resistance that are a few 
percent high, as can be seen by comparison with the exact expression given 
in Example 11-2. Neglecting s in Eq. 11-17 would tend to give values of the 
backward-field resistance that would be too low, and therefore such an ap- 
proximation would tend to counteract the error in Eq. 11-17. Consequently, 
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for small slips 


An k + jX, (11-18) 


In the polyphase motor (Art. 7-5), maximum internal torque and the 
slip at which it occurs can easily be expressed in terms of the motor con- 
stants; the maximum internal torque is independent of rotor resistance. No 
such simple relations exist for the single-phase motor. The single-phase 
problem is much more involved because of the presence of the backward 
field, the effect of which is twofold: (1) it absorbs some of the applied volt- 
age, thus reducing the voltage available for the forward field and decreas- 
ing the forward torque developed; and (2) the backward field then absorbs 
some of the forward-field torque. Both these effects depend on rotor resis- 
tance as well as leakage reactance. Consequently, unlike the polyphase 
motor, the maximum internal torque of a single-phase motor is influenced 
by rotor resistance; increasing the rotor resistance decreases the maximum 
torque and increases the slip at which maximum torque occurs. 

Principally because of the effects of the backward field, a single-phase 
induction motor is somewhat inferior to a polyphase motor using the same 
rotor and the same stator core. The single-phase motor has a lower maxi- 
mum torque which occurs at a lower slip. For the same torque, the single- 
phase motor has a higher slip and greater losses, largely because of the 
backward-field rotor I’R loss. The voltampere input to the single-phase 
motor is greater, principally because of the power and reactive voltamperes 
consumed by the backward field. The stator J?R loss also is somewhat 
higher in the single-phase motor, because one phase, rather than several, 
must carry all the current. Because of the greater losses, the efficiency is 
lower, and the temperature rise for the same torque is higher. A larger 
frame size must be used for a single-phase motor than for a polyphase mo- 
tor of the same power and speed rating. Because of the larger frame size, 
the maximum torque can be made comparable with that of a physically 
smaller but equally rated polyphase motor. In spite of the larger frame size 
and the necessity for auxiliary starting arrangements, general-purpose 
single-phase motors in the standard fractional-horsepower ratings cost ap- 
proximately the same as correspondingly rated polyphase motors because 
of the much greater volume of production of the former. 


11-4 UNBALANCED OPERATION OF 
SYMMETRICAL TWO-PHASE MACHINES; 
THE SYMMETRICAL-COMPONENT CONCEPT 


Unbalanced operation of an induction motor occurs either when the volt- 
ages applied to the stator do not constitute a balanced polyphase set or 
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when the stator or rotor windings are not symmetrical with respect to the 
phases. The single-phase motor is the extreme case of a motor operating 
under unbalanced stator-voltage conditions. In some cases, unbalanced 
voltages are produced in the supply network to a motor, e.g., when a line 
fuse is blown. In other cases, unbalanced voltages are produced by the 
starting impedances of single-phase motors, as described in Art. 11-2. The 
purpose of this article is to develop the symmetrical-component theory of 
two-phase induction motors from the double-revolving-field concept and to 
show how the theory can be applied to a variety of problems involving in- 
duction motors having two stator windings in space quadrature. 

First, consider in review what happens when balanced two-phase volt- 
ages are applied to the stator terminals of a two-phase machine having a 
uniform air gap, a symmetrical polyphase or cage rotor, and two identical 
stator windings a and m in space quadrature. The stator currents are 
equal in magnitude and in time quadrature. When the current in winding 
a has its instantaneous maximum, the current in winding m is zero and 
the stator-mmf wave is centered on the axis of winding a. Similarly, the 
stator-mmf wave is centered on the axis of winding m at the instant when 
the current in winding m has its instantaneous maximum. The stator-mmf 
wave therefore travels 90 electrical degrees in space in an interval of 90° 
in time, the direction of its travel depending on the phase sequence of the 
currents. A more complete analysis in the manner of Art. 4-5 proves that 
the traveling wave has constant amplitude and constant angular velocity. 
This fact is, of course, the basis of the whole theory of balanced operation 
of induction machines. 

The behavior of the motor for balanced two-phase applied voltages of 
either phase sequence can be readily determined. Thus, if the rotor is turn- 
ing at a per unit speed n in the direction from winding a toward winding 
m, the terminal impedance per phase is given by the equivalent circuit of 
Fig. 11-12a when the applied voltage v, leads the applied voltage v„ by 90°. 
Throughout the rest of this treatment, this phase sequence is called posi- 
tive sequence and is designated by subscript f since positive-sequence cur- 
rents result in a forward field. With the rotor still forced to run at the 
same speed and in the same direction, the terminal impedance per phase is 
given by the equivalent circuit of Fig. 11-126 when v, lags v,, by 90°. This 
phase sequence is called negative sequence and is designated by subscript 
b, since negative-sequence currents produce a backward field. 

Suppose now that two balanced two-phase voltage sources of opposite 
phase sequence are connected in series and applied simultaneously to the 
motor, as indicated in Fig. 11-13a, where phasor voltages V,,,; and Mes ap- 
plied, respectively, to windings m and a form a balanced system of positive 
sequence, and phasor voltages Fa and — iV mp form another balanced sys- 
tem but of negative sequence. The resultant voltage Ŷ, applied to winding 
m is, as a phasor, 


V= Viet Va (11-19) 
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(a) (b) 


Fig. 11-12. Equivalent circuits for a two-phase motor under unbalanced conditions: (a) for- 
ward field and (b) backward field. 


and that applied to winding a is 
Vi = Jne- JI mo (11-20) 


If, for example, the forward, or positive-sequence, system is given by the 
phasors V and În in Fig. 11-13b and the backward, or negative-sequence, 
system is given by the phasors Y and — IV nbs then the resultant voltages 
are given by the phasors V„ and V,. An unbalanced two-phase system of 
applied voltages p, and V, has thus been synthesized by combining two 
symmetrical systems of opposite phase sequence. 

The symmetrical-component systems are, however, much easier to work 
with than their unbalanced resultant system. Thus, it is easy to compute 
the component currents produced by each symmetrical-component system of 
applied voltages because the induction motor operates as a balanced two- 
phase motor for each component system. By superposition, the actual cur- 
rent in a winding then is the sum of its components. Thus, if Î mf and La 
are, respectively, the positive- and negative-sequence component phasor 
currents in winding m, then the corresponding positive- and negative- 


(a) 


Fig. 11-13. Synthesis of an unbalanced two-phase system from the sum of two balanced 
systems of opposite phase sequence. 
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sequence component phasor currents in winding a are, respectively, JL mg 
and — jf mp, and the actual winding currents /,, and J, are 


A > Ly + Fai (11-21) 

i, = Pout ~ Maa (11-22) 

The inverse operation of finding the symmetrical components of speci- 
fied voltages or currents must be performed often. Solution of Eqs. 11-19 


and 11-20 for the phasor components Ka and Fa in terms of known phasor 
voltages V,, and V, gives 


Vow = TA T iv.) (11-23) 
an = WA T iV.) (11-24) 


These operations are illustrated in the phasor diagram of Fig. 11-14. Ob- 
viously, similar relations give the phasor symmetrical components {p and 
f mb Of the current in winding m in terms of specified phasor currents Z, 
and /, in the two phases; thus 


fw = in — Jt.) (11-25) 
(Ly + Jf.) (11-26) 


EXAMPLE 11-3 


The equivalent-circuit constants of a 5-hp 220-V 60-Hz four-pole two-phase 
squirrel-cage induction motor in ohms per phase are 


R, = 0.534 X,=245 X,=701 R,=0.956 X,= 2.96 


This motor is operated from an unbalanced two-phase source whose phase 
voltages are, respectively, 230 and 210 V, the smaller voltage leading the 
larger by 80°. For a slip of 0.05, find (a) the positive- and negative-sequence 
components of the applied voltages, (b) the positive- and negative-sequence 


v 
a 


+v, 


Fig. 11-14. Resolution of unbalanced two-phase voltages into symmetrical components. 


11-4 Unbalanced Operation of Symmetrical Two-Phase Machines 51 1 


components of the stator-phase currents, (c) the effective values of the phase 
currents, and (d) the internal mechanical power. 


Solution 
(a) Let V,, and Ŷ, denote the voltages applied to the two phases, re- 
spectively. Then 
V,, = 230/0° = 230 + jO V 
V,, = 210 /80° = 36.4 + j207 V 


From Eqs. 11-23 and 11-24 the forward and backward components of volt- 
ages are, respectively, 


SA = $(230 + j0 + 207 — j36.4) = 218.5 — j18.2 = 219.5 | —4.8° V 
Vi» = 3(280 + jO — 207 + j36.4) = 11.5 + j18.2 = 21.5/57.7° V 
(b) As in Example 11-2, the forward-field impedance is, for a slip of 0.05, 


Z, = 16.46 + j7.15 Q 
R,+jX,= 0.53 + 72.45 0 


16.99 + 79.60 = 19.50 / 29.4° Q 


Hence, the forward component of stator current is 


_ 219.5 /-4.8° _ r 
n= Tana peat = M-A 


For the same slip, again as in Example 11-2, the backward-field impedance is 


Z, = 0.451 + j2.84 Q 
R, + jX, = 0.534 + j2.45 Q 


0.985 + 75.29 = 5.38 / 79.5° Q 


Hence, the backward component of stator current is 


_ 21.5 /57.7° _ , 
md = ean ages = 4.0/—21.8° A 


(c) By Eqs. 11-21 and 11-22 the currents in the two phases are, 
respectively, 


În = 13.06 — j7.79 = 15.2; -31° A 
4.81 + j5.64 = 7.40/49.2° A 


> 
| 
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Note that the currents are much more unbalanced than the applied volt- 
ages. Even though the motor is not overloaded insofar as shaft load is con- 
cerned, the losses are appreciably increased by the current unbalance and 
the stator winding with the greatest current may overheat. 


(d) The power delivered to the forward field by the two stator phases is 
P, = 217,,R, = 2(126.8) (16.46) = 4175 W 
and the power delivered to the backward field is 
P» = 21? R, = 2(16.0) (0.451) = 15 W 
Thus, according to Eq. 11-16, the internal mechanical power developed is 
P = 0.95(4175 — 15) = 3950 W 

If the core losses, friction and windage, and stray load losses are known, 
the shaft output can be found by subtracting them from the internal power. 
The friction and windage losses depend solely on the speed and are the 
same as they would be for balanced operation at the same speed. The core 
and stray load losses, however, are somewhat greater than they would be 
for balanced operation with the same positive-sequence voltage and cur- 


rent. The increase is caused principally by the (2 — s)-frequency core and 
stray losses in the rotor caused by the backward field. 


11-5 SERIES UNIVERSAL MOTORS 


A series motor has the convenient ability to run on either alternating or 
direct current and with similar characteristics, provided both stator and 
rotor cores are laminated. Such a single-phase series motor therefore is 
commonly called a universal motor. The torque angle is fixed by the brush 
position and is normally at its optimum value of 90°. If alternating current 
is supplied to a series motor, the stator and rotor field strengths will vary 
in exact time phase. Both will reverse at the same instant, and conse- 
quently the torque will always be in the same direction, though pulsating 
in magnitude at twice line frequency. Average torque will be produced, 
and the performance of the motor will be generally similar to that with di- 
rect current. 

Small universal motors are used where light weight is important, as 
in vacuum cleaners, kitchen appliances, and portable tools, and usually op- 
erate at high speeds (1500 to 15,000 r/min). Typical characteristics are 
shown in Fig. 11-15. The ac and de characteristics differ somewhat for two 
reasons: (1) With alternating current, reactance-voltage drops in the field 
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Percent torque 


Percent rated speed 


Fig. 11-15. Typical torque-speed characteristics of a series universal motor. 


and armature absorb part of the applied voltage, and therefore for a speci- 
fied current and torque the rotational counter emf generated in the arma- 
ture is less than with direct current and the speed tends to be lower. (2) With 
alternating current, the magnetic circuit may be appreciably saturated at 
the peaks of the current wave, and the rms value of the flux may thus be 
appreciably less with alternating current than with the same rms value of 
direct current; the torque therefore tends to be less with alternating than 
with direct current. The universal motor provides the highest horsepower 
per dollar in the fractional-horsepower range, at the expense of noise, rela- 
tively short life, and high speed. 

To obtain control of the speed and torque of the series motor, the ac 
voltage may be applied in series with a solid-state device which controls 
the voltage applied to the motor. A thyristor can control alternate half 
cycles of the voltage so that the motor carries unidirectional current. A 
bidirectional switch (Triac) can be used to control both half cycles of the 
applied voltage. The firing angle can be manually adjusted, as in a trigger- 
controlled electric drill, or can be controlled by a speed control circuit, as in 
some portable tools and appliances. The combination of a series motor and 
a solid-state device provides an economical, controllable motor package. 


EXAMPLE 11-4 


Show that the time-averaged torque of an ac series motor is proportional to 
the square of the rms current when the magnetic structure is not saturated. 


Solution 


The instantaneous magnetic flux ¢ produced by the motor current i, in the 
field poles is 


ọ = Kria 


The instantaneous torque is K,vi,; hence the time-averaged torque T, is 
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B w Ti@ 2 _ 2 
Tw =— | K,K,i2dt = K,K,0 
T Jo 


where Z, is the rms value of the current i,. This relationship is independent 
of the waveform of the current i,. 


11-6 STEPPING MOTORS 


The stepping motor is a form of ac motor which is designed to rotate a spe- 
cific number of degrees for each electrical pulse applied to its control unit. 
Step sizes may range from less than a degree to 15° or larger. The stepping 
motor is often used in digital control systems, where the motor receives 
open-loop commands in the form of a train of pulses to turn a shaft or move 
an object a specific distance. 

A significant advantage of the stepping motor is its compatibility with 
digital electronic systems. These systems are becoming increasingly com- 
mon in a wide variety of applications and at the same time are becoming 
both more powerful and less expensive. Typical applications include paper 
feed motors in typewriters and printers, positioning of print heads, pens in 
XY plotters, recording heads in computer disk drives, and worktable and 
tool positioning in numerically controlled machining equipment. In many 
applications, position information can be obtained simply by keeping count 
of the pulses sent to the motor, and position sensors and feedback control 
are not required. 

The elementary operation of a four-phase stepping motor with a two- 
pole rotor is shown in the sequence of Fig. 11-16. The rotor can be either 
a ferromagnetic element or a permanent magnet. The rotor assumes the 
angles 6 = 0,45,90°,... as the windings are excited in the sequence 


Fig. 11-16. Elementary diagram of a four-phase stepping motor. 
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Na Na + Np, Np,.... The stepping motor of Fig. 11-16 can also be used for 
90° steps by exciting the coils singly. In the latter case, only the permanent- 
magnet rotor can be used. The torque-angle curves for the two types of 
rotors are shown in Fig. 11-17; whereas the permanent-magnet rotor pro- 
duces peak torque when the excitation is shifted 90°, the ferromagnetic 
rotor produces zero torque and may move in either direction. The perma- 
nent-magnet rotor has the additional feature that the rotor position 0 is 
defined by the winding currents with no ambiguity, whereas the ferromag- 
netic rotor has two possible positions for each pattern of winding currents. 
Winding patterns can be visualized for steps of 22.5°, 11.25°, and smaller 
per pulse to the input circuit. 

Stepping motors come in a wide variety of designs and configurations. 
These include variable-reluctance, permanent-magnet, and hybrid configu- 
rations. The variable-reluctance motor is discussed in detail in Chap. 10. 
The angular resolution of the VRM is determined by the number of rotor 
stator teeth and can be greatly enhanced by techniques such as castleation, 
as shown in Fig. 10-8. 

The VRM configurations discussed in Chap. 10 consist of a single rotor 
and stator with multiple phases. A stepping motor of this configuration is 
called a single-stack variable-reluctance stepping motor. An alternate form 


-90° 0° +90° +180° +270° 

T,, torque acting 

on rotor in +0 
direction 


\ B j 
Winding N, excited 
kW Siia 


Winding N, excited 


(a) Rotor: permanent 
magnet 0 
construction 


4 Rotor position 
for N, excited 


/ Winding N, 
/ | excited 
/ \ Winding N, 
excited 


T,., torque acting 
on rotor in +0 
direction 


(b) Rotor: variable 


reluctance 0 0 
construction 
Rotor position 
for N, excited 
vw 
-90° 0° +90° +180° +270° 


Fig. 11-17. Torque-angle curves for the stepping motor of Fig. 11-16: (a) permanent-magnet 
rotor and (b) variable-reluctance rotor. 
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of variable-reluctance stepping motor is known as a multistack variable- 
reluctance stepping motor. In this configuration, the motor can be consid- 
ered to be made up of a set of axially displaced, single-phase VRMs mounted 
on a single shaft. 

Figure 11-18 shows a multistack variable-reluctance stepping motor. 
This motor consists of a series of stacks, each axially displaced, of identical 
geometry and excited by a single phase winding, as shown in Fig. 11-19. 
This motor has three stacks and three phases, although motors with addi- 
tional phases and stacks are common. For an n-stack motor, the rotor or 
stator (but not both) on each stack is displaced by 1/n times the pole-pitch 
angle. In Fig. 11-18, the rotor poles are aligned, but the stators are offset 
in angular displacement by one-third of the pole pitch. By successively ex- 
citing the individual phases, the rotor can be turned in increments of this 
displacement angle. 

Figure 11-20 shows a schematic view of a permanent-magnet stepping 
motor. This motor has a two-pole rotor and a two-phase stator. As an indi- 
vidual phase is excited, the rotor will tend to align with that phase. Unlike 
the VRM, the rotor alignment in the permanent-magnet stepping motor 
depends on the direction of the phase currents. Reversing the phase currents 


Fig. 11-18. Cutaway view of a three-phase three-stack variable-reluctance stepping motor. 
(Warner Electric.) 


Phase winding 


Fig. 11-19. Diagram of one stack and phase of a multiphase, multistack variable-reluctance 
stepping motor, such as that in Fig. 11-18. For an n-stack motor, the rotor or stator (but not 
both) on each stack is displaced by 1/n times the pole pitch. 


? Phase 1 


Permanent-magnet rotor 


Fig. 11-20. Schematic view of a two-phase permanent-magnet stepping motor. Phase 1 is 
shown energized in such a fashion as to align the rotor with the north pole vertically up. 


reluctance and permanent-magnet stepping motors. A photo of a hybrid 
stepping motor is shown in Fig. 11-21, and a schematic view of a hybrid 
stepping motor is shown in Fig. 11-22. 

The rotor structure hybrid stepping-motor rotor configuration appears 
much like that of a multistack variable-reluctance stepping motor. In the 
rotor of Fig. 11-22a, two identical rotor stacks are displaced axially along 
the rotor and displaced in angle by one-half the rotor pole pitch. Unlike the 
multistack variable-reluctance stepping motor, in the hybrid stepping mo- 
tor, rotor stacks are separated by an axially directed permanent magnet. 
As a result, in Fig. 11-22a one end of the rotor can be considered to have a 
north magnetic pole and the other end a south magnetic pole. 

The hybrid stepping motor varies significantly from a multistack 
variable-reluctance stepping motor in that the stator pole structure is con- 
tinuous along the length of the rotor. Figure 11-226 shows a schematic end 
view of a hybrid stepping motor. The stator has four poles with the phase-1 
winding wound on the vertical poles and the phase-2 winding wound on the 
horizontal poles. The rotor is shown with its north-pole end at the near end 
of the motor and the south-pole end (shown crosshatched) at the far end. 

In Fig. 11-22, phase 1 is shown excited such that the top stator pole is 
a south pole while the bottom pole is a north pole. This stator excitation in- 
teracts with the permanent-magnet flux of the rotor to align the rotor with 
a pole on its north-pole end vertically upward and a pole on its south-pole 


Fig. 11-21. Disassembled 1.8°/step hybrid stepping motor. (Oriental Motor.) 
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(b) 


Fig. 11-22. Schematic view of a hybrid stepping motor. (a) Two-stack rotor showing the ax- 
ially directed permanent magnet and the pole pieces displaced by one-half the pole pitch. 
(b) End view from the rotor north poles and showing the rotor south poles at the far end 
(shown crosshatched). Phase 1 of the stator is energized to align the rotor as shown. 


end vertically downward, as shown in the figure. Note that if the stator ex- 
citation is removed, there will still be a permanent-magnet torque tending 
to maintain the rotor in the position shown. 

To turn the rotor, excitation is removed from phase 1, and phase 2 
is excited. If phase 2 is excited such that the right-hand stator pole is a 
south pole and the left-hand one is a north pole, the rotor will rotate 30° 
counterclockwise. Similarly, if the opposite excitation is applied to the 
phase-2 winding, a 30° rotation in the clockwise direction will occur. Thus 
by alternately applying phase-1 and phase-2 excitation of the appropriate 
polarity, the rotor can be made to rotate in either direction by a specified 
angular increment. 

Practical hybrid stepping motors are generally built with more rotor 
poles than are indicated in the schematic motor of Fig. 11-22, in order to 
give much better angular resolution. Correspondingly, the stator poles are 
often castleated (see Fig. 10-8) to further increase the angular resolution. 
In addition, they may be built with more than two stacks per rotor. 

The hybrid stepping-motor design offers advantages over the perma- 
nent-magnet design discussed earlier. It can achieve small step sizes easily 
and with a simple magnet structure while a purely permanent-magnet mo- 
tor would require a multipole permanent magnet. In comparison with the 
variable-reluctance stepping motor, the hybrid design may require less ex- 
citation to achieve a given torque because some of the excitation is sup- 
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plied by the permanent magnet. In addition, the hybrid stepping motor 
will tend to maintain its position when the stator excitation is removed, as 
does the permanent-magnet design. 

The actual choice of a stepping-motor design for a particular applica- 
tion is determined based on the desired operating characteristics, avail- 
ability, size, and cost. In addition to the three classifications of stepping 
motors discussed in this chapter, a number of differing and often quite 
clever designs have been developed. Although these encompass a wide 
range of configurations and construction techniques, the operating prin- 
ciples remain the same. 

Stepping motors may be driven by electronic drive components similar 
to those discussed in Art. 10-4. The reader is referred to that article for fur- 
ther information on the issues of drive systems. Note that the issue of con- 
trolling a stepping motor to obtain the desired response under dynamic, 
transient conditions is quite complex and remains the subject of consider- 
able investigation.’ 


11-7 PERMANENT-MAGNET MOTORS 


Permanent-magnet de motors come in many different configurations and 
fall into many categories. They may take the form of conventional de ma- 
chines in which the stationary field winding is replaced by a permanent 
magnet. Alternatively, they may take the form of a synchronous machine 
in which the rotating field winding is replaced by a permanent magnet. 
Permanent magnets offer a number of useful benefits in electric ma- 
chinery applications. Chief among these is that they do not require external 
excitation, and its associated power dissipation, to create magnetic fields 
in the machine. In ac machines, slip rings and brushes are not required. In 
both ac and de machines, this also means that space is not required for 
windings, and thus permanent-magnet machines can be smaller, and in 
some cases cheaper, than their externally excited counterparts. 
Alternatively, permanent-magnet machines are subject to limitations 
imposed by the permanent magnets themselves. These include the risk of 
demagnetization due to excessive currents in the motor windings or due to 
overheating of the magnet. In addition, the permanent magnets are some- 
what limited in the magnitude of air-gap flux density that they can produce. 
However, with the development of new magnetic materials such as somar- 
ium cobalt and neodymium-iron-boron (Art. 1-6), these characteristics are 
becoming less and less restrictive for permanent-magnet machine design. 
Figure 11-23 shows a disassembled view of a permanent-magnet dc 
motor. This particular motor is used to rotate the disk in a personal com- 


‘For further information on stepping motors, see P. P. Acarnley, Stepping Motors: A 
Guide to Modern Theory and Practice, rev. 2d ed., Peter Peregrinus Ltd., London, 1982, 
and Takashi Kenjo, Stepping Motors and Their Microprocessor Controls, Clarendon 
Press, Oxford, 1984. 
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Fig. 11-23. Disassembled permanent-magnet dc motor from a personal computer disk drive. 
A permanent-magnet ac tachometer is also included in the same housing for speed control. 
(Buehler Products Inc.) 


puter disk drive. Notice that the rotor of this motor consists of a conven- 
tional dc armature with commutator segments and brushes. There is also a 
small permanent magnet on one end which constitutes the field of an ac 
tachometer, required for speed control in the disk drive. 

Unlike the salient-pole field structure characteristic of a de machine 
with external field excitation (see Fig. 9-20), permanent-magnet motors 
such as that of Fig. 11-23 typically have a smooth stator structure consist- 
ing of a cylindrical shell (or fraction thereof) of uniform thickness magne- 
tized in the radial direction. Such a structure is illustrated in Fig. 11-24, 
where the arrows indicate the direction of magnetization. The rotor of 
Fig. 11-24 has winding slots and has a commutator and brushes, as in all 
de machines. Notice also that the outer shell in these motors serves a dual 


Outer shell 


Radially magnetized 
permanent magnets 
(arrows indicate direction 
of magnetization) 


Fig. 11-24. Cross section of a typical permanent-magnet motor. Arrows indicate the direction 
of magnetization in the permanent magnets. 
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purpose; it is made up of a magnetic material and thus serves as a return 
path for magnetic flux as well as a support for the magnets. 


EXAMPLE 11-5 


Figure 11-25a defines the dimensions of a permanent-magnet dc motor 
similar to that of Fig. 11-24. Assume the following values: 


Rotor radius R, = 1.2 cm 
Gap length t, = 0.05 cm 
Magnet thickness t„ = 0.35 cm 


Also assume that both the rotor and outer shell are made of infinitely per- 


Permanent magnet 


Rotor tooth 


Outer shell 


u> 


(a) 


| Neodymium-iron- 
boron magnet 


(b) 


Fig. 11-25. (a) Dimension definitions for the motor of Fig. 11-24; (b) approximate magnetic 
equivalent circuit. 
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meable magnetic material (u —> œ) and that the magnet is neodymium- 
iron-boron (see Fig. 1-18). 

Ignoring the effects of rotor slots, estimate the magnetic flux density 
B in the air gap of this motor. 


Solution 


Because the rotor and outer shell are assumed to be of infinite magnetic 
permeability, the motor can be represented by a magnetic equivalent 
circuit consisting of an air gap of length 2t, in series with a section of 
neodymium-iron-boron of length 2t„ (see Fig. 11-256). Note that this 
equivalent circuit is approximate because the cross-sectional area of the 
flux path in the motor increases with increasing radius, whereas it is as- 
sumed to be constant in the equivalent circuit. 

The solution can be written down by direct analogy with Example 1-7. 
Replacing the air-gap length g with 2¢, and the magnet length l„ with 2tm, 
the equation for the load line can be written as 


bm 


By, = - uo) =- —7T oH, 


& 


This relationship can be plotted on Fig. 1-18 to find the operating 
point from its intersection with the dc magnetization curve for neodymium- 
iron-boron. Alternatively, recognizing that the dec magnetization curve for 
neodymium-iron-boron is a straight line of the form 

Bm = 1.06u,H,, + 1.25 T 
we find that 


B,, = B, = 1.09 T 


Figure 11-26 shows an exploded view of an alternate form of permanent- 
magnet de motor. In this motor, the armature windings are made into the 
form of a thin disk (with no iron in the armature). As in any de motor, 
brushes are used to commutate the armature current, contacting the com- 
mutator portion of the armature which is at its inner radius. Currents in 
the disk armature flow radially, and the disk is placed between two sets of 
permanent magnets which create axial flux through the armature winding. 
The combination of axial magnetic flux and radial currents produces a 
torque which rotates the rotor as in any de motor. This motor configuration 
can be shown to produce large acceleration (due to low rotor inertia), no cog- 
ging torque (due to the fact that the rotor is nonmagnetic), and long brush 
life and high-speed capability (due to the fact that the armature inductance 
is low and thus there will be little arcing at the commutator segments). 
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Fig. 11-26. Exploded view of a disk armature permanent-magnet servomotor. Magnets are 
Alnico. (PMI Motion Technologies.) 


The principal difference between permanent-magnet dc machines and 
those discussed in Chap. 9 is that they have a fixed source of field-winding 
flux which is supplied by a permanent magnet. As a result, the equivalent 
circuit for a permanent-magnet de motor is identical to that of the exter- 
nally excited de motor except that there are no field-winding connections. 
Figure 11-27 shows the equivalent circuit for a permanent-magnet de motor. 
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Fig. 11-27. Equivalent circuit of a permanent-magnet dc motor. 


From Eq. 9-13, the speed-voltage term for a dc motor can be written in 
the form 


E, = K, P20» (11-27) 
where ®, is the net flux along the field-winding axis and K, is a geometric 


constant. In a permanent-magnet dc machine, ®, is constant and thus 
Eq. 11-27 can be reduced to 


E, = K m0m (11-28) 
where 

Km = K,®, (11-29) 
is known as the motor’s torque constant and is a function of motor geome- 


try and magnet properties. 
Finally the torque of the machine can be easily found from Eq. 9-15 as 


_ Eal, 


Wm 


T = K_I, (11-30) 


EXAMPLE 11-6 


A permanent-magnet de motor is known to have an armature resistance 
of 1.03 ©. When operated at no load from a de source of 50 V, it is observed 
to operate at a speed of 2100 r/min and to draw 1.25 A. Find (a) the speed- 
voltage constant K,,,, (b) the no-load rotational losses of the motor, and 
(c) the hp output of the motor when it is operating at 1700 r/min from a 
48-V source. 
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Solution 


(a) From the equivalent circuit of Fig. 11-27, the generated voltage E, 
can be found as 


E,=V,-LR, 
= 50 — 1.25(1.03) = 48.7 V 


At a speed of 2100 r/min, 


epe 2100 —— j 2r rad 1 min 
min r 60 s 


= 220 rad/s 
Therefore, from Eq. 11-28, 


a E = 0.22 V/(rad/s) ` 


m 


(b) At no load, all the power supplied to the generated voltage E, is 
used to supply rotational losses. Therefore 


Rotational losses = E&E „I, = 61 W 
(c) At 1700 r/min, 


2T 
Wm = 1700() = 178 rad/s 


and 
E, = K,,@» = 0.22 x 178 = 39.2 V 
The input current can now be found as 


_V,-E, 48-392 | 
a eT Wine 


The shaft input power can be calculated as 
Pinan = Eal, = 39.2 x 8.54 = 335 W 


Assuming the rotational losses to be constant at their no-load value (cer- 
tainly an approximation), the output power can be calculated: 


Pou = Panan — rotational losses = 274 W = 0.37 hp 


11-8 Permanent-Magnet AC Motors 5 a7 


11-8 PERMANENT-MAGNET AC MOTORS 


Permanent-magnet ac motors are polyphase synchronous motors with 
permanent-magnet rotors. Thus they are similar to the synchronous ma- 
chines discussed in Chaps. 5 and 6 except that the field windings are re- 
placed by permanent magnets. 

Figure 11-28 is a schematic diagram of a three-phase permanent-magnet 
ac machine. Comparison of this figure with Fig. 5-2 emphasizes the simi- 
larities between the permanent-magnet ac machine and the conventional 
synchronous machine. In fact, the permanent-magnet ac machine can be 
readily analyzed with the techniques of Chap. 5 simply by assuming that 
the machine is excited by a field current of constant value, making sure to 
calculate the various machine inductances based on the effective perme- 
ability of the permanent-magnet rotor. 

Figure 11-29 shows a cutaway view of a typical permanent-magnet 
ac motor. This figure also shows a speed and position sensor mounted on 
the rotor shaft. This sensor is used for control of the motor, just as a shaft- 
position sensor is required for the operation of a stepping motor. A number 
of techniques may be used for shaft-position sensing, including Hall-effect 
devices, light-emitting diodes and phototransistors in combination with a 
pulsed wheel, and inductance pickups. 

In fact, an alternate viewpoint of a permanent-magnet ac motor is that 
it is a permanent-magnet stepping motor with a nonsalient stator. Under 
this viewpoint, the only difference between the two is that there will be 
little, if any, saliency (cogging) torque in the permanent-magnet ac motor. 

Operation of the permanent-magnet ac motor is similar to that of the 
permanent-magnet stepping motor. Based on rotor-position information from 
the shaft-position sensor, the motor phase windings are excited sequen- 


Magnetic axis 
of rotor 


Magnetic axis 
of phase 2 


Permanent- 
magnet rotor 


Fig. 11-28. Schematic diagram of a three-phase permanent-magnet ac machine. The arrow 
indicates the direction of rotor magnetization. 
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Fig. 11-29. Cutaway view of a permanent-magnet ac motor. Also shown is the shaft speed 
and position sensor used to control the motor. (EG&G Torque Systems.) 


tially in such a fashion as to produce the desired torque and speed. As with 
the stepping motor, the frequency of the excitation determines the motor 
speed, and the angular position between the rotor magnetic axis and a 
given phase when it is excited determines the torque which will be produced. 

The capability to measure rotor speed and position and to apply vari- 
able frequency and amplitude phase excitation to ac permanent-magnet 
motors means that they are highly controllable and can be made to exhibit 
a wide range of operating characteristics when coupled to appropriate con- 
trol electronics and a drive system. As a result, these motors are now found 
in many applications previously considered to be almost exclusively the do- 
main of de motors. 

Permanent-magnet ac motors are frequently referred to as brushless 
motors or brushless de motors. This terminology comes about both because 
of their similarity in characteristics to de motors and because of the fact 
that one can view these motors as inside-out de motors, with their field 
winding on the rotor and with their armature electronically commutated 
by the shaft-position sensor and by switches (transistors, thyristors, etc.) 
connected to the armature windings. 
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One theme of this chapter is a continuation of the induction-machine the- 
ory of Chap. 7 and its application to the single-phase induction motor. This 
theory is expanded by a step-by-step reasoning process from the simple 
revolving-field theory of the symmetrical polyphase induction motor. The 
basic concept is the resolution of the stator-mmf wave into two constant- 
amplitude traveling waves revolving around the air gap at synchronous 
speed in opposite directions. If the slip for the forward field is s, then that 
for the backward field is 2 — s. Each of these component fields produces 
induction-motor action, just as in a symmetrical polyphase motor. From the 
viewpoint of the stator, the reflected effects of the rotor can be visualized 
and expressed quantitatively in terms of simple equivalent circuits. The 
ease with which the internal reactions can be accounted for in this manner 
is the essential reason for the usefulness of the double-revolving-field theory. 

For a single-phase winding, the forward- and backward-component 
mmf waves are equal, and their amplitude is half the maximum value of 
the peak of the stationary pulsating mmf produced by the winding. The 
resolution of the stator mmf into its forward and backward components 
then leads to the physical concept of the single-phase motor described in 
Art. 11-1 and finally to the quantitative theory developed in Art. 11-3 and 
to the equivalent circuits of Fig. 11-11. 

The next step is investigation of the possibilities of applying the double- 
revolving-field resolution to a symmetrical two-phase motor with unbalanced 
applied voltages, as in Art. 11-4. This investigation leads to the symmetrical- 
component concept, whereby an unbalanced two-phase system of currents 
or voltages can be resolved into the sum of two balanced two-phase compo- 
nent systems of opposite phase sequence. Resolution of the currents into 
symmetrical-component systems is equivalent to resolving the stator-mmf 
wave into its forward and backward components, and therefore the inter- 
nal reactions of the rotor for each symmetrical-component system are the 
same as those which we have already investigated. A very similar rea- 
soning process, not considered here, leads to the well-known three-phase 
symmetrical-component method for treating problems involving unbalanced 
operation of three-phase rotating machines. The ease with which the rotat- 
ing machine can be analyzed in terms of revolving-field theory is the chief 
reason for the usefulness of the symmetrical-component method. 

This chapter also introduces a number of other commonly used small- 
motor types. Although they work on the same principles as their larger 
counterparts, their analysis is complex and their design is often largely 
empirical. In each motor, however, the electromechanical transduction is 
achieved by the spatial displacement of the flux distributions associated 
with the stationary and rotating members. 

The remaining motor types discussed in this chapter are found in a 
wide variety of common applications. The universal motor is simply a series- 
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connected de motor with a laminated rotor and stator so that it can be run 
from both de and ac sources. It is found in most small ac appliances such as 
blenders, mixers, vacuum cleaners, and small electric handtools. Besides 
being inexpensive to manufacture, it is readily adaptable to variable-speed 
applications, either by the insertion of series resistance or by the use of 
solid-state voltage controllers. 

Stepping motors are the electromechanical companions to digital elec- 
tronics. By proper application of voltage pulses to the stator windings, 
these motors can be made to rotate in well-defined steps ranging down to a 
fraction of a degree per pulse. They are thus essential components of digi- 
tally controlled electromechanical systems where a high degree of preci- 
sion is required. They are found in numerically controlled machine tools, 
in line printers and disk drives in computer systems, and in XY plotters. 

Finally this chapter discusses permanent-magnet motors. Permanent- 
magnet dc machines have been used for many years in applications where 
the controllability of de machines is required but where there is no need 
for a separately excited field winding. As is the case for stepping motors, 
permanent-magnet ac motors are seeing increased application as the price 
of digital electronics and controllers decreases and their power increases 
such that the performance and cost characteristics of permanent-magnet 
ac machine systems meet or exceed those previously associated with their 
competition. 


PROBLEMS 


11-1. What type of motor would you use in the following applications? Vac- 
uum cleaner, refrigerator, compact disk player, video camera, washing ma- 
chine, food mixer, portable electric drill, electric clock, water pump, window 
fan, automobile windshield wiper. Justify your selection. 


11-2. A 3-hp 120-V 50-Hz capacitor-start motor has the following constants 
for the main and auxiliary windings (at starting): 


Zm 
Z, 


6.45 + 78.27 Q main winding 


11.5 + 78.15 Q auxiliary winding 


(a) Find the magnitudes and phase angles of the currents in the main 
and auxiliary windings when rated voltage is applied to the motor 
under starting conditions. 

(b) Find the value of starting capacitance that will place the main- and 
auxiliary-winding currents in quadrature at starting. 

(c) Repeat part (a) when the capacitance of part (b) is inserted in se- 
ries with the auxiliary winding. 
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11-3. Repeat Prob. 11-2 if the motor is operated from a 120-V 60-Hz source. 


11-4, Repeat Example 11-2 for a slip of 0.04. 


11-5. A 4-hp four-pole 115-V 60-Hz single-phase induction motor has the 
following parameters (resistances and reactances are in ohms per phase): 


Ri, = 183 R, = 3.29 
Xim = 2.49 X,=58.7 X,=2.49 
Core loss = 36 W Friction and windage = 13.8 W 


Find the speed, stator current, torque, power output, power factor, and effi- 
ciency of this motor when operating at rated voltage and a slip of 0.045. 


11-6. At standstill the currents in the main and auxiliary windings of a 
capacitor-start induction motor are I„ = 16.4 A and J, = 7.2 A, respec- 
tively. The auxiliary-winding current leads the main-winding current by 
57°. The effective turns per pole, i.e., the number of turns corrected for the 
effects of winding distribution, are N„ = 70 and N, = 100. The windings 
are in space quadrature. 


(a) Determine the amplitudes of the forward and backward stator-mmf 
waves. 

(b) Suppose it were possible to adjust the magnitude and phase of the 
auxiliary-winding current. What magnitude and phase would pro- 
duce a pure-forward mmf wave? 


11-7. Derive an expression in terms of Q, for the nonzero speed of a 
single-phase induction motor at which the internal torque is zero. (See 
Example 11-2.) 


11-8. Repeat Example 11-3 for a slip of 0.04. 


11-9. (a) Find the starting torque of the motor given in Example 11-3 for 
the conditions specified. 

(b) Compare the result of part (a) with the torque which the motor 
would develop at starting when balanced two-phase voltages of 
220 V are applied. 

(c) Show, in general, that if the stator voltages V,, and V, of a two- 
phase induction motor are in quadrature but unequal, the start- 
ing torque is the same as that developed when balanced two-phase 
voltages of V V,, V, are applied. 


11-10. The induction motor of Example 11-3 is supplied from an unbal- 
anced two-phase source by a four-wire feeder having an impedance of 
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1.2 + j2.8 Q/phase. The source voltages can be expressed as 
V,, = 23540° V V, = 205275° V 


For a slip of 0.05, show that the induction-motor performance is such 
that the motor’s terminal voltages correspond more nearly to those of a 
balanced two-phase system than do those at the source. 


11-11. The equivalent-circuit constants in ohms per phase referred to the 
stator for a two-phase 1.5-hp 220-V four-pole 60-Hz squirrel-cage induction 
motor are given below. The no-load rotational loss is 200 W. 


R,=32 R,=24 X,=X,=3.2 X,=100 


(a) The voltage applied to phase m is 220 / 0° V, and the voltage applied 
to phase a is 220 / 60° V. At a slip s = 0.04, Z; = 41.9 + j27.2 Q 
and Z, = 1.20 + j3.2 Q. What is the net air-gap torque? 

(b) What is the starting torque with the applied voltages of part (a)? 

(c) The applied voltages are readjusted so that n = 220 /0° and 
V, = 220/90°. Full load on the machine occurs at s = 0.04. At 
what value of slip does maximum torque occur? What is the value 
of maximum air-gap torque in newton-meters? 

(d) While the motor is running as in part (c), phase a is open-circuited. 
What is the horsepower developed by the machine at slip s = 0.04? 

(e) What voltage appears across the open phase-a terminals under the 
conditions of part (d) at s = 0.04? 


11-12. Consider a four-phase stepper motor with a permanent-magnet 
rotor, as shown in Fig. 11-16. The motor is to be controlled using a 4-bit 
digital signal from a microprocessor. The 4 bits represent phases a to d re- 
spectively, and a 1 indicates that the corresponding phase is to be excited. 
Thus the output 0100 will cause phase b to be excited, 1001 will cause 
phases a and d to be excited, etc. The digital signal is the input to an elec- 
tronic circuit which provides the actual excitation. 


(a) Make a table of the 4-bit signals which correspond to rotor angular 
positions of 0,45,...,315°. 

(b) By sequencing through the digital signals found in part (a), the 
motor can be made to rotate at a constant speed. For a speed of 
1000 r/min, at what time interval (in milliseconds) should the digi- 
tal signal be changed? 


11-13. Figure 11-30 shows a two-phase hybrid stepping motor with castle- 
ated poles on the stator. The rotor is shown in the position it occupies when 
current is flowing into the positive lead of phase 1. 
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Fig. 11-30. Castleated hybrid stepping motor for Prob. 11-13. 


(a) If phase 1 is turned off and phase 2 is excited with current flowing 
into its positive lead, calculate the corresponding angular rotation 
of the rotor. Is it in the clockwise or counterclockwise direction? 

(b) Describe an excitation sequence for the phase windings which will 
result in a steady rotation of the rotor in the clockwise direction. 

(c) Determine the frequency of phase currents required to achieve a 
rotor rotation speed of 10 r/min. 
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11-14. Consider a multistack, multiphase variable-reluctance stepping 
motor such as that shown schematically in Fig. 11-19, with 16 poles on each 
of the rotor and stator stacks and three stacks with one phase winding 
per stack. 


(a) Assume that the stator poles are aligned. Calculate the angular 
displacement between the rotor stacks. 

(b) Determine the frequency of phase currents required to achieve a 
rotor rotation speed of 650 r/min. 


11-15. The manufacturer’s data sheet for a permanent-magnet de motor 
indicates that it has a torque constant K,, = 0.24 V/(rad/s) and an arma- 
ture resistance of 2.1 Q. For a constant applied armature voltage of 90 V 
de, calculate (a) the no-load speed of the motor in revolutions per minute, 
(b) its stall (zero-speed) current and torque, and (c) its torque as a function 
of speed. 


11-16. Measurements on a small permanent-magnet dc motor indicate that 
it has an armature resistance of 7.5 Q. With an applied armature voltage 
of 6 V, the motor is observed to achieve a no-load speed of 10,570 r/min 
while drawing an armature current of 13 mA. 


(a) Calculate the motor torque constant K. 
(b) Find the no-load rotational losses of the motor. 


Assume the motor to be operating with an applied armature voltage of 
6 V. 


(c) Find the stall current and torque of the motor. 
(d) At what speed will this motor achieve a power output of 1 W? Esti- 
mate the efficiency of this motor under this output condition. 


11-17. The de motor of Prob. 11-16 will be used to drive a load which requires 
a power of 0.75 W at a speed of 8500 r/min. Calculate the armature volt- 
age which must be applied to the motor to achieve this operating condition. 


11-18. A two-phase permanent-magnet ac motor has a rated speed of 
6000 r/min and a four-pole rotor. Calculate the frequency of armature cur- 
rents required to achieve this speed. 


11-19. Small single-phase permanent-magnet ac generators are frequently 
used to generate the power for lights on bicycles. For this application, these 
generators are typically designed with a significant amount of leakage in- 
ductance in their armature winding. A simple model for these generators 
is an ac voltage source e,(t) = wK, cos wt in series with the armature leak- 
age inductance L, and the armature resistance R,. Here w is the electrical 
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frequency of the generated voltage which is determined by the speed of the 
generator as it rubs against the bicycle wheel. 

Assuming that the generator is running a light bulb which can be 
modeled as a resistance Rz, determine the range of generator speed under 
which the light bulb will operate at constant brightness. 


appendix 


Three-Phase Circuits 


Generation, transmission, and heavy-power utilization of ac electric energy 
almost invariably involve a type of system or circuit called a polyphase sys- 
tem or polyphase circuit. In such a system, each voltage source consists of a 
group of voltages having related magnitudes and phase angles. Thus, an 
n-phase system will employ voltage sources which conventionally consist of 
n voltages substantially equal in magnitude and successively displaced by a 
phase angle of 360°/n. A three-phase system will employ voltage sources 
which conventionally consist of three voltages substantially equal in mag- 
nitude and displaced by phase angles of 120°. Because it possesses definite 
economic and operating advantages, the three-phase system is by far the 
most common, and consequently emphasis is placed on three-phase circuits 
in this appendix. 

The three individual voltages of a three-phase source may each be con- 
nected to its own independent circuit. We would then have three separate 
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single-phase systems. Alternatively, as will be shown in Art. A-1, symmet- 
rical electric connections can be made between the three voltages and the 
associated circuitry to form a three-phase system. It is the latter alternative 
that we are concerned with in this appendix. Note that the word phase now 
has two distinct meanings. It may refer to a portion of a polyphase system 
or circuit, or, as in the familiar steady-state circuit theory, it may be used in 
reference to the angular displacement between voltage or current phasors. 
There is very little possibility of confusing the two. 


A-1 GENERATION OF THREE-PHASE VOLTAGES 


Consider the elementary three-phase two-pole generator of Fig. A-1. On 
the armature are three coils aa’, bb’, and cc’ whose axes are displaced 120° 
in space from each other. This winding can be represented schematically as 
shown in Fig. A-2. When the field is excited and rotated, voltages will be 
generated in the three phases in accordance with Faraday’s law. If the field 
structure is so designed that the flux is distributed sinusoidally over the 
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Fig. A-1. Elementary three-phase two-pole generator. 
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Fig. A-2. Schematic representation of windings of Fig. A-1. 
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Fig. A-3. Voltage waves generated in windings of Figs. A-1 and A-2. 


poles, the flux linking any phase will vary sinusoidally with time and si- 
nusoidal voltages will be induced in the three phases. As shown in Fig. A-3, 
these three waves will be displaced 120° electrical degrees in time as a re- 
sult of the phases being displaced 120° in space. The corresponding phasor 
diagram is shown in Fig. A-4. In general, the time origin and the reference 
axis in diagrams such as Figs. A-3 and A-4 are chosen on the basis of ana- 
lytical convenience. 

There are two possibilities for the utilization of voltages generated in 
this manner. The six terminals a,a’,b,b';c, and c’ of the winding may be 
connected to three independent single-phase systems, or the three phases 
of the winding may be interconnected and used to supply a three-phase 
system. The latter procedure is adopted almost universally. The three 
phases of the winding may be interconnected in two possible ways, as 
shown in Fig. A-5. Terminals a’, b’, and c' may be joined to form the neu- 
tral o, yielding a Y connection, or terminals a and b’, b and c’, and c and a’ 
may be joined individually, yielding a A connection. In the Y connection, a 
neutral conductor, shown dashed in Fig. A-5a, may or may not be brought 
out. If a neutral conductor exists, the system is a four-wire three-phase sys- 
tem; if not, it is a three-wire three-phase system. In the A connection 
(Fig. A-55), no neutral exists and only a three-wire three-phase system can 
be formed. 


t> 


Exe b'b 


Fig. A-4. Phasor diagram of generated voltages. 
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a A 
b 

B 

c C 


(b) 
Fig. A-5. Three-phase connections: (a) Y connection and (b) A connection. 


The three phase voltages, Figs. A-3 and A-4, are equal and phase- 
displaced by 120 electrical degrees, a general characteristic of a balanced 
three-phase system. Furthermore, in a balanced three-phase system the im- 
pedance in any one phase is equal to that in either of the other two phases, 
so that the resulting phase currents are equal and phase-displaced from 
each other by 120 electrical degrees. Likewise, equal power and equal reac- 
tive power flow in each phase. An unbalanced three-phase system, however, 
may lack any of or all the equalities and 120° displacements. Note that 
only balanced systems are treated in this appendix and none of the methods 
developed or conclusions reached apply to unbalanced systems. Most practi- 
cal problems are concerned with balanced systems. Many industrial loads 
are three-phase loads and therefore inherently balanced, and in supplying 
single-phase loads from a three-phase source definite efforts are made to 
keep the three-phase system balanced by assigning approximately equal 
single-phase loads to each of the three phases. 


A-2 THREE-PHASE VOLTAGES, CURRENTS, AND POWER 


When the three phases of the winding in Fig. A-1 are Y-connected, as in 
Fig. A-5a, the phasor diagram of voltages is that of Fig. A-6. The phase order 
or phase sequence in Fig. A-6 is abc; that is, the voltage of phase a reaches 
its maximum 120° before that of phase b. The use of double-subscript nota- 
tion in Fig. A-6 greatly simplifies the task of drawing the complete dia- 
gram. The subscripts indicate the points between which the voltage exists, 
and the order of subscripts indicates the direction in which the voltage rise 
is taken. Thus, Ê, = — 


oa* 
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Fig. A-6. Voltage phasor diagram for Y connection. 


The three-phase voltages "A j -N and Ê.. are also called line-to-neu- 
tral voltages. The three voltages Ez Ê,., and E,,, called line voltages or, 
more specifically, line-to-line voltages, are also important. By Kirchhoff’s 
voltage law, the line voltage E,» is 


Ba i B jä É, = -Ê, + Ea = V3E., —30° (A-1) 

as shown in Fig. A-6. Similarly, 
Ê, = V3E,.[ —30° (A-2) 
and E,, = V3B,./ —30° (A-3) 


Stated in words, these equations show that, for a Y connection, the line 
voltage is V3 times the phase voltage, or the line-to-line voltage is V3 times 
the line-to-neutral voltage. 

The corresponding current phasors for the Y connection of Fig. A-5a 
are given in Fig. A-7. Obviously, for a Y connection, the line currents and 
phase currents are equal. 

When the three phases are A-connected, as in Fig. A-5b, the phasor 
diagram of voltages is that of Fig. A-8. Obviously, for a A connection, the 
line voltages and phase voltages are equal. 

The corresponding phasor diagram of currents is given in Fig. A-9. 
The three-phase currents are Ža», ss, and f ca» the order of the subscripts in- 
dicating the current directions. By Kirchhoff’s current law, the line cur- 
rent E is 


Ía = Îa + fa = -Íp + În = V3 Ín (30° (A-4) 
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A A 


T =Iga 


oa 


Fig. A-7. Current phasor diagram for Y connection. 


E e Eab 
Fig. A-8. Voltage phasor diagram for A connection. 
as shown in Fig. A-9. Similarly, 
fin = V31.,,/ 30° (A-5) 
and fc = V31,./ 30° (A-6) 


Stated in words, Eqs. A-4 to A-6 show that for a A connection, the line cur- 
rent is V3 times the phase current. Evidently, the relations between phase 
and line currents of a A connection are similar to those between phase and 
line voltages of a Y connection. 

For both Y- and A-connected systems it can be shown that the total of 
the instantaneous power for all three phases of a balanced three-phase cir- 
cuit does not pulsate with time. Thus, with the time origin taken at the 
maximum positive point of the phase-a voltage wave, the instantaneous 
voltages of the three phases are 


e, = V2E, cos wt (A-7) 
e, = V2E, cos (wt — 120°) (A-8) 
e, = V2E, cos (wt + 120°) (A-9) 


where E, is the rms value of the phase voltage. When the phase currents 
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Fig. A-9. Current phasor diagram for A connection. 


are displaced from the corresponding phase voltages by the angle 90, the in- 
stantaneous phase currents are 


i, = V2I, cos (wt + 8) (A-10) 
i, = V21, cos (wt + 6 — 120°) (A-11) 
i, = V2I, cos (wt + 6 + 120°) (A-12) 


where I, is the rms value of the phase current. 
The instantaneous power in each phase then becomes 


Pa = Cala = E,I,[cos (2wt + 0) + cos 0] (A-13) 
Pa = esi, = E,I,[cos (2wt + 6 — 240°) + cos 0] (A-14) 
Pe = ecl = E,I,[cos (2wt + 6 + 240°) + cos 0] (A-15) 


The total instantaneous power for all three phases is 
p = Pa + Po + P. = 3E,1, cos 0 (A-16) 


Notice that the sum of the cosine terms which involve time in Eqs. A-13 to 
A-15 (the first terms in the brackets) is zero. The total instantaneous power 
is accordingly independent of time. This situation is depicted graphically 
in Fig. A-10. Instantaneous powers for the three phases are plotted, to- 
gether with the total instantaneous power, which is the sum of the three 
individual waves. The total instantaneous power for a balanced three-phase 
system is constant and is equal to 3 times the average power per phase. 

In general, the total instantaneous power for any balanced polyphase 
system is constant. This is one of the outstanding advantages of polyphase 
systems. It is of particular advantage in the operation of polyphase motors, 
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Total instantaneous power for three phases 


X Average value 
ofp, Py P, 


Fig. A-10. Instantaneous power in a three-phase system. 


for example, for it means that the shaft-power output is constant and that 
torque pulsations, with the consequent tendency toward vibration, do not 
result from pulsations inherent in the supply system. 

On the basis of single-phase considerations, the average power per 
phase P, for either a Y- or A-connected system connected to a balanced 
three-phase load of impedance Z, = R, + jX, Q/phase is 


P, = E,I, cos 0 = I?R, (A-17) 


where E,, I,, R,, and 6 are the voltage, current, resistance, and power-factor 
angle, respectively, per phase. The total three-phase power P is 


P = 3P, (A-18) 


Similarly, for reactive power per phase Q, and total three-phase reactive 
power Q, 


Q, = E,L sin 6 = I2X, (A-19) 
and Q = 3Q, (A-20) 


where X, is the reactance per phase. 
The voltamperes per phase (VA), and total three-phase voltamperes 
VA are 


(VA), = El, = LZ, (A-21) 
and VA = 3(VA), (A-22) 


In Eqs. A-17 and A-19, @ is the angle between phase voltage and phase 
current. As in the single-phase case, it is given by 


TT A me wer 2 (A-23) 
Z, Z, 
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The power factor of a balanced three-phase system is therefore equal to 


that of any one phase. 


A-3 Y- AND A-CONNECTED CIRCUITS 


Three specific examples are given to illustrate the computational details of 
Y- and A-connected circuits. Explanatory remarks which are generally ap- 
plicable are incorporated into the solutions. 


EXAMPLE A-1 


In Fig. A-11 is shown a 60-Hz transmission system consisting of a line hav- 
ing the impedance Z, = 0.05 + j0.20 Q, at the receiving end of which is a 
load of equivalent impedance Z, = 10.0 + j3.00 Q. The impedance of the 
return conductor should be considered zero. 


(a) Compute (i) the line current J; (ii) the load voltage E,; (iii) the 
power, reactive power, and voltamperes taken by the load; and (iv) the 
power and reactive-power loss in the line. 


Suppose now that three such identical systems are to be constructed to 
supply three such identical loads. Instead of drawing the diagrams one be- 
low the other, let them be drawn in the fashion shown in Fig. A-12, which 
is, of course, the same electrically. 


(6) For Fig. A-12 give the current in each line; the voltage at each 
load; the power, reactive power, and voltamperes taken by each load; the 
power and reactive-power loss in each of the three transmission systems; 
the total power, reactive power, and voltamperes taken by the loads; and 
the total power and reactive-power loss in the three transmission systems. 


Next consider that the three return conductors are combined into one 
and that the phase relationship of the voltage sources is such that a bal- 
anced four-wire three-phase system results, as in Fig. A-13. 


0.05 + 0.20 


+ 
(e) 120 V 10.0+ 3.00 


Fig. A-11. Circuit for Example A-1a. 
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0.05 +j0.20 


JU 


10.0+j3.00 


120 V 10.0+j3.00 «& 
0.05+j0.20 


10.0+ 3.00 


0.05+j0.20 


Fig. A-12. Circuit for Example A-1b. 


(c) For Fig. A-13 give the line current; the load voltage, both line-to- 
line and line-to-neutral; the power, reactive power, and voltamperes taken 
by each phase of the load; the power and reactive-power loss in each line; 
the total three-phase power, reactive power, and voltamperes taken by the 
load; and the total power and reactive-power loss in the lines. 

(d)In Fig. A-13 what is the current in the combined return or neutral 
conductor? 

(e) Can this conductor be dispensed with in Fig. A-13 if desired? 


Assume now that this neutral conductor is omitted. This results in the 
three-wire three-phase system of Fig. A-14. 


(f) Repeat part (c) for Fig. A-14. 

(g) On the basis of the results of this example, outline briefly the 
method of reducing a balanced three-phase Y-connected circuit problem to 
its equivalent single-phase problem. Be careful to distinguish between the 
use of line-to-line and line-to-neutral voltages. 


0.05 +j0.20 


10.0+j3.00 


10.0+ 3.00 


Fig. A-13. Circuit for Example A-1c to e. 
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0.05+j0.20 


10.0+j3.00 


120 V 10.0+ 3.00 ~ “Ay 10.0+j3.00 


0.05 +j0.20 


Fig. A-14. Circuit for Example A-1f. 


Solution 
(a) 


120 
V(0.05 + 10.0)? + (0.20 + 3.00)? 


E, = 1|Z,| = 11.4 V(10.0} + (3.00)? = 119 V 
P, = I?R, = (11.4)°(10.0) = 1300 W 
Q; = IX, = (11.4)*(3.00) = 390 VA reactive 
(VA), = I?|Z,| = (11.4)? V(10.0)? + (3.00)? = 1360 VA 
P, = I’R, = (11.4)?(0.05) = 6.5 W 
Q, = I°X, = (11.4)7(0.20) = 26 VA reactive 


[= =114A 


(6) The first four obviously have the same values as in part (a). 


Total power = 3P, = 3(1300) = 3900 W 
Total reactive power = 3Q, = 3(390) = 1170 VA reactive 
Total VA = 3(VA), = 3(1360) = 4080 VA 
Total power loss = 3P, = 3(6.5) = 19.5 W 
Total reactive-power loss = 3Q, = 3(26) = 78 VA reactive 
(c) The results obtained in part (b) are unaffected by this change. The 


voltage in parts (a) and (b) is now the line-to-neutral voltage. The line-to- 
line voltage is 


v3 (119) = 206 V 
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(d) By Kirchhoff’s current law, the neutral current is the phasor sum 
of the three line currents. These line currents are equal and phase-dis- 
placed 120°. Since the phasor sum of three equal phasors 120° apart is zero, 
the neutral current is zero. 

(e) The neutral current being zero, the neutral conductor can be dis- 
pensed with if desired. 

(f) Since the presence or absence of the neutral conductor does not af- 
fect conditions, the values are the same as in part (c). 

(g) A neutral conductor can be assumed, regardless of whether one is 
physically present. Since the neutral conductor in a balanced three-phase 
circuit carries no current and hence has no voltage drop across it, the neu- 
tral conductor should be considered to have zero impedance. Then one 
phase of the Y, together with the neutral conductor, can be removed for 
study. Since this phase is uprooted at the neutral, line-to-neutral voltages 
must be used. This procedure yields the single-phase equivalent circuit, in 
which all quantities correspond to those in one phase of the three-phase 
circuit. Conditions in the other two phases being the same (except for the 
120° phase displacements in the currents and voltages), there is no need for 
investigating them individually. Line currents in the three-phase system 
are the same as in the single-phase circuit, and total three-phase power, 
reactive power, and voltamperes are 3 times the corresponding quantities 
in the single-phase circuit. If line-to-line voltages are desired, they must be 
obtained by multiplying voltages in the single-phase circuit by V3. 


EXAMPLE A-2 


Three impedances of value Z, = 4.00 + j3.00 = 5.00/36.9° Q are con- 
nected in Y, as shown in Fig. A-15. For balanced line-to-line voltages of 
208 V, find the line current, the power factor, and the total power, reactive 
power, and voltamperes. 


Z „ =4.00+j3.00 
=5.00/36.9° 


B 
Fig. A-15. Circuit for Example A-2. 
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Solution 


The line-to-neutral voltage across any one phase, such as ao, is 


E, = T = 120 V 
2 
Hence h=1,= 75 = 59g = 240A 


Power factor = cos 0 = cos 36.9° = 0.80 lagging 
P = 3P, = 3I}R, = 3(24.0)°(4.00) = 6910 W 
Q = 3Q, = 312 X, = 3(24.0)°(3.00) = 5180 VA reactive 
VA = 3(VA), = 3E,J, = 3(120) (24.0) = 8640 VA 


Note that phases a and c (Fig. A-15) do not form a simple series circuit. 
Consequently, the current cannot be found by dividing 208 V by the sum of 
the phase-a and -c impedances. To be sure, an equation can be written for 
voltage between points a and c by Kirchhoff’s voltage law, but this must be 
a phasor equation taking account of the 120° phase displacement between 
the phase-a and phase-c currents. As a result, the method of thought out- 
lined in Example A-1 leads to the simplest solution. 


EXAMPLE A-3 


Three impedances of value Z, = 12.00 + j9.00 = 15.00/36.9° Q are con- 
nected in A, as shown in Fig. A-16. For balanced line-to-line voltages of 
208 V, find the line current, the power factor, and the total power, reactive 
power, and voltamperes. 


Solution 


The voltage across any one phase, such as ca, is evidently equal to the line- 
to-line voltage. Consequently, 


E, = 208 V 
A a 
| 
208 V 
i Z p = 12.00+j9.00 
c r = 15.00/36.9° 
B b 


Fig. A-16. Circuit for Example A-3. 
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E 208 
d = mo! = Ci => į 

an i Z,| ~ 15.00 13.87 A 

Power factor = cos 0 = cos 36.9° = 0.80 lagging 
From Eq. A-4 

I, = V31, = V3 (13.87) = 24.0 A 
Also P = 3P, = 3I; R, = 3(13.87)(12.00) = 6910 W 
Q = 3Q, = 3I; X, = 3(13.87)°(9.00) = 5180 VA reactive 

and VA = 3(VA), = 3E,J, = 3(208) (13.87) = 8640 VA 


Note that phases ab and bc do not form a simple series circuit, nor 
does the path cba form a simple parallel combination with the direct path 
through the phase ca. Consequently, the line current cannot be found by 
dividing 208 V by the equivalent impedance of Z, in parallel with Z„, + 
Ze. Kirchhoff’s-law equations involving quantities in more than one phase 
can be written, but they must be phasor quantities taking account of the 
120° phase displacement between phase currents and between phase volt- 
ages. As a result, the method outlined above leads to the simplest solution. 


Comparison of the results of Examples A-2 and A-3 leads to a valuable 
and interesting conclusion. Note that the line-to-line voltage, line current, 
power factor, total power, reactive power, and voltamperes are precisely 
equal in the two cases; in other words, conditions viewed from the termi- 
nals A, B, and C are identical, and one cannot distinguish between the two 
circuits from their terminal quantities. It will also be seen that the imped- 
ance, resistance, and reactance per phase of the Y connection (Fig. A-15) 
are exactly one-third of the corresponding values per phase of the A con- 
nection (Fig. A-16). Consequently, a balanced A connection can be replaced 
by a balanced Y connection providing that the circuit constants per phase 
obey the relation 


Zy = Za (A-24) 


Conversely, a Y connection can be replaced by a A connection provided 
Eq. A-24 is satisfied. The concept of this Y-A equivalence stems from the 
general Y-A transformation and is not the accidental result of a specific 
numerical case. 

Two important corollaries follow from this equivalence: (1) A general 
computational scheme for balanced circuits can be based entirely on 
Y-connected circuits or entirely on A-connected circuits, whichever one 
prefers. Since it is frequently more convenient to handle a Y connection, 
the former scheme is usually adopted. (2) In the frequently occurring prob- 
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lems in which the connection is not specified and is not pertinent to the 
solution, either a Y or a A connection may be assumed. Again the Y con- 
nection is more commonly selected. In analyzing three-phase motor perfor- 
mance, for example, the actual winding connections need not be known 
unless the investigation is to include detailed conditions within the coils 
themselves. The entire analysis can be based on an assumed Y connection. 


A-4 ANALYSIS OF BALANCED THREE-PHASE CIRCUITS; 
SINGLE-LINE DIAGRAMS 


By combining the principle of A-Y equivalence with the technique revealed 
by Example A-1, a simple method of reducing a balanced three-phase-circuit 
problem to its corresponding single-phase problem can be developed. All 
the methods of single-phase-circuit analysis thus become available for its 
solution. The end results of the single-phase analysis are then translated 
back into three-phase terms to give the final results. 

In carrying out this procedure, phasor diagrams need be drawn for 
only one phase of the Y connection, the diagrams for the other two phases 
being unnecessary repetition. Furthermore, circuit diagrams can be sim- 
plified by drawing only one phase. Examples of such single-line diagrams 
are given in Fig. A-17, showing two three-phase generators with their as- 
sociated lines or cables supplying a common substation load. Specific con- 
nections of apparatus can be indicated if desired. Thus, Fig. A-17b shows 
that G, is Y-connected and G, is A-connected. Impedances are given in 
ohms per phase. 

When one is dealing with power, reactive power, and voltamperes, it is 
sometimes more convenient to deal with the entire three-phase circuit at 
once instead of concentrating on one phase. This possibility arises because 
simple expressions for three-phase power, reactive power, and voltamperes 
can be written in terms of line-to-line voltage and line current regardless 
of whether the circuit is Y- or A-connected. Thus, from Eqs. A-17 and A-18, 
three-phase power is 


P = 3P, = 3E,I, cos 0 (A-25) 


1.44 71.6 0.80+ j1.0 1.4+ 1.6 0.80+ 1.0 


\ 
yV ©) os 
I 
Load terminals or Generator terminals 
substation bus or bus 


(a) (b) 
Fig. A-17. Examples of single-line diagrams. 
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For a Y connection, J, = Jine and E, = Ej,./3. For a A connection, I, = 
Dine/ V3 and E, = Eine. In either case, Eq. A-25 becomes 


P = V3 Eyineliine COS 0 (A-26) 
Similarly, Q = V3 Eine line Sin 0 (A-27) 
and VA = V3 Einin (A-28) 


It should be borne in mind, however, that the power-factor angle 0, given 
by Eq. A-23, is the angle between Ê, and Î p and not that between E and 


lines 


EXAMPLE A-4 


Figure A-17 is the equivalent circuit of a load supplied from two three- 
phase generating stations over lines having the impedances per phase 
given on the diagram. The load requires 30 kW at 0.80 power factor lag- 
ging. Generator G, operates at a terminal voltage of 797 V line to line and 
supplies 15 kW at 0.80 power factor lagging. Find the load voltage and the 
terminal voltage and power and reactive-power output of G. 


Solution 


Let I, P, and Q, respectively, denote line current and three-phase active 
and reactive power. The subscripts 1 and 2 denote the respective branches 
of the system; the subscript r denotes a quantity measured at the receiving 
end of the line. We then have 


= P, _ 15,000 

V3E, cos 6, V3 (797) (0.80) 
P, = P, — 3I?R, = 15,000 — 3(13.6)2(1.4) = 14,220 W 
Q. = Q, — 31?X, = 15,000 tan (cos™* 0.80) — 3(13.6)?(1.6) 
10,350 VA reactive 


7. = 13.6 A 


The factor 3 appears before I?R, and I? X, in the last two equations be- 
cause the current I, exists in all three lines. The load voltage is 


F = VA 7 V (14,220)? + (10,350)? 
aii v3 (current) 7 V3 (13.6) 


= 748 V line to line 
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Since the load requires 30,000 W and 30,000 tan (cos™* 0.80) or 
22,500 VA reactive, 


P,» = 30,000 — 14,220 = 15,780 W 


and Q, = 22,500 — 10,350 = 12,150 VA reactive 
VA V (15,780)? + (12,150)? 
I, = —= = oom _ = 1 4A 
i v3 (voltage) v3 (748) 


P, = P + 3IŻR, = 15,780 + 3(15.4)?(0.80) = 16,350 W 
Q, = Q, + 3IŻX, = 12,150 + 3(15.4)?(1.0) = 12,870 VA reactive 
pn- VA _ V063 + 28T) 
v3 (current) v3 (15.4) 


= 780 V line to line 


A-5 OTHER POLYPHASE SYSTEMS 


Although three-phase systems are by far the most common of all polyphase 
systems, other numbers of phases are used for specialized purposes. The 
five-wire four-phase system (Fig. A-18) is sometimes used for low-voltage 
distribution. It has the advantage that for a phase voltage of 115 V, single- 
phase voltages of 115 (between a, b, c, or d and o, Fig. A-18) and 230 V (be- 
tween a and c or b and d) are available as well as a system of polyphase 
voltages. Essentially the same advantages are possessed by four-wire 
three-phase systems having a line-to-neutral voltage of 120 V and a line- 
to-line voltage of 208 V, however. 

Four-phase systems are obtained from three-phase systems by means 
of special transformer connections. Half of the four-phase system — the 
part aob (Fig. A-18), for example — constitutes a two-phase system. In 


Fig. A-18. A five-wire four-phase system. 


A-5 Other Polyphase Systems 553 


mercury-arc rectifiers, 6-, 12-, 18-, and 36-phase connections are used for 
the conversion of alternating to direct current. These systems are also ob- 
tained by transformation from three-phase systems. 

When the loads and voltages are balanced, the methods of analysis for 
three-phase systems can be adapted to any of the other polyphase systems 
by considering one phase of that polyphase system. Of course, the basic 
voltage, current, and power relations must be modified to suit the particu- 
lar polyphase system. 


appendix 


Voltages, Magnetic Fields, 
and Inductances of Distributed 
AC Windings 


Both amplitude and waveform of the generated voltage and armature 
mmf’s in machines are determined by the winding arrangements and gen- 
eral machine geometry. These configurations in turn are dictated by eco- 
nomic use of space and materials in the machine and by suitability for the 
intended service. In this appendix we supplement the introductory discus- 
sion of these considerations in Chap. 4 by analytical treatment of ac volt- 
ages and mmf’s in the balanced steady state. Attention is confined to the 
time-fundamental component of voltages and the space-fundamental com- 
ponent of mmf’s. 


B-1 GENERATED VOLTAGES 


In accordance with Eq. 4-54, the rms generated voltage per phase for a con- 
centrated winding having N,» turns per phase is 


004 
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P a (B-1) 


where f is the frequency and ® the fundamental flux per pole. 

A more complex and practical winding will have coil sides for each 
phase distributed in several slots per pole. Equation B-1 can then be used 
to compute the voltage distribution of individual coils. To determine the 
voltage of an entire phase group, the voltages of the component coils must 
be added as phasors. Such addition of fundamental-frequency voltages is 
the subject of this article. 


a. Distributed Fractional-Pitch Windings 


A simple example of a distributed winding is illustrated in Fig. B-1 for a 
three-phase two-pole machine. This case retains all the features of a more 
general one with any integral number of phases, poles, and slots per pole 
per phase. At the same time, a double-layer winding is shown. Double- 
layer windings usually lead to simpler end connections and to a machine 
which is more economical to manufacture and are found in all machines 
except some small motors below 10 hp. Generally, one side of a coil, such as 
a,, is placed in the bottom of a slot, and the other side, —a,, is placed in the 
top of another slot. Coil sides such as a, and a, or a, and a, which are in 


Fig. B-1. Distributed three-phase two-pole full-pitch armature winding with voltage phasor 
diagram. 
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adjacent slots and associated with the same phase constitute a phase belt. 
All phase belts are alike when an integral number of slots per pole per 
phase are used, and for the normal machine the peripheral angle sub- 
tended by a phase belt is 60 electrical degrees for a three-phase machine 
and 90 electrical degrees for a two-phase machine. 

Individual coils in Fig. B-1 all span a full pole pitch, or 180 electrical 
degrees; accordingly, the winding is a full-pitch winding. Suppose now that 
all coil sides in the tops of the slots are shifted one slot counterclockwise, 
as in Fig. B-2. Any coil, such as a,, —a,, then spans only five-sixths a pole 
pitch or (180) = 150 electrical degrees, and the winding is a fractional- 
pitch, or chorded, winding. Similar shifting by two slots yields a 3-pitch 
winding, and so forth. Phase groupings are now intermingled, for some 
slots contain coil sides in phases a and b, a and c, and b and c. Individual 
phase groups, such as that formed by a, as, a3, a4 on one side and —a,, ~ag, 
—ds, —a, on the other, are still displaced by 120 electrical degrees from the 
groups in other phases so that three-phase voltages are produced. Besides 
the minor feature of shortening the end connections, fractional-pitch wind- 
ings will be found to decrease the harmonic content of both voltage and 
mmf waves. 

The end connections between the coil sides are normally in a region of 
negligible flux density, and hence altering them does not significantly af- 


ne _ oo, 
| 
30° m ji a lige 


Fig. B-2. Distributed three-phase two-pole fractional-pitch armature winding with voltage 
phasor diagram. 
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fect the mutual flux linkages of the winding. Allocation of coil sides in 
slots is then the factor determining the generated voltages, and only that 
allocation need be specified in Figs. B-1 and B-2. The only requisite is that 
all coil sides in a phase be included in the interconnection in such a man- 
ner that individual voltages make a positive contribution to the total. The 
practical consequence is that end connections can be made according to the 
dictates of manufacturing simplicity; the theoretical consequence is that 
when computational advantages result, the coil sides in a phase can be 
combined in an arbitrary fashion to form equivalent coils. 

One sacrifice is made in using the distributed and fractional-pitch 
windings of Figs. B-1 and B-2 compared with a concentrated full-pitch 
winding: for the same number of turns per phase, the fundamental- 
frequency generated voltage is lower. The harmonics are, in general, low- 
ered by an appreciably greater factor, however, and the total number of 
turns which can be accommodated on a fixed iron geometry is increased. 
The effect of distributing the winding in Fig. B-1 is that the voltages of 
coils a, and a, are not in phase with those of coils a, and a,. Thus, the volt- 
age of coils a, and a, can be represented by phasor OX in Fig. B-1, and that 
of coils a, and a, by the phasor OY. The time-phase displacement between 
these two voltages is the same as the electrical angle between adjacent 
slots, so that OX and OY coincide with the centerlines of adjacent slots. 
The resultant phasor OZ for phase a is obviously smaller than the arith- 
metic sum of OX and OY. 

In addition, the effect of fractional pitch in Fig. B-2 is that a coil links 
a smaller portion of the total pole flux than if it were a full-pitch coil. The 
effect can be superimposed on that of distributing the winding by regard- 
ing coil sides a, and —a, as an equivalent coil with the phasor voltage OW 
(Fig. B-2), coil sides a,, a,, —a2, and —a, as two equivalent coils with the 
phasor voltage OX (twice the length of OW), and coil sides a, and —a, as 
an equivalent coil with phasor voltage OY. The resultant phasor OZ for 
phase a is obviously smaller than the arithmetic sum of OW, OX, and OY 
and is also smaller than OZ in Fig. B-1. 

The combination of these two effects can be included in a winding fac- 
tor k,, to be used as a reduction factor in Eq. B-1. Thus, the generated volt- 
age per phase is 


E = V2 nrk, fN pË (B-2) 


where N, is the total turns in series per phase and k,, accounts for the de- 
parture from the concentrated full-pitch case. For a three-phase machine, 
Eq. B-2 yields the line-to-line voltage for a A-connected winding and the 
line-to-neutral voltage for a Y-connected winding. As in any balanced Y 
connection, the line-to-line voltage of the latter winding is V3 times the 
line-to-neutral voltage. 
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b. Breadth and Pitch Factors 


By separately considering the effects of distributing and of chording the 
winding, reduction factors can be obtained in generalized form convenient 
for quantitative analysis. The effect of distributing the winding in n slots 
per phase belt is to yield n voltage phasors phase-displaced by the electrical 
angle y between slots, y being equal to 180 electrical degrees divided by the 
number of slots per pole. Such a group of phasors is shown in Fig. B-3a and, 
in a more convenient form for addition, again in Fig. B-3b. Each phasor AB, 
BC, and CD is the chord of a circle with center at O and subtends the angle y 
at the center. The phasor sum AD subtends the angle ny, which, as noted 
previously, is 60 electrical degrees for the normal, uniformly distributed 
three-phase machine and 90 electrical degrees for the corresponding two- 
phase machine. From triangles OAa and OAd, respectively, 


Aa AB 
^ Sin (7/2) ~ 2 sin (72) B 
Ad AD 
a sin (ny/2) ~ 2 sin (ny/2) alias 
Equating these two values of OA yields 
= sin (ny/2) 
AD = AB-D G/2) (B-5) 


But the arithmetic sum of the phasors is n(AB). Consequently, the reduc- 


(a) 


Fig. B-3. (a) Coil voltage phasors and (b) phasor sum. 
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tion factor arising from distributing the winding is 


_ AD _ sin (ny/2) 
~ nAB  n sin (y/2) 2-0) 


ky 


The factor k, is called the breadth factor of the winding. 

The effect of chording on the coil voltage can be obtained by first de- 
termining the flux linkages with the fractional-pitch coil. Thus, in Fig. B-4 
coil side —a is only p electrical degrees from side a instead of the full 180°. 
The flux linkages with the coil are 


A= NB abhi f sin 0 d0 (B-7) 
r pta 
2 

A= NB peaklr = [cos (a + p) — cos a] (B-8) 


where / = axial length of coil side 
r = coil radius 
P = number of poles 


With a replaced by wt to indicate rotation at w electrical radians per sec- 
ond, Eq. B-8 becomes 


= NB pul 5 [cos (wt + p) — cos wt] (B-9) 


The addition of cosine waves required in the brackets of Eq. B-9 may be 


Space distribution 
of flux density 


Fig. B-4. Fractional-pitch coil in sinusoidal field. 


560 Appendix B 


performed by a phasor diagram as indicated in Fig. B-5, from which it fol- 
lows that 


cos (wt + p) — cos wt = —2 cos = z È cos (or _ Ty) (B-10) 


a result which can also be obtained directly from the terms in Eq. B-9 by 
the appropriate trigonometric transformations. The flux linkages are then 


4 = = 
A= —NB al? > C08 ae cos | wt — Ne (B-11) 
P 2 
and the instantaneous voltage is 
4 T= p a m=p 
e= ONB pearl 5 cos sin | wt — =< (B-12) 


The phase angle (m — p)/2 in Eq. B-12 merely indicates that the in- 
stantaneous voltage is no longer zero when a in Fig. B-4 is zero. The factor 
cos [(7 — p)/2] is an amplitude-reduction factor, however, so that the rms 
voltage of Eq. B-1 is modified to 


E = V2ak,fN»® (B-13) 


where the pitch factor k, is 


k, = cos sl 7 e (B-14) 


When both the breadth and pitch factors apply, the rms voltage is 


E = V2ak,k,fNp® (B-15) 


Phasor representing 
cos wt 


Phasor representing ~~ 


cos (wt+p) my. 


Phasor representing 
difference of other two 


Fig. B-5. Phasor addition for fractional-pitch coil. 
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which is an alternate form of Eq. B-2; the winding factor k„ is seen to be 
the product of the pitch and breadth factors. 


ku = ksk, (B-16) 


EXAMPLE B-1 

Calculate the breadth, pitch, and winding factors for the distributed fractional- 
pitch winding of Fig. B-2. 

Solution 

The winding of Fig. B-2 has two coils per phase belt, separated by an elec- 
trical angle of 30°. From Eq. B-6 the breadth factor is 


_ sin (ny/2) _ sin [2(30°)/2] _ 
è n sin (y/2) 2 sin (30°/2) | a 


The fractional-pitch coils span 150° = 57/6 rad, and from Eq. B-14 the 
pitch factor is 


=p m — 57/6 _ 
"ie cos — 0.966 


k, = cos 


The winding factor is 


hk, = yk, = 0.933 


B-2 ARMATURE MMF WAVES 


Distribution of a winding in several slots per pole per phase and the use of 
fractional-pitch coils influence not only the emf generated in the winding 
but also the magnetic field produced by it. Space-fundamental components 
of the mmf distributions are examined in this article. 


a. Concentrated Full-Pitch Windings 


We have seen in Art. 4-3 that a concentrated winding of N turns in a P-pole 
machine produces a rectangular mmf wave around the air-gap circumfer- 
ence. With excitation by a sinusoidal rms current J, the time-maximum 
amplitude of the space-fundamental component of the wave is, in accor- 
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dance with Eq. 4-5, 
2. N wan A - turns/pole (B-17) 
m P 
For a polyphase concentrated winding, the amplitude for one phase becomes 
= a (V2I) A-turns/pole (B-18) 
T 


where N,,, is the number of series turns per phase. 

Each phase of a polyphase concentrated winding creates such a pul- 
sating standing mmf wave in space. This situation forms the basis of the 
analysis leading to Eq. 4-40. For concentrated windings, Eq. 4-40 can be re- 
written as 


F(0,t) = Z = Navan cos (0 — wt) (B-19) 


The amplitude of the resultant mmf wave in a three-phase machine in 
ampere-turns per pole is then 


3N on 


_ 3 4 Nm s 
e r (V2I) = 0.90 r I (B-20) 
Similarly, for a q-phase machine, the amplitude is 
-2 4 Np ~ 0.90 Nm» 
hee "F (V21) = 0.90 pt (B-21) 


In Eqs. B-20 and B-21, J is the rms current per phase. The equations 
include only the fundamental component of the actual distribution and ap- 
ply to concentrated full-pitch windings with balanced excitation. 


b. Distributed Fractional-Pitch Winding 


When the coils in each phase of a winding are distributed among several 
slots per pole, the resultant space-fundamental mmf can be obtained by 
superposition from the preceding simpler considerations for a concentrated 
winding. The effect of distribution can be seen from Fig. B-6, which is a re- 
production of the three-phase two-pole full-pitch winding with two slots 
per pole per phase given in Fig. B-1. Coils a, and ay, b, and b,, and c, and c, 
by themselves constitute the equivalent of a three-phase two-pole concen- 
trated winding because they form three sets of coils excited by polyphase 
currents and mechanically displaced 120° from each other. They therefore 
produce a rotating space-fundamental mmf; the amplitude of this contribu- 
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Fig. B-6. Distributed three-phase two-pole full-pitch armature winding with mmf phasor 
diagram. 


tion is given by Eq. B-20 when N, is taken as the sum of the series turns 
in coils a, and a, only. Similarly, coils a} and a,, b; and b, and c, and c, 
produce another identical mmf wave, but one which is phase-displaced 
in space by the slot angle y from the former wave. The resultant space- 
fundamental mmf wave for the winding can be obtained by adding these 
two sinusoidal contributions. 

The contribution from the a,a,b,b.c,c, coils can be represented by the 
phasor OX in Fig. B-6. Such phasor representation is appropriate because 
the waveforms concerned are sinusoidal, and phasor diagrams are simply 
convenient means for adding sine waves. These are space sinusoids, how- 
ever, not time sinusoids. Phasor OX is drawn in the space position of the 
mmf peak for an instant of time when the current in phase a is a maxi- 
mum. The length of OX is proportional to the number of turns in the asso- 
ciated coils. Similarly, the contribution from the a,a,b,b,c,c, coils may be 
represented by the phasor OY. Accordingly, the phasor OZ represents the 
resultant mmf wave. Just as in the corresponding voltage diagram, the re- 
sultant mmf is seen to be smaller than if the same number of turns per 
phase were concentrated in one slot per pole. 

In like manner, mmf phasors can be drawn for fractional-pitch wind- 
ings as illustrated in Fig. B-7, which is a reproduction of the three-phase 
two-pole 3-pitch winding with two slots per pole per phase given in Fig. B-2. 
Phasor OW represents the contribution for the equivalent coils formed by 
conductors a, and —a,, b, and —b,, and c, and —c,; OX for a,a, and —a, 
—, b,b, and —b, —b,, and c;c, and —c, —c,; and OY for a; and —a,, b and 
—b, and c, and —c,. The resultant phasor OZ is, of course, smaller than 
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Fig. B-7. Distributed three-phase two-pole fractional-pitch armature winding with mmf phasor 
diagram. 


the algebraic sum of the individual contributions and is also smaller than 
OZ in Fig. B-6. 

By comparison with Figs. B-1 and B-2, these phasor diagrams can be 
seen to be identical with those for generated voltages. It therefore follows 
that pitch and breadth factors previously developed can be applied directly 
to the determination of resultant mmf. Thus, for a distributed fractional- 
pitch polyphase winding, the amplitude of the space-fundamental compo- 
nent of mmf can be obtained by using k,k, N,,, instead of simply N,,, in 
Eqs. B-20 and B-21. These equations then become 


Rall we (V2) = 0.90 tei (B-22) 
27 P 
for a three-phase machine and 
pya £4 eM iir = ono e (B-23) 
2a P P 


for a g-phase machine, where F, is in ampere-turns per pole. 


B-3 AIR-GAP INDUCTANCES OF DISTRIBUTED WINDINGS 


Figure B-8a shows an N-turn full-pitch concentrated armature winding in 
a magnetic structure with a concentric cylindrical rotor. The mmf of this 
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N-turn coil 


6 
| Coil magnetic 
— P 
axis 


Fig. B-8. (a) N-turn concentrated coil and (b) resultant mmf. 


configuration is shown in Fig. B-8b. Since the air-gap length g is much 
smaller than the average air-gap radius r, the air-gap radial magnetic 
field can be considered uniform and equal to the mmf divided by g. 

From Eq. 4-4 the space-fundamental mmf is given by 


Fy = ae cos 0 (B-24) 
m 2 


and the corresponding air-gap flux density is 


F 2mNi 
= —_$ s———— D, 
B = mo P s cos 0 (B-25) 


Equation B-25 can be integrated to find the fundamental air-gap flux 
per pole (Eq. 4-4) 
m/2 è 
6=1]| Brdo= 4poNiri 
—n/2 TE 


(B-26) 


where / is the axial length of the air gap. The air-gap inductance of the coil 
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2 
oe (B-27) 
i i Tg 
For a distributed P-pole coil with N,,, series turns and a winding factor 
k„ = k,k,, the air-gap inductance can be found from Eq. B-27 by substitut- 
ing for N the effective turns per pole pair (2k,,N,,,/P) 


4 (r) lr _ 16polku Nph)’lr (B-28) 


L a mee g agP? 


Finally, Fig. B-9 shows schematically two coils (labeled 1 and 2) with 
winding factors k,,, and k,,. and with 2N,/P and 2N,/P turns per pole pair, 
respectively; their magnetic axes are separated by an electrical angle a 
(equal to P/2 times their spatial angular displacement). The mutual induc- 
tance between these two windings is given by 


= 4 ZR N; ZRw2No lr 
Ly = we Kop D c 


ym 16 po(Rwi Ni) ku Na)ir iia 0 
mgP 


OS @ 


(B-29) 


Although the figure shows one winding on the rotor and the second on 
the stator, Eq. B-29 is equally valid for the case where both windings are 
on the same member. 


Magnetic 
axis of 2 


Magnetic 
axis of 1 


(a) 


Fig. B-9. Two distributed windings separated by electrical angle a. 
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EXAMPLE B-2 


The two-pole stator-winding distribution of Fig. B-2 is found on an induc- 
tion motor with an air-gap length of 0.015 in (3.81 x 10~* m), an average 
rotor radius of 2.5 in (6.35 x 10°? m), and an axial length of 8 in (0.203 m). 
Each stator coil has 15 turns, and the coil phase connections are as shown 
in Fig. B-10. Calculate the phase-a air-gap inductance L„a and a-to-b mu- 
tual inductance L,,. 


Solution 


Note that the placement of the coils around the stator is such that the flux 
linkages of each of the two parallel paths are equal. In addition, the air- 
gap flux distribution is unchanged if, rather than dividing equally be- 
tween the two legs, as actually occurs, one path were disconnected and all 
the current were to flow in the remaining path. Thus, the phase induc- 
tances can be found by calculating the inductances associated with only 
one of the parallel paths. 

This result may appear to be somewhat puzzling because the two paths 
are connected in parallel, and thus it would appear that the parallel induc- 
tance should be one-half that of the single-path inductance. However, the 
inductances share a common magnetic circuit, and their combined induc- 
tance must reflect this fact. It should be pointed out that the phase resis- 
tance is one-half that of each of the paths. 

The winding factor has been calculated in Example B-1. Thus, from 
Eq. B-28, 


L _ 16u0k2 N?nlr 

aa0 agP* 

a, ay b, bp Cy Co 
—a, —a, —b, —b, =C — C? 
-ü -0 —b, —b, -6 ao? 

Phase a Phase b Phase c 


Fig. B-10. Coil phase connections of Fig. B-2 for Example B-2. 
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— 16(4m x 107%) (0.933)"(80)"(0.208) (6.35 x 107°) 
7 m(3.81 x 10~*) (2?) 
= 42.4 mH 


The winding axes are separated by a = 120°, and thus from Eq. B-28 


La amgP* 


os a = —21.2 mH 


appendix g 


Engineering Aspects of 
Practical Electric Machine 
Performance and Operation 


In this book the basic essential features of electric machinery have been 
discussed; this material forms the basis for understanding the behavior of 
electric machinery of all types. In this appendix our objective is to intro- 
duce practical issues associated with the engineering implementation of 
the machinery concepts which have been developed. Issues common to all 
electric machine types such as losses, cooling, and rating are discussed. 


C-1 LOSSES 


Consideration of machine losses is important for three reasons: (1) Losses 
determine the efficiency of the machine and appreciably influence its oper- 
ating cost; (2) losses determine the heating of the machine and hence the 
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rating or power output that can be obtained without undue deterioration of 
the insulation; and (3) the voltage drops or current components associated 
with supplying the losses must be properly accounted for in a machine rep- 
resentation. Machine efficiency, like that of transformers or any energy- 
transforming device, is given by 


tput 
Efficiency = a (C-1) 
input 
which can also be expressed as 
input — losses losses 
Efficiency = ————_——- = 1 =; (C-2) 
input input 
y output 
Efficiency = (C-3) 


output + losses 


Rotating machines in general operate efficiently except at light loads. The 
full-load efficiency of average motors, e.g., is in the neighborhood of 74 per- 
cent for 1-hp size, 89 percent for 50-hp, 93 percent for 500-hp, and 97 per- 
cent for 5000-hp. The efficiency of slow-speed motors is usually lower than 
that of high-speed motors, the total spread being 3 or 4 percent. 

The forms given by Eqs. C-2 and C-3 are often used for electric ma- 
chines, since their efficiency is most commonly determined by measure- 
ment of losses instead of by directly measuring the input and output under 
load. Efficiencies determined from loss measurements can be used in com- 
paring competing machines if exactly the same methods of measurement 
and computation are used in each case. For this reason, the various losses 
and the conditions for their measurement are precisely defined by the 
American National Standards Institute (ANSD, the Institute of Electrical 
and Electronics Engineers (IEEE), and the National Electrical Manufac- 
turers Association (NEMA). The following discussion of individual losses 
incorporates many of these provisions as given in ANSI Standard C50, al- 
though no attempt is made to present all the details. 


I’R Losses 


Of course, J*R losses are found in all windings of the machine. By conven- 
tion, these losses are computed on the basis of the dc resistances of the 
winding at 75°C. Actually the I?R loss depends on the effective resistance 
of the winding under the operating frequency and flux conditions. The in- 
crement in loss represented by the difference between dc and effective re- 
sistances is included with stray load losses, discussed below. In the field 
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circuits of synchronous and de machines, only the losses in the field wind- 
ing are charged against the machine; the losses in external sources supply- 
ing the excitation are charged against the plant of which the machine is a 
part. Closely associated with I’R loss is the brush-contact loss at slip rings 
and commutators. By convention, this loss is normally neglected for induc- 
tion and synchronous machines, and for industrial-type dc machines the 
voltage drop at the brushes is regarded as constant at 2 V total when car- 
bon and graphite brushes with shunts (pigtails) are used. 


Mechanical Losses 


These losses consist of brush and bearing friction, windage, and the power 
required to circulate the air through the machine and ventilating system, 
if one is provided, whether by self-contained or external fans (except for 
the power required to force air through long or restricted ducts external to 
the machine). Friction and windage losses can be measured by determin- 
ing the input to the machine running at the proper speed but unloaded and 
unexcited. Frequently they are lumped with core loss and determined at 
the same time. 


Open-Circuit, or No-Load, Core Loss 


Open-circuit core loss consists of the hysteresis and eddy-current losses 
arising from changing flux densities in the iron of the machine with only 
the main exciting winding energized. In de and synchronous machines, 
these losses are confined largely to the armature iron, although the flux 
pulsations arising from slot openings will cause losses in the field iron as 
well, particularly in the pole shoes or surfaces of the field iron. In inductance 
machines the losses are confined largely to the stator iron. Open-circuit 
core loss can be found by measuring the input to the machine when it is 
operating unloaded at rated speed or frequency and under the appropriate 
flux or voltage conditions and then deducting the friction and windage loss 
and, if the machine is self-driven during the test, the no-load armature /’R 
loss (no-load stator J°R loss for an induction motor). Usually, data are 
taken for a curve of core loss as a function of armature voltage in the 
neighborhood of rated voltage. The core loss under load is then considered 
to be the value at a voltage equal to rated voltage corrected for armature 
ohmic-resistance drop under load (a phasor correction for an ac machine). 
For induction motors, however, this correction is dispensed with, and the 
core loss at rated voltage is used. For efficiency determination alone, there 
is no need to segregate open-circuit core loss and friction and windage loss; 
the sum of these two losses is termed the no-load rotational loss. 
Eddy-current loss is dependent on the squares of the flux density, fre- 
quency, and thickness of laminations. Under normal machine conditions it 
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can be expressed to a sufficiently close approximation as 
P, z K, (B max fT) (C-4) 


where 7 = lamination thickness 
Bmax = Maximum flux density 
f = frequency 
K, = proportionality constant 


The value of K, depends on the units used, volume of iron, and resistivity 
of the iron. Variation of hysteresis loss can be expressed in equation form 
only on an empirical basis. The most commonly used relation is 


P, = K,fB max (C-5) 


where K, is a proportionality constant dependent on the characteristics 
and volume of iron and the units used and the exponent n ranges from 1.5 
to 2.5, a value of 2.0 often being used for estimating purposes in machines. 
In both Eqs. C-4 and C-5 frequency can be replaced by speed and flux den- 
sity by the appropriate voltage, with the proportionality constants changed 
accordingly. 

When the machine is loaded, the space distribution of flux density is 
significantly changed by the mmf of the load currents. The actual core 
losses may increase noticeably. For example, mmf harmonics cause appre- 
ciable losses in the iron near the air-gap surfaces. The total increment in 
core loss is classified as part of the stray load loss. 


Stray Load Loss 


Stray load loss consists of the losses arising from nonuniform current dis- 
tribution in the copper and the additional core losses produced in the iron 
by distortion of the magnetic flux by the load current. It is a difficult loss 
to determine accurately. By convention it is taken as 1.0 percent of the out- 
put for de machines. For synchronous and induction machines it can be 
found by test. 


Study of the foregoing classification of the losses in a machine shows it 
to have a few features which, from a fundamental viewpoint, are some- 
what artificial. Illustrations are offered by the division of iron losses into 
no-load core loss and an increment which appears under load, the division 
of I?R losses into ohmic J?R losses and an increment created by nonuni- 
form current distribution, and the lumping of these two increments in the 
scavengerlike stray-load-loss category. These features are dictated by ease 
of testing. They are justified by the fact that the principal motivation is 
the determination of the total losses and efficiency as nearly equal to the 
actual values as possible but also suitable for economic comparison of ma- 
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chines. Because of this seeming dominance of efficiency aspects, it may be 
appropriate to emphasize once more that losses play more than a book- 
keeping role in machine operation. 

In a generator, for example, components of mechanical input torque to 
the shaft are obviously required to supply I?R and iron losses as well as 
friction and windage losses and the generator output. These losses may 
therefore be appreciable factors in the damping of electric and mechanical 
transients in the machine. Components of the stray load loss, although 
they may be individually only a fraction of a percent of the output, may be 
of first importance in the design of the machine. For example, rotor heat- 
ing is usually a limiting factor in the design of large high-speed alterna- 
tors, and the components of stray loss on the surface of the rotor structure 
are of great importance because they directly affect the dimensions of an 
alternator of given output. Of more direct concern in theoretical aspects is 
the influence of hysteresis and eddy currents in causing flux to lag behind 
mmf. There is a small angle of lag between the rotating mmf waves in a 
machine and the corresponding component flux-density waves. Associated 
with this influence is a torque on magnetic material in a rotating field, a 
torque proportional to the hysteresis and eddy-current losses in the mate- 
rial. Although the torque accompanying these losses is relatively small in 
normal machines, direct use of it is made in one type of small motor, the 
hysteresis motor. 


C-2 RATING AND HEATING 


One of the most common and important questions in the application of ma- 
chines, transformers, and other electrical equipment is: What maximum 
output can be obtained? The answer, of course, depends on various factors, 
since the machine, while providing this output, in general must meet defi- 
nite performance standards. A universal requirement is that the life of the 
machine not be unduly shortened by overheating. The temperature rise re- 
sulting from the losses considered in the previous article is therefore a ma- 
jor factor in the rating of a machine. 

The operating temperature of a machine is closely associated with its 
life expectancy because deterioration of the insulation is a function of both 
time and temperature. Such deterioration is a chemical phenomenon 
involving slow oxidation and brittle hardening and leading to loss of me- 
chanical durability and dielectric strength. In many cases the deteriora- 
tion rate is such that the life of the insulation can be represented as an 
exponential 


Life = Ae?” (C-6) 


where A and B are constants and T is the absolute temperature. Thus, ac- 
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cording to Eq. C-6, when life is plotted to a logarithmic scale against the 
reciprocal of absolute temperature on a uniform scale, a straight line 
should result. Such plots form valuable guides in the thermal evaluation of 
insulating materials and systems. A very rough idea of the life-tempera- 
ture relation can be obtained from the old and more or less obsolete rule of 
thumb that the time to failure of organic insulation is halved for each 8 to 
10°C rise. 

The evaluation of insulating materials and complete systems of insu- 
lation (which may include widely different materials and techniques in 
combination) is to a large extent a functional one based on accelerated life 
tests. Both normal life expectancy and service conditions will vary widely 
for different classes of electric equipment. Life expectancy, for example, 
may be a matter of minutes in some military and missile applications, may 
be 500 to 1000 h in certain aircraft and electronic equipment, and may 
range from 10 to 30 years or more in large industrial equipment. The test 
procedures will accordingly vary with the type of equipment. Accelerated 
life tests on models, called motorettes, are commonly used in insulation 
evaluation. Such tests, however, cannot be easily applied to all equipment, 
especially the insulation systems of large machines. 

Insulation life tests generally attempt to simulate service conditions. 
They usually include the following elements: 


Thermal shock resulting from heating to the test temperature 
Sustained heating at that temperature 

Thermal shock resulting from cooling to room temperature or below 
Vibration and mechanical stress such as may be encountered in actual 
service 

Exposure to moisture 

Dielectric testing to determine the condition of the insulation 


A OD = 


o> Or 


Enough samples must be tested to permit statistical methods to be ap- 
plied in analyzing the results. The life-temperature relations obtained 
from these tests lead to the classification of the insulation or insulating 
system in the appropriate temperature class. 

For the allowable temperature limits of insulating systems used com- 
mercially, the latest standards of ANSI, IEEE, and NEMA should be con- 
sulted. The three NEMA insulation-system classes of chief interest for 
industrial machines are class B, class F, and class H. Class B insulation in- 
cludes mica, glass fiber, asbestos, and similar materials with suitable 
bonding substances. Class F insulation also includes mica, glass fiber, and 
synthetic substances similar to those in class B, but the system must be ca- 
pable of withstanding higher temperatures. Class H insulation, intended 
for still higher temperatures, may consist of materials such as silicone 
elastomer and combinations including mica, glass fiber, asbestos, etc., with 
bonding substances such as appropriate silicone resins. Experience and 
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tests showing the material or system to be capable of operation at the rec- 
ommended temperature form the important classifying criteria. 

When the temperature class of the insulation is established, the permis- 
sible observable temperature rises for the various parts of industrial-type 
machines can be found by consulting the appropriate standards. Reason- 
ably detailed distinctions are made with respect to type of machine, method 
of temperature measurement, machine part involved, whether the ma- 
chine is enclosed, and the type of cooling (air-cooled, fan-cooled, hydrogen- 
cooled, etc.). Distinctions are also made between general-purpose machines 
and definite- or special-purpose machines. The term general-purpose motor 
refers to one of standard rating “up to 200 hp with standard operating 
characteristics and mechanical construction for use under usual service 
conditions without restriction to a particular application or type of applica- 
tion.” In contrast a special-purpose motor is “designed with either operat- 
ing characteristics or mechanical construction, or both, for a particular 
application.” For the same class of insulation, the permissible rise of tem- 
perature is lower for a general-purpose motor than for a special-purpose 
motor, largely to allow a greater factor of safety where service conditions 
are unknown. Partially compensating the lower rise, however, is the fact 
that general-purpose motors are allowed a service factor of 1.15 when oper- 
ated at rated voltage; the service factor is a multiplier which, applied to the 
rated output, indicates a permissible loading which may be carried contin- 
uously under the conditions specified for that service factor. 

Examples of allowable temperature rises can be seen from Table C-1. 
The table applies to integral-horsepower induction motors, is based on 
40°C ambient temperature, and assumes measurement of temperature rise 
by determining the increase of winding resistances. 

The most common machine rating is the continuous rating defining 
the output (in kilowatts for dc generators, kilovoltamperes at a specified 
power factor for ac generators, and horsepower for motors) which can be 
carried indefinitely without exceeding established limitations. For inter- 
mittent, periodic, or varying duty, a machine may be given a short-time 
rating defining the load which can be carried for a specific time. Standard 
periods for short-time ratings are 5, 15, 30, and 60 min. Speeds, voltages, 


TABLE C-1 
ALLOWABLE TEMPERATURE RISE, °C' 

Motor type Class B Class F Class H 
1.15 service factor 90 115 
1.00 service factor, encapsulated windings 85 110 
Totally enclosed, fan-cooled 80 105 125 
Totally enclosed, nonventilated 85 110 135 


‘Excerpted from NEMA standards. 
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and frequencies are also specified in machine ratings, and provision is 
made for possible variations in voltage and frequency. Motors, for example, 
must operate successfully at voltages 10 percent above and below rated 
voltage and, for ac motors, at frequencies 5 percent above and below rated 
frequency; the combined variation of voltage and frequency may not ex- 
ceed 10 percent. Other performance conditions are so established that rea- 
sonable short-time overloads can be carried. Thus, the user of a motor can 
expect to be able to apply for a short time an overload of, say, 25 percent at 
90 percent of normal voltage with an ample margin of safety. 

The converse problem to the rating of machinery, that of choosing the 
size of machine for a particular application, is a relatively simple one when 
the load requirements remain substantially constant. For many motor ap- 
plications, however, the load requirements vary more or less cyclically and 
over a wide range. The duty cycle of a typical crane or hoist motor offers a 
good example. From the thermal viewpoint, the average heating of the mo- 
tor must be found by detailed study of the motor losses during the various 
parts of the cycle. Account must be taken of changes in ventilation with 
motor speed for open and semiclosed motors. Judicious selection is based 
on a large amount of experimental data and considerable experience with 
the motors involved. For estimating the required size of motors operating 
at substantially constant speeds, it is sometimes assumed that the heating 
of the insulation varies as the square of the horsepower load, an assump- 
tion which obviously overemphasizes the role of armature J’R loss at the 
expense of the core loss. The rms ordinate of the horsepower-time curve 
representing the duty cycle is obtained by the same technique used to find 
the rms value of periodically varying currents, and a motor rating is cho- 
sen on the basis of the result; i.e., 


rms hp = _ (hp) x time 
running time + (standstill time/k) (C-7) 


where the constant k accounts for the poorer ventilation at standstill and 
equals approximately 4 for an open motor. The time for a complete cycle 
must be short compared with the time for the motor to reach a steady 
temperature. 

Although crude, the rms-horsepower method is used fairly often. The 
necessity for rounding the result to a commercially available motor size’ 
obviates the need for precise computations; if the rms horsepower were 87, 
for example, a 100-hp motor would be chosen. Special consideration must 
be given to motors that are frequently started or reversed, for such opera- 
tions are thermally equivalent to heavy overloads. Consideration must also 
be given to duty cycles having such high torque peaks that motors with 


‘Commercially available motors are generally found in standard sizes as defined by 
NEMA. NEMA Standards on Motors and Generators specify motor rating as well as the 
type and dimensions of the motor frame. 
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continuous ratings chosen on purely thermal bases would be unable to fur- 
nish the torques required. It is to such duty cycles that special-purpose mo- 
tors with short-time ratings are often applied. Short-time-rated motors in 
general have better torque-producing ability than motors rated to produce 
the same power output continuously, although, of course, they have a 
lower thermal capacity. Both these properties follow from the fact that a 
short-time-rated motor is designed for high flux densities in the iron and 
high current densities in the copper. In general, the ratio of torque capac- 
ity to thermal capacity increases as the period of the short-time rating de- 
creases. Higher temperature rises are allowed than for general-purpose 
motors. A motor with a 150-hp 1-h 50°C rating, for example, may have the 
torque ability of a 200-hp continuously rated motor; it will be able to carry 
only about 0.8 times its rated output, or 120 hp, continuously, however. In 
many cases it will be the economical solution for a drive requiring a con- 
tinuous thermal capacity of 120 hp but having torque peaks which require 
the ability of a 200-hp continuously rated motor. 


C-3 COOLING MEANS FOR ELECTRIC MACHINES 


The cooling problem in electric apparatus in general increases in difficulty 
with increasing size. The surface area from which the heat must be carried 
away increases roughly as the square of the dimensions, whereas the heat 
developed by the losses is roughly proportional to the volume and therefore 
increases approximately as the cube of the dimensions. This problem is a 
particularly serious one in large turbine generators, where economy, me- 
chanical requirements, shipping, and erection all demand compactness, es- 
pecially for the rotor forging. Even in moderate sizes of machines, e.g., 
above a few thousand kilovoltamperes for generators, a closed ventilating 
system is commonly used. Rather elaborate systems of cooling ducts must 
be provided to ensure that the cooling medium will effectively remove the 
heat arising from the losses. 

For turbine generators, hydrogen is commonly used as the cooling me- 
dium in the totally enclosed ventilating system. Hydrogen has the follow- 
ing properties which make it well suited to the purpose: 


1 Its density is only about 0.07 times that of air at the same temperature 
and pressure, and therefore windage and ventilating losses are much 
less. 

2 Its specific heat on an equal-weight basis is about 14.5 times that of air. 
This means that, for the same temperature and pressure, hydrogen and 
air are about equally effective in their heat-storing capacity per unit 
volume, but the heat transfer by forced convection between the hot 
parts of the machine and the cooling gas is considerably greater with 
hydrogen than with air. 
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3 The life of the insulation is increased and maintenance expenses de- 
creased because of the absence of dirt, moisture, and oxygen. 

4 The fire hazard is minimized. A hydrogen-air mixture will not explode 
if the hydrogen content is above about 70 percent. 


The result of the first two properties is that for the same operating 
conditions the heat which must be dissipated is reduced and at the same 
time the ease with which it can be carried off is increased. 

The machine and its water-cooled heat exchanger for cooling the hy- 
drogen must be sealed in a gastight envelope. The crux of the problem is in 
sealing the bearings. The system is maintained at a slight pressure (at 
least 0.5 lb/in?) above atmospheric so that gas leakage is outward and an 
explosive mixture cannot accumulate in the machine. At this pressure, the 
rating of the machine can be increased by about 30 percent above its air- 
cooled rating, and the full-load efficiency increased by about 0.5 percent. 
The trend is toward the use of higher pressures (15 to 60 lb/in’). Increasing 
the hydrogen pressure from 0.5 to 15 lb/in? increases the output for the 
same temperature rise by about 15 percent; a further increase to 30 lb/in? 
provides about an additional 10 percent. 

An important step which has made it possible almost to double the 
output of a hydrogen-cooled turbine-generator of given physical size is the 
development of conductor cooling, also called inner cooling. Here the cool- 
ant (liquid or gas) is forced through hollows or ducts inside the conductor 
or conductor strands. Examples of such conductors can be seen in Fig. C-1. 
Thus, the thermal barrier presented by the electric insulation is largely 
circumvented, and the conductor losses can be absorbed directly by the 
coolant. Hydrogen is usually the cooling medium for the rotor conductors. 
Either gas or liquid cooling may be used for the stator conductors. Hydro- 
gen is the coolant in the former case, and transil oil or water is commonly 
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Fig. C-1. Cross sections of bars for two-layer stator windings of turbine-generators. Insula- 
tion system consists of synthetic resin with vacuum impregnation. (a) Indirectly cooled bar 
with tubular strands; (b) water-cooled bars, two-wire-wide mixed strands; (c) water-cooled 
bars, four-wire-wide mixed strands. (Brown Boveri Corporation.) 
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used in the latter. A sectional view of a conductor-cooled turbine generator 
is given in Fig. C-2. A large hydroelectric generator in which both stator 
and rotor are water-cooled is shown in Figs. 4-2 and 4-9. 


C-4 EXCITATION SOURCES 


The resultant flux in the magnetic circuit of a machine is established by 
the combined mmf of all the windings on the machine. For the conven- 
tional de machine, the bulk of the effective mmf is furnished by the field 
windings. For the transformer, the net excitation may be furnished by ei- 
ther the primary or the secondary winding, or a portion may be furnished 
by each. A similar situation exists in ac machines. Furnishing excitation 
to ac machines has two different operational aspects which are of economic 
importance in the application of the machines. 


a. Power Factor in AC Machines 


The power factor at which ac machines operate is an economically important 
feature because of the cost of reactive kilovoltamperes. Low power factor 
adversely affects system operation in three principal ways. (1) Generators, 
transformers, and transmission equipment are rated in terms of kilovolt- 
amperes rather than kilowatts because their losses and heating are very 
nearly determined by voltage and current regardless of power factor. The 
physical size and cost of ac apparatus are roughly proportional to its kVA 
rating. The investment in generators, transformers, and transmission 
equipment for supplying a given useful amount of active power therefore is 
roughly inversely proportional to the power factor. (2) Low power factor 
means more current and greater J’R losses in the generating and trans- 
mitting equipment. (3) A further disadvantage is poor voltage regulation. 


Fig. C-2. Cutaway view of a two-pole 3600 r/min turbine rated at 500 MVA, 0.90 power fac- 
tor, 22 kV, 60 Hz, 45 Ib/in? gage H; pressure. Stator winding is water-cooled; rotor winding is 
hydrogen-cooled. (General Electric Company.) 
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Factors influencing reactive-kVA requirements in motors can be visu- 
alized readily in terms of the relationship of these requirements to the 
establishment of magnetic flux. As in any electromagnetic device, the re- 
sultant flux necessary for motor operation must be established by a mag- 
netizing component of current. It makes no difference either in the 
magnetic circuit or in the fundamental energy conversion process whether 
this magnetizing current be carried by the rotor or stator winding, just as 
it makes no basic difference in a transformer which winding carries the ex- 
citing current. In some cases, part of it is supplied from each winding. If all 
or part of the magnetizing current is supplied by an ac winding, the input 
to that winding must include lagging reactive kilovoltamperes, because 
magnetizing current lags voltage drop by 90°. In effect, the lagging reac- 
tive kilovoltamperes set up flux in the motor. 

The only possible source of excitation in an induction motor is the stator 
input. The induction motor therefore must operate at a lagging power factor. 
This power factor is very low at no load and increases to about 85 to 90 per- 
cent at full load, the improvement being caused by the increased real- 
power requirements with increasing load. 

With a synchronous motor, there are two possible sources of excitation: 
alternating current in the armature or direct current in the field winding. 
If the field current is just sufficient to supply the necessary mmf, no mag- 
netizing-current component or reactive kilovoltamperes are needed in the 
armature and the motor operates at unity power factor. If the field current 
is less, i.e., the motor is underexcited, the deficit in mmf must be made up 
by the armature and the motor operates at a lagging power factor. If the 
field current is greater, i.e., the motor is overexcited, the excess mmf must 
be counterbalanced in the armature and a leading component of current is 
present; the motor then operates at a leading power factor. 

Because magnetizing current must be supplied to inductive loads such 
as transformers and induction motors, the ability of overexcited synchro- 
nous motors to supply lagging current is a highly desirable feature which 
may have considerable economic importance. In effect, overexcited syn- 
chronous motors act as generators of lagging reactive kilovoltamperes and 
thereby relieve the power source of the necessity for supplying this compo- 
nent. They thus may perform the same function as a local capacitor instal- 
lation. Sometimes unloaded synchronous machines are installed in power 
systems solely for power-factor correction or for control of reactive-kVA 
flow. Such machines, called synchronous condensers, may be more eco- 
nomical in the larger sizes than static capacitors. 

Both synchronous and induction machines may become self-excited 
when a sufficiently heavy capacitive load is present in their stator circuits. 
The capacitive current then furnishes the excitation and may cause serious 
overvoltage or excessive transient torques. Because of the inherent capaci- 
tance of transmission lines, the problem may arise when synchronous gen- 
erators are energizing long unloaded or lightly loaded lines. The use of 
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shunt reactors at the sending end of the line to compensate the capacitive 
current is sometimes necessary. For induction motors, it is normal practice 
to avoid self-excitation by limiting the size of any parallel capacitor when 
the motor and capacitor are switched as a unit. 


b. Turbine-Generator Excitation Systems 


As the available ratings of turbine-generators have increased, the problems 
of supplying the dc field excitation (amounting to 4000 A or more in the 
larger units) have grown progressively more difficult. The conventional 
excitation source is a dec generator whose output is supplied to the alterna- 
tor field through brushes and slip rings. Cooling and maintenance prob- 
lems are inevitably associated with slip rings, commutators, and brushes. 
Many modern excitation systems have minimized these problems by mini- 
mizing the use of sliding contacts and brushes. 

A schematic diagram of one such system is given in Fig. C-3. At the 
heart of the system are silicon diode rectifiers, which are mounted on the 
same shaft as the generator field and which furnish dc excitation directly 
to the field. An ac exciter with a rotating armature feeds power along the 
shaft to the revolving rectifiers. The stationary field of the ac exciter is fed 
through a magnetic amplifier which controls and regulates the output 
voltage of the main generator. To make the system self-contained and free 
of sliding contacts, the excitation power for the magnetic amplifier is ob- 
tained from the stationary armature of a small permanent-magnet alter- 
nator also driven from the main shaft. The voltage and frequency of the ac 
exciter are chosen so as to optimize the performance and design of the 
overall system. Time delays in the response to a controlling signal are all 
short compared with the time constant of the main generator field. The 
system may have the additional advantage of doing away with need for 
spare exciters, generator-field circuit breakers, and field rheostats. 

Another excitation system uses a shaft-driven alternator of conven- 
tional design as the main exciter. This alternator has a stationary arma- 
ture and a rotating-field winding. Its frequency may be 180 or 240 Hz. Its 
output is fed to a stationary solid-state rectifier, which in turn supplies the 
turbine-generator field through slip rings. 
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Fig. C-3. Diagrammatic representation of a brushless excitation system. 
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Excitation systems of the latest design are being built without any 
sort of rotating exciter-alternator. In these systems, the excitation power is 
obtained from a special auxiliary transformer fed from the local power sys- 
tem. Alternatively it may be obtained directly from the main generator 
terminals; in one system a special armature winding is included in the 
main generator to supply the excitation power. In each of these systems 
the power is rectified using phase-controlled silicon controlled rectifiers 
(SCRs). SCRs are similar to diode rectifiers, but they can be triggered by 
an external trigger signal so that the de output voltage can be varied. 
These types of excitation system, which have been made possible by the de- 
velopment of reliable, high-power SCRs, are relatively simple in design 
and provide the fast response characteristics required in many modern 
applications. 


C-5 ENERGY EFFICIENCY OF ELECTRIC MACHINERY 


With increasing concern for both the supply and cost of energy comes a cor- 
responding concern for efficiency in its use. Although electric energy can 
be converted to mechanical energy with great efficiency, achieving maxi- 
mum efficiency requires both careful design of the electric machinery and 
proper matching of machine and intended application. 

Clearly, one means to maximize the efficiency of an electric machine 
is to minimize its internal losses, such as those described in Art. C-1. For 
example, the winding J’R losses can be reduced by increasing the slot area 
so that more copper can be used, thus increasing the cross-sectional area of 
the windings and reducing the resistance. 

Core loss can be reduced by decreasing the magnetic flux density in 
the iron of the machine. This can be done by increasing the volume of iron, 
but although the loss goes down in terms of watts per pound, the total vol- 
ume of material (and hence the mass) is increased; depending on how the 
machine design is changed, there may be a point beyond which the losses 
actually begin to increase. Similarly, for a given flux density, eddy-current 
losses can be reduced by using thinner iron laminations. 

One can see that there are trade-offs involved here; machines of more 
efficient design generally require more material and thus are bigger and 
more costly. Users will generally choose the “lowest-cost” solution to a 
particular requirement; if the increased capital cost of a high-efficiency 
motor can be expected to be offset by energy savings over the expected life- 
time of the machine, they will probably select the high-efficiency machine. 
If not, users are very unlikely to select this option in spite of the increased 
efficiency. 

Similarly, some types of electric machines are inherently more effi- 
cient than others. For example, single-phase capacitor-start induction mo- 
tors (Art. 11-1) are relatively inexpensive and highly reliable, finding use 
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in all sorts of small appliances, e.g., refrigerators, air conditioners, and 
fans. Yet they are inherently less efficient than their three-phase counter- 
parts. Modifications such as a capacitor-run feature can lead to greater ef- 
ficiency in the single-phase induction motor, but they are expensive and 
often not economically justifiable. 

To optimize the efficiency of use of electric machinery the machine 
must be properly matched to the application, both in terms of size and per- 
formance. Since typical induction motors tend to draw nearly constant re- 
active power, independent of load, and since this causes resistive losses in 
the supply lines, it is wise to pick the smallest-rating induction motor which 
can properly satisfy the requirements of a specific application. Alterna- 
tively, capacitative power-factor corrections may be used. Proper applica- 
tion of modern solid-state control technology can also play an important 
role in optimizing both performance and efficiency. 

There are, of course, practical limitations which affect the selection of 
the motor for any particular application. Chief among them is that motors 
are generally available only in certain standard sizes. For example, a typi- 
cal manufacturer might make fractional-horsepower ac motors rated at $, $, 
i, 5, , A and 1 hp (NEMA standard ratings). This discrete selection thus lim- 
its our ability to fine-tune our particular application; if our need is 7 hp, we 
shall undoubtedly end up buying a 1-hp device and settling for a somewhat 
lower than optimum efficiency. A custom-designed and manufactured 7-hp 
motor can be economically justified only if it is needed in large quantities. 

It should be pointed out that an extremely common source of ineffi- 
ciency in electric motor applications is the mismatch of the motor to its ap- 
plication. Even the most efficient 50-hp motors will be somewhat inefficient 
when driving a 20-hp load. Yet mismatches of this type often occur in prac- 
tice, due in great extent to the difficulty in characterizing operating loads 
and a tendency on the part of application engineers to be conservative to 
make sure that the system in question is guaranteed to operate in the face 
of design uncertainties. More careful attention to this issue can go a long 
way toward increasing the efficiency of energy use in electric machine 
applications. 
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Table of Constants and 
Conversion Factors for 
SI Units 


CONSTANTS 


Permeability of free space py = 4r X 10°’ H/m 
Permittivity of free space €& = 8.854 x 10°" F/m 


Acceleration of gravity g = 9.807 m/s” 

CONVERSION FACTORS 

Length 1 m = 3.281 ft = 39.87 in 

Mass 1 kg = 0.0685 slug = 2.205 lb (mass) 

Force 1 N = 0.225 lb = 7.23 poundals 

Torque 1 Nem = 0.738 lb-ft 

Energy 1 J (W-s) = 0.738 ft-lb 

Power 1 W = 1.341 x 10° hp 

Moment of inertia 1 kgm? = 0.738 slug-ft? = 23.7 lb-ft” 

Magnetic flux 1 Wb = 10° maxwells (lines) 

Magnetic flux density 1 Wb/m? = 1 T = 10,000 gauss = 64.5 kilolines/in? 
Magnetizing force 1 A-turn/m = 0.0254 A-turn/in = 0.0126 oersted 


Ac machines 
air-gap flux per pole, 182 
electromotive force (emf), 182 
introduction to, 150—159 
laminations in, 148 
mmf waves in, 173—181 
power factor in, 579-581 
rotating mmf waves in (see Mag- 
netomotive force: rotating 
mmf waves in ac machines) 
speed voltage, 182 
rms value of: 
concentrated windings, 183 
distributed windings, 184 
(See also De machines: Induction 
machines: Synchronous 
machines:) 
Ac windings, distributed: 
air-gap inductances, 564—568 
breadth factor, 559 
chorded, 556 
double-layer, 555 
fractional-pitch, 556 
full-pitch, 556 
generated voltage per phase, 
554-555 
inductances of, 564—568 
mmf of (see Magnetomotive force 
(mmf), of distributed wind- 
ings) 
phase belt, 556 
pitch factor, 556 
winding factor, 165, 557, 561 
Adjustable-speed solid-state ac motor 
drive systems, 374—380 
Air-gap inductances, of distributed 
windings, 564-568 


INDEX 


Air-gap line, 201 
Alternator (see Synchronous 
machines:) 
Amortisseur winding, 290, 324-325 
Amplidyne, 432 
compensating winding of, 432 
Armature: 
of ac machines, 148 
of de machines, 148 
Armature leakage reacance, 224, 344 
Armature mmf: 
of ac machines, 561—564 
of de machines, 400—403, 410 
Armature mmf waves: 
of concentrated full-pitch windings, 
562 
of distributed fractional-pitch wind- 
ings, 562-564 
Armature reaction: 
in dc machines, 401—403, 410 
cross magnetizing, 401—403 
in synchronous machines, 224 
Armature windings, 148 
of ac machines, 150, 157 
of dc machines, 159 
Asynchronous torque, 323 
Audio-frequency transformers, 67 
Autotransformers, 75—77 


Balanced three-phase systems, 176- 
177 
Base values for per unit systems, 82— 
83, 85 
Blocked-rotor test, 343-345 
Blondel two-reaction method, 270 
Breadth factor, 559 
585 
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Breakdown torque, 324, 339 
Brush-contact loss, 572 
Brushes, 150, 160, 356 
Brushless motors, 528 


Capability curve, 241—242 
Capacitor-type motors: 
capacitor-start motor, 493—495 
capacitor-start, capacitor-run, 
495-496 
permanent-split-capacitor motor, 
495 
Coenergy: 
density in magnetic fields, 109 
determination of 
force from, 108 
determination of 
torque from, 109, 113, 117, 
189, 194 
in electric field systems, 139—140 
in linear systems, 111, 117 
in magnetic field systems: 
multiply excited, 117 
torque from, 117 
singly excited, 108 
force from, 107 
torque from, 109, 113 
in nonlinear systems, 109 
graphical interpretation of, 111 
in rotating machines, 189, 194 
in systems with permanent mag- 
nets, 118—124 
in variable reluctance machines, 
449 
Collector rings, 150 
Commutating poles, 423 
Commutation in de machines (see De 
machines: commutation in) 
Commutator, 160 
flashover of, 424 
Compensating winding: 
of dc machines, 423—425 
of amplidyne, 432 
Compound generator (see De genera- 
tors: compound) 
Compound motor (see Dc motors: 
compound) 
Compounding curve, 240, 243 
Concentrated windings, 153, 163, 183 
Conductor cooling, 578 
Coercivity of permanent magnet ma- 
terials, 26, 29 
Conservation of energy, 99 
in lossless magnetic 
energy storage systems, 102 


Conservative system, 104 
Constant flux linkage, principal of, 
279, 290 
Constant-horsepower drive, 427 
Constant-torque drive, 427 
Constants, table of, 584 
Continuous rating, 575 
Conversion factors, table of, 584 
Cooling of electric machines, 577—579 
conductor, 578—579 
hydrogen, 577—578 
Core loss: 
in transformers, 51, 55 
open-circuit, 73 
in synchronous machines, open- 
circuit, 226 
Critical field resistance, 412 
Cumulative compounding, 397 
Cylindrical rotor, 153 


Damper windings, 267, 290 
Damping power, 302-303 
De generators: 
compound, 395-396, 412 
series winding of, 396 
shunt winding of, 396 
long-shunt connection, 406 
short-shunt connection, 406 
self-excited, 411—412 
buildup of voltage, 411—412 
critical field resistance, 412 
dynamics of, 411—412 
field-resistance line, 411 
residual magnetism in, 395—396 
separately excited, 395—396 
series, 395 
series-field diverter, 413 
shunt, 412, 411-413 
flat-compounded, 413 
steady-state analysis, 411—414 
(See also De machines;) 
De machines: 
amplidyne, 432 
compensating winding of, 432 
analytical fundamentals: 
electric circuit aspects, 404—407 
magnetic circuit aspects: 
armature reaction neglected, 
407—409 
effect of armature mmf, 410 
applications, 433—435 
armature mmf effect, 400—403, 
410 
armature reaction, 401—403, 410 
cross-magnetizing, 401—403 
demagnetizing effect of, 403 


De machines (Cont.) 
limiting effects of, 403 
armature winding of, 159 
brush-contact voltage drop, 405 
brushes, 160, 421—422 
commutator of, 160 
commutating poles, 423 
commutation in, 161, 421—425 
delayed commutation, 422 
interpoles, effects of, 421—423 
linear, 422 
resistance commutation, 422 
undercommutation, 422 
voltage commutation, 422—423 
commutator action, 391, 398—400 
compensating windings, 423—425 
compound: 
long-shunt connection, 406 
flat-compounded, 413 
short-shunt connection, 406 
direct axis of, 391 
direct-axis air-gap permeance, 394 
electromagnetic power in, 404 
relationship to torque, 404 
elementary, 159-161 
essential features of, 391 
field-circuit connections, 394—395, 
397, 406 
field winding of, 159, 161, 391 
flashover of, 424 
generated voltage, 392-393 
interpoles, 421—423 
magnetization curve, 393-394, 
407—409 
air-gap line, 394 
metadyne, 430—431 
mmf wave, 167—170 
peak value of, 170 
pole-face winding, 423—425 
quadrature axis of, 391 
self-excited, 394 
separately excited, 394 
speed voltage, 393 
stator of, 391 
steady-state analysis, 410—421 
torque in, 392 
(See also De generators: Dc 
motors:) 
Dc magnetizing curve, 18 
De motors: 
compound, 396-397 
cumulative connection, 397 
differential connection, 397 
constant-horsepower drive, 427 
constant-torque drive, 427 
separately excited, 397 
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Dc motors (Cont.) 
series, 396—397 
shunt, 396-397 
speed control methods for, 425- 
430 
armature-circuit-resistance 
control, 427 
armature-terminal-voltage 
control, 428 
field-current control, 426 
shunt-field-rheostat control, 
426—427 
shunted armature method, 427- 
428 
Ward Leonard system, 428—430 
speed-torque characteristics, 396 
stabilizing winding, 426 
starting of, 416—421 
steady-state analysis, 414—421 
(See also De machines:) 
Deep-bar rotor, 359—362 
effective resistance of, 360—361 
leakage inductance of, 360-361 
A connection, 544-550 
A-Y equivalence, 79—80 
Differential compounding, 397 
Diode, flyback, 470 
Direct axis, 246 
Direct-axis air-gap permeance, 394 
Direct-axis quantity, 248 
Direct-axis time constants (see Syn- 
chronous machines: time con- 
stants in, direct-axis) 
Distributed windings (see Magneto- 
motive force, ac windings) 
Double-layer winding, 555 
Double-squirrel-cage rotor, 359—361 
dq0 transformation, 269-272 
basic machine relations in, 272—276 
introduction to, 246-252, 268—269 
inverse transformation, 271 
power-invariant form, 270 
Duty-cycle operation, 576 
Dynamic equations, 124—128 


Eddy current loss, 22 
Effective resistance: 
armature, 232 
deep-bar rotor, 360-361 
Efficiency: 
defined, 74, 570 
energy, of electric machinery, 582- 


Electric field intensity, 10 
Electric field systems, 96, 189—140 
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Electrical angle, 152 
Electrical degrees, 152 
Electrical radians, 152 
Electromagnetic torque (see Coenergy: 
Energy: De machines: Synchro- 
nous machines: Induction 
machines:) 
Electromechanical energy-conserva- 
tion principles, 95—124 
Electromotive force (emf), 10 
in ac machines, 182 
rms value of: 
concentrated windings, 183 
distributed windings, 184 
emf (see Electromotive force) 
Energy: 
balance, 101 
density in magnetic fields, 105 
conservation of, 99 
in lossless magnetic energy stor- 
age systems, 102 
in electric field systems, 139—140 
in linear systems, 105, 111, 116 
in magnetic field systems: 
multiply excited, 115-116 
torque from, 115 
singly excited, 105 
force from, 107 
torque from, 109 
method, 99, 102 
in nonlinear systems, 105 
graphical interpretation of, 111 
in systems with permanent mag- 
nets, 118-124 
Energy efficiency of electric machin- 
ery, 582—583 
Energy method, 99 
Equal-area methods, 305—308 
Excitation sources, 579-581 
Excitation systems, 579-581 
Excitation voltage, 223 
Exciting current, 20, 52 


Faradays’ law, 9 

Ferromagnetic materials, 16-25 
ac excitation characteristics, 19—25 
axes of easy magnetization, 16 
B-H curve, 17 
core loss, 23 
dc magnetization curve, 18 
effective permeability, 16 
exciting current, 20 

rms value, 21 

exciting voltamperes, 21 


Ferromagnetic materials (Cont.) 
grain-oriented steel, 23 
hysteresis in, 17, 22—23 
loss mechanisms in: 

eddy current, 22 
hysteresis, 22—23 
PFR. 22 
nonlinear properties, 20 
nonoriented steel, 24 
permeability of, 5, 16 
relative, 5 
rms voltamperes, 21 
saturation in, 16, 18 
silicon steel, 51 

Field axis, 391 

Field-resistance line, 411 

Field windings, 149 
of dc machines, 159, 161, 391 
of synchronous machines, 150, 217 

Finite element method, 109 

Flashover of commutator, 424 

Flux(es): 
air-gap, per pole, 182 
leakage (see Leakage flux) 
linkage, 10 
magnetic (see Magnetic flux) 
mutual (see Mutual flux) 
resultant core, 13 

Flux linkage, 10 
constant, principal of, 279, 290 

Flyback diode, 470 

Force: 
density, 97 
in electric field systems, 96, 139- 

140 
Lorentz force law, 96 
right-hand rule for, 96 
in singly excited magnetic field 
systems: 
from coenergy, 108 
from energy, 107 
in systems with permanent mag- 
nets, 118-124 
Four-phase system, 552—553 
Fractional-horsepower motors, 488— 
530 
Fractional-pitch windings, 556, 562- 
568 
Frequency, of generated voltage 152- 
153 
Frequency response of transformers, 
68-71 
Frequency-response testing of syn- 
chronous machines, 298—300 
standstill, 299-300 


Fringing fields in air gaps, 6 
Full-pitch coil, 162, 561-562 
Full-pitch winding, 562, 564-568 


General-purpose motor, 575 
Generated voltage(s): 
in ac machines, 181—185, 554-561 
rms value of: 
concentrated windings, 183 
distributed windings, 184, 
555-561 
in dc machines, 185—186 
frequency of, 152—153 
Generators (see De generators: Hy- 
droelectric generators, Syn- 
chronous machines: Turbine 
generators) 


Heating in electric machines, 573— 


High-slip motor, 363-364 
Hunting in synchronous machines, 
219 
Hydroelectric generators, 153 
Hydrogen cooling, 577—578 
Hysteresis loop, 17 
minor, 34 
Hysteresis loss, 22—23 
Hysteresis motors, 499-500 


Ideal transformer, 57—60 
impedance transformation by, 59— 
60 


Induced voltage, 10 
in ac machines, 182 
rms value of: 
concentrated windings, 183 
distributed windings, 184 
in de machines, 393, 525 
in electromechanical systems, 125 
in rotating machines, 88 
Inductance, 11 
air-gap, of distributed windings, 
564—568 
leakage, 61, 193 
in rotating machines, 193, 204— 
205 
in transformers, 61 
of deep-bar rotor, 360-361 
of double-squirrel-cage rotor, 
360-361 
mutual, 13 
self, 13 
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Inductance (Cont.) 


in synchronous machines (see Syn- 
chronous machines: induc- 
tances in) 


Induction machines: 


air-gap flux per pole, 182 
elementary, 158—159 
excitation of, 580 
fluxes in, 325-328 
generator operation, 338-339 
introduction to, 321-325 
mmfs in, 325—328 
rotor winding in, 158 
self-excitation of, 580—581 
short circuit of, 371—374 
slip, 322 

at starting, 322 

per unit, 322 
slip frequency, 323 
squirrel-cage rotor, 322 
stator winding in, 158 
torque, 323 

asynchronous, 323 

breakdown, 324, 339 

from Thevenin’s theorem, 336— 

342 

torque-speed curve, 338-342 
transformer action in, 158 
wound rotor, 322 

(See also Induction motors:) 


Induction motors: 


polyphase: 

adjustable-speed solid-state ac 
motor drives, 374—380 

application considerations, 361- 
364 

blocked-rotor reactance, 344 

blocked-rotor test, 343—344 
equivalent circuit for, 343—344 
frequency for, 344 

breakdown torque, 339 

braking of, 338 

brushes in, 356 

deep-bar rotor, 359—361 
effective resistance of, 360—361 
leakage inductance of, 360— 
361 

design classes of, 361-364 
torque-speed curves for, 362 

double-squirrel-cage rotor, 359— 
361 
effective resistance of, 360— 
361 
leakage inductance of, 360-361 

dynamics of, 364—367 
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Induction motors (Cont.) 


efficiency of, 333 
equivalent circuits, 328—332 
alternative forms, 333, 334 
analysis of, 332-336 
for blocked rotor conditions, 
343-344 
for transient analysis, 373 
parameter determination for, 
342-347 
rotor, 331 
stator, 328-329 
exciting current, 342 
flux waves, 325-328 
leakage impedances, 330, 343- 
344 
slip frequency, 330 
linear (see Linear machines) 
mmf waves, 325-328 
no-load impedance, 343 
no-load losses, 342 
no-load test, 342-343 
plugging, 338 
power in: 
air-gap, 333 
from Thevenin’s theorem, 336— 
342 
internal mechanical, 333 
no-load, 343 
reactances of: 
leakage, distribution of, 344 
magnetizing, 345 
no-load, 343 
transient, 372 
reduced voltage starting of, 362 
starting compensator for, 362 
resistances of: 
blocked-rotor, 345 
no-load, 343 
rotor, 345 
stator, 345 
referring of rotor quantities, 331 
rotational loss, 342—343 
rotor resistance, effects of vary- 
ing, 356-359 
slip rings in, 356 
solid-state drive systems: 
amplitude control, 379-380 
constants volts per hertz con- 
trol, 377 
inverters, 375-378 
typical waveforms, 377 
pulse-width control, 380 
speed control of, 367—371 
auxiliary devices, 370—371 


Induction motors (Cont.) 


line-frequency control, 369 
line-voltage control, 369 
pole changing, 367—369 
rotor-resistance control, 369-— 
370 
adjustable-speed solid-state ac 
motor drive systems, 374—380 
speed-torque characteristic, 159 
squirrel-cage rotor, 322 
mmf of, 326-328 
starting of, 364-367 
reduced voltage, 362 
starting compensator, 362 
stator resistance, 345 
stray load losses, 342 
symmetrical three-phase short- 
circuit, 371-374 
testing of, 342-347 
blocked-rotor, 343-345 
no-load, 342—343 
Thevenin equivalent circuit, 336- 
337 
time constants: 
open-circuit transient, 372 
short-circuit transient, 372 
torque angle of, 326 
torque: 
breakdown, 339 
slip at, 339 
from Thevenin’s theorem, 336- 
342 
torque-slip characteristics, 324, 
338-342 
effect of rotor resistance on, 
341-342 
torque-speed curve, 324, 338-342 
effect of rotor resistance on 
341-342 
under adjustable-frequency con- 
trol, 379 
transient analysis, 371-374 
equivalent circuit for, 373 
transient reactance, 372 
wound-rotor motors, 356-359 
brushes in, 356 
slip rings in, 356 


single-phase: 


capacitor-start, 493—495 
capacitor-start, capacitor-run, 
495—496 
double-revolving-field analysis, 
490—492, 500-507 
elementary, 489—492 
equivalent circuits, 501—507 


Induction motors (Cont.) 
mmf waves in: 
backward-traveling, 490 
effects of rotor motion on, 490-— 
492 
forward-traveling, 490 
permanent-split-capacitor, 495 
power in, 503—504 
qualitative examination, 489—492 
revolving-field theory, 500—507 
running performance, 490—499 
shaded-pole, 497 
split-phase, 492—493 
starting methods, 492—497 
capacitor-type, 493—497 
shaded pole, 497 
split-phase, 492—493 
torque: 
backward component, 490— 
492, 503 
pulsations, double-stator- 
frequency, 492 
forward component, 490—492, 
503 
running, 503 
starting, 489 
torque-speed characteristic, 491 
two-phase: 
general theory, 507—512 
symmetrical-component analysis, 
507-512 
unbalanced operation of, 507—512 
Infinite bus, 217 
Inner cooling, 578—579 
Insulation: 
classes of, 575 
life of, 573-574 
Interconnected synchronous genera- 
tors, 256-258 
Interpoles, 421—423 
Inverters: 
induction motor applications, 375- 
378 
variable reluctance machine appli- 
cations, 475—478 


Leakage fields, 8 
Leakage flux, 203 
in rotating machines, 192, 203 
components of, 204-205 
in transformers, 51 
Leakage inductance (see Inductance, 
leakage) 
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Leakage reactances: 
in induction machines, 344, 360— 
361 
in synchronous machines, 224 
in transformers, 61, 63 
Life of insulation, 573—574 
Line current, 540—542 
Line-to-line voltage, 540 
Line-to-neutral voltage, 540 
Linear induction motors, (see Linear 
machines) 
Linear machines, 197—200 
end effects in, 200 
Linearization of nonlinear equations, 
130-131 
Long-shunt connection, 406 
Lorentz force law, 96 
right-hand rule for, 96 
Loss of synchronism, 219 
Losses in electric machines, 569—573 
brush-contact, 572 
I’R, 570-571 
mechanical, 571 
no-load rotational, 571 
in induction machines, 342—343 
open-circuit (no-load) core, 571- 
572 
stray load, 572 


Magnetic circuit model, 8 
Magnetic circuits, 3—9 
analogy with electric circuits, 7 
exciting current in, 20 
fringing fields in, 3 
leakage fields in, 8 
permanent magnets in, 28-31 
permeance of, 8 
reluctance of, 7 
resultant core flux in, 13 
Magnetic field intensity, 2 
Magnetic field systems: 
multiply excited: 
coenergy in, 117 
energy in, 115—116 
torque in, 117 
singly excited: 
coenergy in, 108 
energy in, 105 
force in, 107, 108 
torque in, 109, 113 
Magnetic fields: 
coenergy density in, 109 
energy density in, 105 
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Magnetic fields (Cont.) 
fringing fields in air gaps, 6 
in rotating machinery: 
with nonuniform air gaps, 171- 
173 
with uniform air gaps, 173 
right-hand rule for, 4 
rotating, 176—179 
Magnetic flux, 4 
air-gap space-harmonic fluxes, 204 
end-turn flux, 204 
leakage flux, 193, 203-205 
in multiwinding systems, 203—205 
mutual flux, 192 
per pole, 182, 196 
rotor leakage flux, 193 
slot-leakage flux, 204 
stator leakage flux, 193 
Magnetic flux density, 2 
uniform across core cross-section 
in a magnetic circuit, 4 
Magnetic hysteresis, 17 
Magnetic materials (see Ferromag- 
netic materials, Permanent 
magnetic materials) 
Magnetic saturation: 
in electric machinery, 200—203 
in ferromagnetic materials, 16 
magnetization curve, 201 
air-gap line, 201 
de, 18 
of dec machines, 393—394, 407— 
409 
normal, 18 
open-circuit characteristic, 201 
air-gap line, 201 
for synchronous machines, 225- 
226 
saturation curve, 201 
air-gap line, 201 
in synchronous machines, 225—226, 
229-230 
Magnetic stored energy, 14 
Magnetization curve, 201 
air-gap line, 201 
dc, 18 
of dec machines, 393—394, 407—409 
normal, 18 
Magnetizing current, of transform- 
ers, 18 
Magnetizing reactance: 
in induction motors, 345 
in synchronous machines, 249 
in transformers, 63 


Magnetomotive force (mmf), 3, 162— 
163 


of distributed windings, 162—170 
in ac machines, 163—166 
in de machines, 167—170 
peak value of, 170 
full-pitch coil, 162 
fundamental component of: 
of concentrated, full-pitch coil, 
163 
of distributed winding, 165 
space harmonics, effects on, 165 
winding factor, 165 
in induction machines, 325-328 
rotating mmf waves in ac machines: 
polyphase, 176—179 
graphical analysis, 179—181 
angular velocity of, 179 
single phase, 174—176 
resolved into rotating traveling 
waves, 176 
Maxwell’s equations, magneto-quasi- 
static form of, 2 
Metadyne, 430—431 
mmf (see Magnetomotive force) 
mmf waves: 
of concentrated full-pitch windings, 
562 
of distributed fractional-pitch wind- 
ings, 562—564 
Multicircuit transformers, 77—78 
Mutual flux, 203 
in rotating machines, 192 
in transformers, 51 
Mutual inductance, 13 


Negative sequence, 508 
Neutral current, 547 
No-load rotational loss, 571 
in induction machines, 342—343 
in synchronous machines, 226 
Normal magnetization curve, 18 


Open-circuit characteristic, 201 
air-gap line, 201 
for synchronous machines, 225- 
226 
Open-circuit core loss: 
in synchronous machines, 226 
in transformers, 73 
Open-circuit test: 
for synchronous machines, 225- 
226 


Open-circuit test (Cont.) 

for transformers, 72—73 
Open-circuit time constants, 284 
Open-delta connection, 79 
Output transformer, 68 
Overexcitation, 580 


Parallel operation of synchronous 
generators, 256—258 
Park’s transformation (see dq0 trans- 
formation) 
Per unit systems, 82—87 
base values for, 82-83, 85 
Permanent-split-capacitor motor, 495 
Permanent magnet materials, 26-38 
ceramic magnets, 33 
coercivity of, 26, 29 
common materials, properties of, 32 
demagnetization in 34—35, 38 
ferrite magnets, 33 
maximum energy product, 29, 30 
minor hysteresis loops in, 34 
rare-earth magnets, 33 
recoil permeability, 34 
recoil line, 34 
residual flux density in, 26 
stabilization of, 35—38 
Permanent magnet motors: 
ac, 527—528 
de, 520—526 
benefits of, 520 
brushless, 528 
disc construction, 523 
speed voltage, 525 
torque, 525 
torque constant of, 525 
stepping, 516-518 
hybrid, 518-520 
Permeability, 5 
of ferromagnetic material, 5, 16 
of free space, 5 
recoil, 34 
relative, 5 
Permeance, 8 
Phase, 537 
Phase belt, 556 
Phase current, 540—542 
Phase order, 539 
Phase sequence, 539 
Phase voltage, 540 
Pitch factor, 556 
Plugging, 338 
Pole-changing motors, 367—369 
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Pole-face winding, 423—425 
Polyphase induction motors (see In- 
duction motors: polyphase) 
Positive sequence, 508 
Polyphase systems, 536, 552-553 
Power: 
in de machines, 404 
in induction machines, 333, 336- 
342, 343 
single-phase, 503-504 
in synchronous machines, 276 
damping, 302-303 
synchronous, 302 
in three-phase systems: 
average per phase, 543 
instantaneous, 542 
reactive, 543 
real, 543 
at winding terminals, 14 
Power angle, 235 
Power-angle characteristics of syn- 
chronous machines: 
steady state: 233-240 
non-salient pole, 235 
including the effects of exter- 
nal reactance, 235 
salient-pole, 252-256 
reluctance torque component, 
253-254 
transient, 285—289 
constant-voltage-behind- 
transient-reactance represen- 
tation, 289 
Power factor: 
in ac machines, 579-581 
in three-phase system, 543—544 
Principal of constant flux linkages, 
279, 290 
Pull-out torque, 219 


Quadrature axis, 246 
Quadrature-axis quantity, 248 
Quadrature-axis time constants, 294 


Rating of electric machines, 573—577 
continuous, 575 
operating temperature, 573 
short-time, 575—576 
temperature rise, 575 
Reactive capability curves, 241—242 
Reactive power in three-phase sys- 
tem, 543 
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Reference directions: 

generator, 224 

motor, 224 
Reluctance, 7 
Reluctance motor, 497—498 
Reluctance torque, 254 
Remanent magnetization, 26 
Residual flux density, 26 
Resultant flux, 13 
Revolving-field theory, 500—507 
Right-hand rule, 4 
Root-mean-square (rms) horsepower, 


Rotating magnetic fields, 173—181, 
500-507 
Rotational loss, no-load (see No-load 
rotational loss) 
Rotor, 148 
cylindrical, 153 
deep-bar, 359-362 
double-squirrel-cage, 359—361 
salient-pole, 153 
squirrel-cage, 322 
wound, 356-359 


Salient-pole effects (see Synchronous 
machines: salient-pole effects) 
Salient-pole rotor (see Synchronous 
machines: salient-pole rotor) 
Saturated synchronous reactance, 229 
Saturation (see Magnetic saturation:) 
Saturation curve (see Magnetization 
curve) 
Saturation effects (see Magnetic 
saturation:) 
SCR (short-circuit ratio), 229 
SCR (silicon controlled rectifier), 375 
Self-excited de generators (see De 
generators: self-excited) 
Self-inductance, 13 
Separately excited de generators, 
395-396 
Series-field diverter, 413 
Series motors: 
ac, 512-514 
de, 396-397 
Series universal motor, 512—514 
Service factor, 575 
Shaded-pole motor, 497 
Short circuit: 
of induction machines, 371—374 
of synchronous machines (see Syn- 
chronous machines: short cir- 
cuit of) 
Short-circuit characteristic, 227 


Short-circuit load loss, 231-232 
Short-circuit ratio (SCR), 229 
Short-circuit test: 
for synchronous machines, 227— 
233 
for transformers, 71—72 
Short-shunt connection, 406 
Short-time rating, 575-576 
Silicon controlled rectifier (SCR), 375 
Single-line diagrams, 550—552 
Single-phase induction motors (see 
Induction motors: single-phase) 
Single-phase system, 536-537 
Slip, 322 
Slip frequency, 323 
Slip rings, 150, 217, 356 
Solid-state motor-drive systems 
(see Induction motors: polyphase: 
solid-state drive systems) 
Special-purpose motor, 575 
Speed control: 
of ac series motor, 513 
in adjustable-frequency systems, 
374-380 
of dc motors (see De motors: speed 
control methods for) 
of induction motors (see Induction 
motors: polyphase: speed con- 
trol of) 
of synchronous motors, 374-380 
Speed voltage: 
in ac machines, 182 
rms value of: 
concentrated windings, 183 
distributed windings, 184 
in de machines, 393, 525 
in electromechanical systems, 125 
in rotating machines, 88 
Split-phase motor, 492—493 
Squirrel-cage rotor, 322, 359-361 
mmf of, 326-328 
Stabilizing winding, 426 
Starting of single-phase motors, 492- 
497 
Starting compensator, 362 
Stator, 148 
Stepper motors (see Stepping motors) 
Stepping motors, 514-520 
hybrid, 518—520 
multistack variable-reluctance, 515 
permanent-magnet, 516-518 
single-stack variable-reluctance, 
515 
Stray load loss, 342, 572 
Subtransient period, 292 
Subtransient reactances, 291 


Subtransient time constants, 293, 294 
Swing equation, 302 
Symmetrical components: 
analysis of unbalanced operation of 
two-phase machines, 507—512 
negative sequence, 508 
positive sequence, 508 
Synchronous condenser, 580 
Synchronous inductance, 274 
Synchronous machines: 
additional rotor circuits: 
amortisseur circuits, 290 
damper circuits, 267, 290 
effects of, 289-295 
models for, 298—300 
air-gap flux per pole, 182 
armature-reaction mmf, 227 
armature resistance: 
effective value of, 232 
typical value of, 227 
armature winding of, 150, 217 
brushes in, 150 
capability curve, 241 
derivation of, 241-242 
collector rings, 150 
compounding curve, 240 
concentrated windings in, 153 
cylindrical rotor, 153 
magnetic fields, 171—173 
damper bars, 267 
damper currents, 267, 290 
damper windings, 267, 290 
damping power, 302-303 
direct axis of, 246 
distributed windings in, 153 
dq0 transformation (see dq0 trans- 
formation) 
dynamics of, 300—308 
basic equations for, 301—303 
swing equation, 302 
linearized analysis, 303—305 
non-linear analysis, 305—308 
electromotive force (emf), 182 
elementary, 150—158 
equal-area method, 305-308 
equivalent circuits: 
steady-state, 224 
transient: 
constant-voltage-behind- 
transient-reactance, 289 
including the effects of damper 
and rotor-body currents, 298— 
299 
excitation systems, 217, 581-582 
excitation voltage, 223 
rms value of, 223 
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Synchronous machines (Cont.) 


field winding of, 150, 217 
flux-linkage current relationships, 
220, 273-274 
in terms of dq0 variables, 274 
flux waves in, salient pole effects 
on, 246-248 
harmonic effects, 246-247 
frequency-response testing of, 
299-300 
standstill, 299—300 
hunting in, 219 
hydroelectric generators, 153 
inductances of: 
direct-axis: 
synchronous, 274 
transient, 280 
quadrature-axis: 
synchronous, 274 
rotor self-inductance, 220—221 
space-fundamental component 
of, 221 
stator phase-to-phase mutual in- 
ductance, 222 
stator self-inductance, 221—222 
space-fundamental component 
of, 222 
stator-to-rotor mutual, 221 
synchronous, 222—223 
direct-axis, 274 
space-fundamental component 
of, 221 
quadrature-axis, 274 
transient: 
direct-axis, 280 
zero-sequence, 274 
introduction to, 217—219 
loss of synchronism, 219 
losses in, 243 
mmf waves in, salient pole effects 
on, 246-248 
harmonic effects, 246—247 
no-load rotational loss in, 226 
open-circuit characteristic, 225— 
226 
open-circuit core loss, 226 
open-circuit test, 225—226 
overexcited operation of, 580 
parallel operation of, 256—258 
phasor diagrams, 234, 238 
for salient-pole machines, 248— 
252 
for short-circuit conditions, 228 
for transient conditions, 287 
poles, 152 
power angle, 235 
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Synchronous machines (Cont.) 
power-angle characteristics (see 


Power-angle characteristics of 


synchronous machines) 
power output, 276 
in terms of dq0 variables, 276 
power-invariant form, 270 


production of three-phase voltages 


in, 155-156 
quadrature axis of, 246 
reactances of: 
armature leakage, 224 
typical value of, 227 
armature reaction, 224 
direct axis: 
magnetizing, 249 
subtransient, 291 
synchronous, 249 
transient, 282 
quadrature-axis: 
magnetizing, 249 
subtransient, 291 
synchronous, 249 
transient, 294 
synchronous, 224 
saturated, 229 
determined from the short- 
circuit-ratio, 230 
unsaturated, 228 
reactive capability of, 241 
reference directions for: 
generator, 224 
motor, 224 
reluctance torque in, 253-254 
rotor body currents, 267, 290 
salient-pole effects, 246—252 
phasor diagrams, 248—252 
under transient conditions, 282 
salient-pole rotor, 153 
magnetic fields, 173 
salient-pole theory, 246-252 
saturation effects, 225—226, 229- 
230 
self-excitation of, 580-581 
short circuit of: 
steady state, 227-233 


sudden three-phase short circuit 


of, 276—285 
analysis of: 


armature and field resistance 


neglected, 278—283 


field resistances included and 


transfomer voltages ne- 
glected, 283-285 
including subtransient ef- 
fects, 291-294 


Synchronous machines (Cont.) 


resistances and transformer 
voltages neglected, 283 
physical description, 276—278 
short-circuit characteristic, 227 
short-circuit load loss, 231—232 
short-circuit ratio (SCR), 229 
short-circuit test, 227—233 
single-phase: 
hysteresis, 499—500 
self-starting reluctance, 497—499 
slip rings in, 150, 217 
speed voltage, 182 
dq0 components of, 275 
rms value of: 
concentrated windings, 183 
distributed windings, 184 
stability of, 307 
steady-state analysis, 216—259 
steady-state operating characteris- 
tics, 240—245 
stray load loss, 232 
swing equation for, 302 
synchronous power, 302-303 
synchronous speed of, 151 
relationship to electrical fre- 
quency, 152 
time constants in: 
direct-axis: 
open-circuit transient, 284 
short-circuit subtransient, 293 
short-circuit transient, 284 
effects of external reactance on, 
285 
quadrature-axis: 
short-circuit subtransient, 294 
short-circuit transient, 294 
torque-angle curve, 218 (see also 
Power-angle characteristics of 
synchronous machines:) 
torque in, 156, 218, 276 
in non-salient-pole machines, 
186-196 
in terms of dq0 variables, 276 
power-invariant form, 270 
pull-out, 219 
transformer voltage terms, 282 
effects of neglecting, 283 
transient analysis: 
introduction to, 267—269 
models for: 
constant-voltage-behind- 
transient-reactance, 288—289 
equivalent-circuits including 
the effects of damper and 
rotor-body currents, 298—299 


Synchronous machines (Cont.) 
(See also dq0 transformation) 
(See also Synchronous machines: 
sudden three-phase short cir- 
cuit of) 
transient saliency in, 282 
turbine generators, 153 
underexcited operation, 580 
V curves, 243 
voltage: 
air-gap, 224 
excitation, 223 
rms value, 223 
behind leakage reactance, 224 
behind transient reactance, 288— 
289 
voltage equations, 274—275 
in terms of dq0 variables, 275 
Synchronous motors, 157 
amortisseur winding in, 324—325 
compounding curve, 243 
damper winding in, 324-325 
electromagnetic torque in, 157 
elementary, 157 
equivalent circuit for, 224 
overexcited operation, 580 
power factor, 243 
reluctance-type, 497—499 
reference directions for, 224 
speed control, 374-380 
speed of, 157 
starting of, 324-325 
torque in, 157 
underexcited operation, 580 
V curves, 243 
(See also Synchronous machines) 
Synchronous power, 302—303 
Synchronous reactance, 224, 228—230 
Synchroscope, 257 


Temperature limits, 573-575 
Tertiary winding, 78 
Thevenin’s theorem, 336-337 
Three-phase circuits, 536-552 
balanced, 539 
currents in, balanced, 540—542 
A connection in, 538, 544—550 
A-Y equivalence, 79—80, 549-550 
four-wire three-phase, 538 
neutral conductor in, 539 
phase sequence in, 539 
power factor angle in, 543-544 
power in: 
average per phase, 543 
instantaneous, 542 
reactive, 543 
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Three-phase circuits (Cont.) 
real, 543 
reactive power in, 543 
single-line diagrams, 550-552 
three-wire three-phase, 538 
transformers in, 78—82 
unbalanced, 539 
voltamperes in, 543 
voltages in: 
balanced, 539-540, 542 
generation of, 537—539 
line-to-line, 540 
line-to-neutral, 540 
unbalanced, 539 
Y connection in, 538, 544-550 
Y-A equivalence, 79-80, 549-550 
Three-phase system (see Three-phase 
circuits) 
Three-phase transformer connections, 
78—82 
Three-phase transformers, 78—82 
Thyristor, 375 
Time constants: 
in induction motors (see 
Induction motors: polyphase: 
time constants:) 
in synchronous machines (see 
Synchronous machines: time 
constants in) 
Torque: 
asynchronous, 323 
breakdown, 324, 339 
in de machines, 392 
determination of: 
from coenergy, 113, 117, 189, 194 
from energy, 109, 115 
in induction machines, 336-342 
in multiply excited magnetic field 
systems, 115, 117 
in non-salient-pole machines, 186- 
196 
in permanent magnet dc ma- 
chines, 525 
pull-out, 219 
reluctance, 118 
in single-phase induction motors, 
489-492 
in singly excited magnetic field 
systems, 109, 113 
in synchronous machines, 156, 
186-196, 218, 276 
in systems with permanent mag- 
nets, 118—124 
Torque-angle characteristics 
(see Power-angle characteristics of 
synchronous machines:) 


“e 
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Transducers, 95 
Transformers: 
audio-frequency, 67 
frequency characteristic of, 68—71 
autotransformers, 75—77 
cantiliver equivalent circuits, 65— 
66 


component currents in, 55, 61—62 
component fluxes in, 60—61 
core loss in, 51, 55 
open circuit, 73 
core-type, 51 
A-A connection, 79 
A-Y connection, 79 
distribution, 52 
efficiency of, 74 
equivalent circuits for: 
cantilever circuits, 65—66 
core-loss conductance of, 63 
leakage reactances of: 
primary, 61 
secondary, 63 
magnetizing susceptance of, 63 
T circuit, 63 
equivalent impedance, 66 
equivalent reactance, 66 
equivalent resistance, 66 
exciting current, 51 
core-loss component, 55 
equivalent sine wave, 56 
magnetizing component, 55 
frequency response of, 68—71 
ideal, 57—60 
impedance transformation in, 
59-60 
induced voltage (emf) in, 55 
rms value, 55 
introduction to, 51-52 
iron-core, 51 
laminations in, 51 
leakage flux in, 51, 60, 63 
leakage inductance in, 61 
leakage reactances in: 
primary, 61 
secondary, 63 
magnetizing current of, 52 | 
multicircuit, 77—78 
mutual flux, 51 
no-load conditions in, 52—57 
open-circuit test, 72—73 
open-delta connection, 79 
output, 68 
per unit system for, 82—87 
polarity of, 58—59 


Transformers (Cont.) 
power in, 58 
core-loss, 56 
primary current: 
exciting component of, 62 
load component of, 61 
primary winding, 51 
ratio of transformation, 51 
referring factors, 60 
resultant mutual flux, 60 
secondary current in, 57 
secondary winding, 51 
shell-type, 51 
short-circuit test, 71-72 
T equivalent circuit, 63 
tertiary winding, 78 
tests, 71-75 
in three-phase circuits, 78—82 
V connection, 79 
voltage regulation in, 74 
Y-A connection, 78 
Y-Y connection, 79 
Transient period, 292 
Transient reactance: 
in induction machines, 372 
in synchronous machines, 282, 294 
Transient saliency, 282 
Transient time constants: 
in induction motors (see 
Induction motors: polyphase: 
time constants:) 
in synchronous machines (see 
Synchronous machines: time 
constants in) 
Turbine generators, 153 
excitation systems, 581-582 
(See also Synchronous machines ) 
Two-phase induction motors (see 
Induction motors, two-phase) 
Two-phase system, 552-553 
Two-value-capacitor motor, 495—496 


Underexcitation, 580 
Universal motor, 512—514 


V connection, 79 
V curves, 243 
Variable reluctance machines: 
basics of analysis, 447—455 
bifilar winding in, 457—458 
castleated, 460 
speed of, 461 


Variable reluctance machines (Cont.) 
coenergy in, 449 
configurations, 447—448, 455 
current waveforms, 461—468, 470- 
475 
doubly salient, 447, 455—456 
advantages of, 456 
drives, 468—478 
components of, 470 
controller, 470 
current waveforms, 461—468, 
470—475 
chopping, 472—475 
inverters: 
configurations, 475—478 
rating, effects of saturation on, 
480—483 
rotor position sensor, 470 
flux-current relationship, 447—449 
mutual inductance effects, 450 
inductance, phase: 
maximum, 455—456 
minimum, 455—456 
ratio, effect on torque, 455—456 
inverters for, 475—478 
rating, effects of saturation on, 
480—483 
nonlinear analysis, 478—483 
operating criteria, 455 
pole ratio, 450 
relationship to speed, 458—461 
reliability of, 483—484 
saturation, effects of, 450, 454, 
478—483 
singly salient, 447, 455—456 
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Variable reluctance machines (Cont.) 
stepping motors: 
hybrid, 518—520 
multistack variable-reluctance, 
515 
single-stack variable-reluctance, 
515 
torque, 449—450, 455, 461 
current waveforms for, 461—468 
ripple, 468 
zeros of: 
effects of, 454 
elimiation of, 456—457 
test for, 456 
winding configurations, 457 
bifilar winding, 457—458, 477- 
478 
Volt-amperes in three-phase system, 
543 


Ward Leonard system, 428—430 

Winding configurations (see Ac wind- 
ings, distributed:) 

Winding factor, 165, 557, 561 

Wound rotor, 322 

Wound-rotor motors, 356-359 


Y connection, 544-550 
Y-A equivalence, 79—80, 549-550 


Zero-sequence component, 271 
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